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Preface

This book describes the classical aspects of the variational calculus which are of
interest to analysts, geometers and physicists alike. Volume 1 deals with the for-
mal apparatus of the variational calculus and with nonparametric field theory,
whereas Volume 2 treats parametric variational problems as well as Hamilton-
Jacobi theory and the classical theory of partial differential equations of first
order. In a subsequent treatise we shall describe developments arising from
Hilbert’s 19th and 20th problems, especially direct methods and regularity
theory.

Of the classical variational calculus we have particularly emphasized the
often neglected theory of inner variations, i.e. of ‘'variations of the independent
variables, which is a source of useful information such as monotonicity for-
mulas, conformality relations and conservation laws. The combined variation of
dependent and independent variables leads to the general conservation laws of
Emmy Noether, an important tool in exploiting symmetries. Other parts of this
volume deal with Legendre—Jacobi theory and with field theories. In particular
we give a detailed presentation of one-dimensional field theory for nonpara-
metric and parametric integrals and its relations to Hamilton—Jacobi theory,
geometrical optics and point mechanics. Moreover we discuss various ways of
exploiting the notion of convexity in the calculus of variations, and field theory
is certainly the most subtle method to make use of convexity. We also stress the
usefulness of the concept of a null Lagrangian which plays an important role in
several instances. In the final part we give an exposition of Hamilton—-Jacobi
theory and its connections with Lie’s theory of contact transformations and
Cauchy’s integration theory of partial differential equations.

For better readability we have mostly worked with local coordinates, but
the global point of view will always be conspicuous. Nevertheless we have at
least once outlined the coordinate-free approach to manifolds, together with an
outlook onto symplectic geometry.

Throughout this volume we have used the classical indirect method of the
calculus of variations solving first Euler’s equations and investigating there-
after which solutions are in fact minimizers (or maximizers). Only in Chap-
ter 8 we have applied direct methods to solve minimum problems for para-
metric integrals. One of these methods is based on results of field theory, the
other uses the concept of lower semicontinuity of functionals. Direct methods
of the calculus of variations and, in particular, existence and regularity results
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for minimizers of multiple integrals will be subsequently presented in a sepa-
rate treatise.

We have tried to write the present book in such a way that it can easily be
read and used by any graduate student of mathematics and physics, and by
nonexperts in the field. Therefore we have often repeated ideas and computa-
tions if they appear in a new context. This approach makes the reading occa-
sionally somewhat repetitious, but the reader has the advantage to see how
ideas evolve and grow. Moreover he will be able to study most parts of this
book without reading all the others. This way a lecturer can comfortably use
certain parts as text for a one-term course on the calculus of variations or
as material for a reading seminar.

We have included a multitude of examples, some of them quite intricate,
since examples are the true lifeblood of the calculus of variations. To study
specific examples is often more useful and illustrative than to follow all ramifica-
tions of the general theory. Moreover the reader will often realize that even
simple and time-honoured problems have certain peculiarities which make it
impossible to directly apply general results.

In the Scholia we present supplementary results and discuss references to
the literature. In addition we present historical comments. We have consulted
the original sources whenever possible, but since we are no historians we might
have more than once erred in our statements. Some background material as well
as hints to developments not discussed in our book can also be found in the
Supplements.

A last word concerns the size of our project. The reader may think that by
writing two volumes about the classical aspects of the calculus of variations
the authors should be able to give an adequate and complete presentation of
this field. This is unfortunately not the case, partially because of the limited
knowledge of the authors, and partially on account of the vast extent of the field.
Thus the reader should not expect an encyclopedic presentation of the entire
subject, but merely an introduction in one of the oldest, but nevertheless very
lively areas of mathematics. We hope that our book will be of interest also to
experts as we have included material not everywhere available. Also we have
examined an extensive part of the classical theory and presented it from a mod-
ern point of view.

It is a great pleasure for us to thank friends, colleagues, and students who
have read several parts of our manuscript, pointed out errors, gave us advice,
and helped us by their criticism. In particular we are very grateful to Dieter
Ameln, Gabriele Anzellotti, Ulrich Dierkes, Robert Finn, Karsten GroBe-
Brauckmann, Anatoly Fomenko, Hermann Karcher, Helmut Kaul, Jerry
Kazdan, Rolf Klotzler, Ernst Kuwert, Olga A. Ladyzhenskaya, Giuseppe
Modica, Frank Morgan, Heiko von der Mosel, Nina N. Uraltseva, and Riidiger
Thiele. The latter also kindly supported us in reading the galley proofs. We
are much indebted to Kathrin Rhode who helped us to prepare several of
the examples. Especially we thank Gudrun Turowski who read most of our
manuscript and corrected numerous mistakes. Klaus Steffen provided us with
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example [0] in 3,1 and the regularity argument used in 3,6 nr. 11. Without the
patient and excellent typing and retyping of our manuscripts by Iris Piitzer and
Anke Thiedemann this book could not have been completed, and we appreciate
their invaluable help as well as the patience of our Publisher and the constant
and friendly encouragement by Dr. Joachim Heinze. Last but not least we would
like to extend our thanks to Consiglio Nazionale delle Ricerche, to Deutsche
Forschungsgemeinschaft, to Sonderforschungsbereich 256 of Bonn University,
and to the Alexander von Humboldt Foundation, which have generously supported
our collaboration.

Bonn and Firenze, February 14, 1994 Mariano Giaquinta
Stefan Hildebrandt
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Introduction

The Calculus of Variations is the art to find optimal solutions and to describe
their essential properties. In daily life one has regularly to decide such questions
as which solution of a problem is best or worst; which object has some property
to a highest or lowest degree; what is the optimal strategy to reach some goal.
For example one might ask what is the shortest way from one point to another,
or the quickest connection of two points in a certain situation. The isoperimetric
problem, already considered in antiquity, is another question of this kind. Here
one has the task to find among all closed curves of a given length the one
enclosing maximal area. The appeal of such optimum problems consists in the
fact that, usually, they are easy to formulate and to understand, but much less
easy to solve. For this reason the calculus of variations or, as it was called in
earlier days, the isoperimetric method has been a thriving force in the develop-
ment of analysis and geometry. .

An ideal shared by most craftsmen, artists, engineers, and scientists is the
principle of the economy of means: What you can do, you can do simply. This
aesthetic concept also suggests the idea that nature proceeds in the simplest, the
most efficient way. Newton wrote in his Principia: “Nature does nothing in vain,
and more is in vain when less will serve; for Nature is pleased with simplicity and
affects not the pomp of superfluous causes.” Thus it is not surprising that from the
very beginning of modern science optimum principles were used to formulate
the “laws of nature”, be it that such principles particularly appeal to scientists
striving toward unification and simplification of knowledge, or that they seem
to reflect the preestablished harmony of our universe. Euler wrote in his
Methodus inveniendi [2] from 1744, the first treatise on the calculus of varia-
tions: “Because the shape of the whole universe is most perfect and, in fact,
designed by the wisest creator, nothing in all of the world will occur in which no
maximum or minimum rule is somehow shining forth.” Our belief in the best of all
possible worlds and its preestablished harmony claimed by Leibniz might now
be shaken; yet there remains the fact that many if not all laws of nature can be
given the form of an extremal principle.

The first known principle of this type is due to Heron from Alexandria
(about 100 A.D.) who explained the law of reflection of light rays by the postu-
late that light must always take the shortest path. In 1662 Fermat succeeded in
deriving the law of refraction of light from the hypothesis that light always
propagates in the quickest way from one point to another. This assumption is now
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called Fermat’s principle. It is one of the pillars on which geometric optics rests;
the other one is Huygens’s principle which was formulated about 15 years later.
Further, in his letter to De la Chambre from January 1, 1662, Fermat motivated
his principle by the following remark: “La nature agit toujour par les voies les
plus courtes.” (Nature always acts in the shortest way.)

About 80 years later Maupertuis, by then President of the Prussian Acad-
emy of Sciences, resumed Fermat’s idea and postulated his metaphysical princi-
ple of the parsimonious universe, which later became known as “principle of
least action” or “Maupertuis’s principle”. He stated: If there occurs some change
in nature, the amount of action necessary for this change must be as small as
possible.

“Action” that nature is supposed to consume so thriftily is a quantity intro-
duced by Leibniz which has the dimension “energy x time”. It is exactly that
quantity which, according to Planck’s quantum principle (1900), comes in inte-
ger multiples of the elementary quantum h.

In the writings of Maupertuis the action principle remained somewhat
vague and not very convincing, and by Voltaire’s attacks it was mercilessly
ridiculed. This might be one of the reasons why Lagrange founded his Méchani-
que analitique from 1788 on d’Alembert’s principle and not on the least action
principle, although he possessed a fairly general mathematical formulation of it
already in 1760. Much later Hamilton and Jacobi formulated quite satisfactory
versions of the action principle for point mechanics, and eventually Helmholtz
raised it to the rank of the most general law of physics. In the first half of this
century physicists seemed to prefer the formulation of natural laws in terms of
space—time differential equations, but recently the principle of least action had
a remarkable comeback as it easily lends itself to a global, coordinate-free setup
of physical “field theories” and to symmetry considerations.

The development of the calculus of variations began briefly after the inven-
tion of the infinitesimal calculus. The first problem gaining international fame,
known as “problem of quickest descent” or as “brachystochrone problem”, was
posed by Johann Bernoulli in 1696. He and his older brother Jakob Bernoulli
are the true founders of the new field, although also Leibniz, Newton, Huygens
and I’'Hospital added important contributions. In the hands of Euler and
Lagrange the calculus of variations became a flexible and efficient theory appli-
cable to a multitude of physical and geometric problems. Lagrange invented the
d-calculus which he viewed to be a kind of “higher” infinitesimal calculus, and
Euler showed that the é-calculus can be reduced to the ordinary infinitesimal
calculus. Euler also invented the multiplier method, and he was the first to treat
variational problems with differential equations as subsidiary conditions. The
development of the calculus of variations in the 18th century is described in the
booklet by Woodhouse [1] from 1810 and in the first three chapters of H.H.
Goldstine’s historical treatise [1]. In this first period the variational calculus
was essentially concerned with deriving necessary conditions such as Euler’s
equations which are to be satisfied by minimizers or maximizers of variational
problems. Euler mostly treated variational problems for single integrals where
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the corresponding Euler equations are ordinary differential equations, which he
solved in many cases by very skillful and intricate integration techniques. The
spirit of this development is reflected in the first parts of this volume. To be fair
with Euler’s achievements we have to emphasize that he treated in [2] many
more one-dimensional variational problems than the reader can find anywhere
else including our book, some of which are quite involved even for a mathemati-
cian of today.

However, no sufficient conditions ensuring the minimum property of solu-
tions of Euler’s equations were given in this period, with the single exception of
a paper by Johann Bernoulli from 1718 which remained unnoticed for about
200 years. This is to say, analysts were only concerned with determining solu-
tions of Euler equations, that is, with stationary curves of one-dimensional
variational problems, while it was more or less taken for granted that such
stationary objects furnish a real extremum.

The sufficiency question was for the first time systematically tackled in
Legendre’s paper [1] from 1788. Here Legendre used the idea to study the
second variation of a functional for deciding such questions. Legendre’s paper
contained some errors, pointed out by Lagrange in 1797, but his ideas proved to
be fruitful when Jacobi resumed the question in 1837. In his short paper [1] he
sketched an entire theory of the second variation including his celebrated theory
of conjugate points, but all of his results were stated with essentially no proofs.
It took a whole generation of mathematicians to fill in the details. We have
described the basic features of the Legendre—Jacobi theory of the second varia-
tion in Chapters 4 and 5 of this volume.

Euler treated only a few variational problems involving multiple integrals.
Lagrange derived the “Euler equations” for double integrals, i.e. the necessary
differential equations to be satisfied by minimizers or maximizers. For example
he stated the minimal surface equation which characterizes the stationary sur-
face of the nonparametric area integral. However he did not indicate how one
can obtain solutions of the minimal surface equation or of any other related
Euler equation. Moreover neither he nor anyone else of his time was able to
derive the natural boundary conditions to be satisfied by, say, minimizers of a
double integral subject to free boundary conditions since the tool of “integra-
tion by parts” was not available. The first to successfully tackle two-dimensional
variational problems with free boundaries was Gauss in his paper [3] from
1830 where he established a variational theory of capillary phenomena based on
Johann Bernoulli’s principle of virtual work from 1717. This principle states that
in equilibrium no work is needed to achieve an infinitesimal displacement of a
mechanical system. Using the concept of a potential energy which is thought
to be attached to any state of a physical system, Bernoulli’s principle can be
replaced by the following hypothesis, the principle of minimal energy: The equi-
librium states of a physical system are stationary states of its potential energy,
and the stable equilibrium states minimize energy among all other “virtual”
states which lie close-by.

For capillary surfaces not subject to any gravitational forces the potential
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energy is proportional to their surface area. This explains why the phenomeno-
logical theory of soap films is just the theory of surfaces of minimal area.

After Gauss free boundary problems were considered by Poisson, Ostro-
gradski, Delaunay, Sarrus, and Cauchy. In 1842 the French Academy proposed
as topic for their great mathematical prize the problem to derive the natural
boundary conditions which together with Euler’s equations must be satisfied by
minimizers and maximizers of free boundary value problems for multiple inte-
grals. Four papers were sent in; the prize went to Sarrus with an honourable
mentioning of Delaunay, and in 1861 Todhunter [1] held Sarrus’s paper for
“the most important original contribution to the calculus of variations which
has been made during the present century”. It is hard to believe that these
formulas which can nowadays be derived in a few lines were so highly appreci-
ated by the Academy, but we must realize that in those days integration by
parts was not a fully developed tool. This example shows very well how the
problems posed by the variational calculus forced analysts to develop new tools.
Time and again we find similar examples in the history of this field.

In Chapters 1-4 we have presented all formal aspects of the calculus of
variations including all necessary conditions. We have simultaneously treated
extrema of single and multiple integrals as there is barely any difference in
the degree of difficulty, at least as long as one sticks to variational problems
involving only first order derivatives. The difference between one- and multi-
dimensional problems is rarely visible in the formal aspect of the theory but
becomes only perceptible when one really wants to construct solutions. This is
due to the fact that the necessary conditions for one-dimensional integrals are
ordinary differential equations, whereas the Euler equations for multiple inte-
grals are partial differential equations. The problem to solve such equations
under prescribed boundary conditions is a much more difficult task than the
corresponding problem for ordinary differential equations; except for some spe-
cial cases it was only solved in this century. As we need rather refined tools of
analysis to tackle partial differential equations we deal here only with the formal
aspects of the calculus of variations in full generality while existence questions
are merely studied for one-dimensional variational problems. The existence and
regularity theory of multiple variational integrals will be treated in a separate
treatise.

Scheeffer and Weierstrass discovered that positivity of the second variation
at a stationary curve is not enough to ensure that the curve furnishes a local
minimum; in general one can only show that it is a weak minimizer. This means
that the curve yields a minimum only in comparison to those curves whose
tangents are not much different.

In 1879 Weierstrass discovered a method which enables one to establish a
strong minimum property for solutions of Euler’s equations, i.e. for stationary
curves; this method has become known as Weierstrass field theory. In essence
Weierstrass’s method is a rather subtle convexity argument which uses two
ingredients. First one employs a local convexity assumption on the integrand of
the variational integral which is formulated by means of Weierstrass’s excess
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Junction. Secondly, to make proper use of this assumption one has to embed the
given stationary curve in a suitable field of such curves. This field embedding
can be interpreted as an introduction of a particular system of normal coordi-
nates which very much simplify the comparison of the given stationary curve
with any neighbouring curve. In the plane it suffices to embed the given curve in
an arbitrarily chosen field of stationary curves while in higher dimensions one
has to embed the curve in a so-called Mayer field.

In Chapter 6 of this volume we shall describe Weierstrass field theory for
nonparametric one-dimensional variational problems and the contributions of
Mayer, Kneser, Hilbert and Carathéodory. The corresponding field theory for
parametric integrals is presented in Chapter 8. There we have also a first glimpse
at the so-called direct method of the calculus of variations. This is a way to
establish directly the existence of minimizers by means of set-theoretic argu-
ments; another treatise will entirely be devoted to this subject. In addition we
sketch field theories for multiple integrals at the end of Chapters 6 and 7.

In chapter 7 we describe an important involutory transformation, which
will be used to derive a dual picture of the Euler—Lagrange formalism and of
field theory, called canonical formalism. In this description the dualism ray
versus wave (or: particle-wave) becomes particularly transparent. The canon-
ical formalism is a part of the Hamilton—Jacobi theory, of which we give a self-
contained presentation in Chapter 9, together with a brief introduction to sym-
plectic geometry. This theory has its roots in Hamilton’s investigations on geo-
metrical optics, in particular on systems of rays. Later Hamilton realized that
his formalism is also suited to describe systems of point mechanics, and Jacobi
developed this formalism further to an effective integration theory of ordinary
and partial differential equations and to a theory of canonical mappings. The
connection between canonical (or symplectic) transformations and Lie’s theory of
contact transformations is discussed in Chapter 10 where we also investigate the
relations between the principles of Fermat and Huygens. Moreover we treat
Cauchy’s method of integrating partial differential equations of first order by the
method of characteristics and illustrate the connection of this technique with
Lie’s theory.

The reader can use the detailed table of contents with its numerous catch-
words as a guideline through the book; the detailed introductions preceding
each chapter and also every section and subsection are meant to assist the
reader in obtaining a quick orientation. A comprehensive glimpse at the litera-
ture on the Calculus of Variations is given at the end of Volume 2. Further
references can be found in the Scholia to each chapter and in our bibliography.
Moreover, important historical references are often contained in footnotes. As
important examples are sometimes spread over several sections, we have added
a list of examples, which the reader can also use to locate specific examples for
which he is looking.
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The First Variation
and Necessary Conditions



Chapter 1. The First Variation

In this chapter we shall develop the formalism of the calculus of variations in
simple situations. After a brief review of the necessary and sufficient conditions
for extrema of ordinary functions on R”, we investigate in Section 2 some of the
basic necessary conditions that are to be satisfied by minimizers of variational
integrals

(1) Fu)= J F(x, u(x), Du(x)) dx.
Q

Here Q is an open domain of R”, n > 1, and u(x) denotes a function defined in
Q which in general is a vector valued mapping of 2 into R, N > 1, that is,
u(x) = w'(x), ..., u™(x)), and Du denotes the first derivative of u,

Du=Du"), i=1,...,.N,a=1,...,n.

Simple examples of variational integrals (1) are the Dirichlet integral

@ Dw) =3 f |Dul? dx,
Q

and the nonparametric area integral

3) o) = f 1+ |Duj? dx,
Q

which yields the area of the graph of u over Q. Both functionals (2) and (3) are
defined for scalar functions (i.., N = 1), but we shall see later that variational
integrals involving vector valued functions appear in physics and differential
geometry.

The most important necessary condition to be satisfied by any minimizer of
a variational integral & is the vanishing of its first variation 6%. For instance,
if u minimizes & with respect to variations éu = ¢ which do not change the
boundary values of u, we must have

d
) 0F (u, ) .= ﬁ.,@'(u + &) 3 =0

for all ¢ with compact support in Q. In the case of the functionals (2) and (3),
equation (4) reads as

M. Giaquinta et al., Calculus of Variations I
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&) f DuD,pdx=0
Q

and

D,u
(©6) —2 __D,pdx=0,
a /1 + |Dul? ¢

respectively for all differentiable ¢ with compact support in Q. (Here we use
Einstein’s summation convention: the index a is to be summed from 1 to n.)

By means of the simple, but basic, fundamental lemma of the calculus of
variations, relation (4) yields, after an integration by parts (i.e., after applying
the Gauss—Green theorem), the Euler equations as a necessary condition to be
satisfied by minimizers of # which are of class C2. This leads to the notion
of extremals and to the Euler operator Lg(u) associated with a Lagrangian

F(x, z, p). In the physical literature, the Euler operator is often denoted by %%

For the integrals (2) and (3), the corresponding Euler equations are the Laplace
equation

4u:=D,D,u=0

and the mean curvature equation

D
D, {_““_} =0,
1+ |Dul?
respectively. Introducing the vector field
grad u

Tu = —F——————
1 + |grad u|?

we can write the second equation as
div Tu = 0.

Already these two examples show the close connection between minimum
problems for variational integrals and boundary value problems for partial
differential equations.

If u is a minimizer of # with respect to variations which are allowed to
change the boundary values of u, then the relation (4) holds for all differentiable
¢ and not only for those with compact support in €. Thus we obtain not only
Euler’s equations for u, but also the so-called natural boundary conditions, com-
pare 2.4. For minimizers u of the Dirichlet integral and of the area functional the
natural boundary condition states that the normal derivative of u at the bound-
ary of Q has to vanish.

Several variants of the fundamental lemma of the calculus of variations will
be proved in 2.3. The proofs are carried out by means of the mollifier technique.

C!-solutions u of (4) will be called weak extremals. If such a solution u is
even of class C2, an integration by parts will lead to Euler’s equation Lg(x) = 0
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the solutions of which are called extremals. However, weak extremals need not
be of class C? as it will be seen from examples presented in 3.1. There we shall
also state a condition ensuring that weak extremals of one-dimensional varia-
tional problems are in fact of class C? and therefore solutions of Euler’s equa-
tion. Analogous results for multidimensional problem are much more difficult
to prove and will therefore be deferred to a separate treatise.

There are other complications for variational problems. We shall see that
variational integrals, even if they are bounded from below, need not necessarily
possess minimizers of class C* or of any other reasonable class. While we post-
pone the general discussion of existence of minimizers to another treatise, we
shall at least exhibit a few examples of minimum problems without solutions in
3.2. A brief discussion of the existence question for one-dimensional parametric
problems is given in 8,4.

Finally in 3.3 we shall briefly investigate broken extremals, i.e. extremals
which are only piecewise of class C'.

In Section 4 we shall treat the so-called null Lagrangians. These are some
kind of degenerate variational integrands F for which the corresponding Euler
equations Lg(u) = O are satisfied by arbitrary functions u of class C% A very
simple example of a null Lagrangian is provided by integrands of the type

F(Du)=a-Du+ b,
with constant coefficients a and b, for instance,
F(Du) = div u.
Note that the integrals

J (a-Du + b) dx, f div u dx
Q Q

depend only on the value of 4 on 022. This, in fact, will be seen to be characteris-
tic of null Lagrangians. In 4.2 we shall also derive a pointwise characterization
of null Lagrangians.

Though defined by a local differential condition, null Lagrangians play a
special role as a source of global integral invariants. For instance, the determi-
nant det Du of the gradient Du of a mapping u: 2 —» R”, 2 < R", is also a null
Lagrangian. It enters in the Gauss-Bonnet theorem as well as in the degree theory
of mappings.

Null Lagrangians will also play an important role in establishing sufficient
conditions for minimizers via field theories.

Finally, variational problems of higher order will briefly be discussed in Sec-
tion 5.

We shall continue our discussion of the basic formalism of the calculus of
variations in Chapters 2 and 3. In Chapter 2 we shall treat variational problems
with constraints by means of Lagrange multipliers, and in Chapter 3 we shall
study general variations of variational integrals generated by variations of both
the dependent and the independent variables. This will, in particular, lead us to
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the Noether equation for the energy—momentum tensor and to the important
theorem of Emmy Noether concerning conservation laws. This theorem states
that invariance properties of variational integrals with respect to some transfor-
mation group imply additional information on their extremals which are ex-
pressed in the form of conservation laws.

1. Critical Points of Functionals

Let @(c) be a real valued function on the open interval (—&,, &), & > 0, which
has a local extremum (i.e., maximum or minimum) at ¢ = 0. Then, if the deriva-
tive @’'(0) of & at ¢ = 0 exists, we infer that

@'0)=0.
If, in addition, & is of class C? on (— &, &), we obtain from Taylor’s formula
D(e) — D(0) = 1" (5e)e>  for some d € (0, 1)

the inequality
$"(0) >0
if ¢ = Ois a local (or “relative”) minimum, and
?"0)<0

if ¢ = O1is a local maximum of &.
Thus the conditions

&0)=0 and &"(0)>0

are necessary conditions for a local minimum of @ at ¢ = 0. But they are not
sufficient as we see from the function @(e) = . On the other hand, the

(a)

0 ®) 0 © 0

Fig. 1. The graph of a function &(¢). The point ¢ = 0 is (a) a minimizer, (b) a maximizer, (c) neither
a minimizer nor a maximizer, but a stationary point of &.
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conditions
@'0)=0, @"(0) >0 (or &"(0) <0)

are sufficient, but not necessary conditions for ¢ = 0 to be a strict local mini-
mizer (or maximizer) of @, as is shown by the function ®(g) = &*.

In other words, there is a slight gap between the necessary and the sufficient
conditions. This phenomenon is quite typical also for the calculus of variations
and will repeatedly be observed.

Let now & be a real valued function on some open set Q of the Euclidean
space R” which is of class C'. Then, for some u, € 2 and { € R" and for suffi-
ciently small ¢, > 0, the function

D(e):=F(up + &), —eyg<e<e,

is of class C'. We call its derivative &'(0) at ¢ = O the first variation of F at u,
in direction of { and write

(1 0F (uo, () := &'(0).
For & e C?(2), we can also form the second variatioy
2 02 F (ug, {) := &"(0)

of & at u, in direction of {. In general, if # € C™(Q), we define the m-th variation
of F by

5™ F (ug, L) := D™(0).
If ¢ = ({4, ..., {"), we compute that

6F (o, 0) = Filuo) L = 3 Fulto)l
and

FF (o, 1) = Fulto) U = 3. )"

That is, the first variation 6% (uo, {) is a linear form, and 62 (u,, {) is a qua-
dratic form with regard to {.

As necessary condition for a local extremum of ¥ at u, we obtain the

relation
(3) 0F (uy,{) =0 forall{eR",
which is equivalent to

DF(uy) =0,

where DF stands for the derivative of #.

Every point u, which satisfies (3) is called a critical (or stationary) point of
Z, and the number % (u,) is said to be a critical value of Z.

Suppose now that & is of class C%(Q). If u, € Q is a local minimizer of %,
then the second variation 5% (u,, {) is a positive semi-definite quadratic form in
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{ and, equivalently, the eigenvalues of the Hessian matrix D># = (%) at u,
are nonnegative.

Conversely, if the eigenvalues of D2#(u,) are positive, then the critical
point u, € Q provides a strict local minimum of &. In fact, strict convexity of #
in some neighbourhood of u, serves the same purpose but is a slightly weaker
condition as can be seen from the function #(u) = |u|*.

In other words, the assumption

“) 8*F(uy, {) >0 (or <0)

for all { € R" with { # 0 implies that a critical point u, € Q is a strict local
minimizer (or maximizer) of &.

If at a critical point u, the Hessian matrix D># (u,) has both positive and
negative eigenvalues, then we infer from

) Fluo + ) — Flug) = 18°F(uo, () + o(I{]*) as{ -0

that u, furnishes neither a maximum nor a minimum; in this case, u, is called a
saddle point of Z.

A critical point u, of # € C*(2) is said to be nondegenerate if DF(u,) is nonsingular, i.e., if
zero is no eigenvalue of D># (ug).

The Taylor formula (5) implies that nondegenerate critical points are isolated critical points, and

that the graph of #(u) in a sufficiently small neighbourhood of a nondegenerate critical point looks
roughly the same as that of the nondegenerate quadratic form

AL) =38 F (uo, ).

In fact, we can write

Fluo +0) — Flug) = z a0,

i, k=1

1
a;(0) 5=J (1 — ) F il + t0) dt,
0

and it can be proved that there is a diffeomorphism u = ¢(v) with uy = ¢(0) which maps some ball
B = {v: |v| < p} onto a neighbourhood % of u, such that

©) F(ow) = Flo) — z o+ 3 1o = F o) + 20)

That is, up to composition with a diffeomorphism, #(u) — #(u,) is a quadratic form. This result is
known as Morse lemma; see the Scholia for references.

Fig. 2. (a) minimum, (b) maximum, (c) saddle.
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Fig. 3. Degenerate critical points. (a) Parabolic cylinder. (b) Monkey saddle, graph of F(u, v) =
u® — 3uv® = Re{w?}, w = u + iv. (c) Graph of F(u, v) = u?v%.

The notions of first and second variation can easily be carried over to
Junctionals

F. V>R

which are defined on a subset V of a linear space X over R. To this end, we
choose some point u, € V and some vector { € X, and suppose that the segment
{u: u = uy + &, |€| < &y} is contained in V for some &, > 0. Then we define the
function @ : (—&,, &) = R by &(¢) := F(u, + &) and, if &'(0) exists, we once
again introduce the first variation 0F (uy, () of F at uy in direction of { by

0F (uo, ) = 9'(0).
Moreover, if &'(¢) exists for |¢| < &, as well as @”(0), we define the second varia-
tion 62F (uq, {) of F by

02 F (uo, {) = 9"(0).

Suppose now, that, as just defined, 6# and §># exist at some u, € V for all

directions { contained in some subspace Z of X. Secondly, assume that u, fur-
nishes the minimum of the functional # : ¥ - R. Then we again conclude that

W) 0F g, () =0, ’Fuy,)>0 forall{eZ.
In the next section, we shall apply this observation to functionals #: V - R
which are given by multiple integrals

6] Fu) = J‘ F(x, u(x), Du(x)) dx, 2 < R",
Q

and which are defined for functions u : 2 — R contained in some subset ¥ of
an appropriate function space X, say, X = C*(2, R").
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Before we turn to such more concrete situations, we have to add a few remarks why we have
introduced the first variation 6% as fundamental notion of derivative. First of all, it is the oldest and
time-honoured concept of a derivative of a functional, introduced by Larange and Euler, and
therefore we keep the Lagrangian symbol 4. Secondly, and this is much more important, we prefer
this notion as the fundamental one because it is so “weak”. It can, for instance, happen that the
first variation 6% (u,, ) exists for “variations” { contained in some class Z which is smaller than
X but still “sufficiently large” so that one can draw valuable conclusions on u, whereas other
kinds of derivatives might not exist. Moreover, we need no norm on X in order to define 6
and §2#.

To explain what we mean we will briefly discuss the two other principal notions of a derivative,
the Fréchet derivative and the Gdteaux derivative.

Let X be a Banach space with the norm |u| of its elements u, and denote by X* the space
of bounded linear functionals on X. Assume that # : ¥ — R is a functional defined on some open
subset V of X, and let u, be some point of V.

# is said to be Fréchet differentiable at u,, if there exists some ¢ € X* such that

Fluo + ) = Fluo) + £(0) + o(I{]) as|{}-0

holds for all { € X with uy, + { € V. Then we set DF (uy) = F'(u,) := ¢ and call it the Fréchet
derivative of F at u,.
Furthermore # is called Gateaux differentiable at u, if there exists some ¢ € X* such that

Fup+ el) = Fug) + e£) + 0(e) ase—>0

is satisfied for arbitrary { € X and |¢| < ¢, with sufficiently small ¢4({) > 0. One calls dF (u,, {) =
¢({) the Gdateaux derivative of F at u,.

It is not hard to prove that Fréchet differentiability implies Giteaux differentiability (and both
derivatives coincide), whereas the converse does not hold. A simple counterexample is provided by
the function # : R? - R, defined by

w? \2?
F(0,00=0, Fu,v)= (m) for (u, v) # (0, 0).

Giteaux differentiability at some point u, can be interpreted as the requirement that all directional
derivatives at u, are to exist, and Fréchet differentiability at u, means the existence of the tangent
plane to graph # at the point (uy, F(4,)). The example shows that the existence of all directional
derivatives does not secure the existence of the tangent plane.

Suppose now that we want to define the Fréchet or Gateaux derivative for some functional of
type (8), as given in physics or geometry. Then it is not a priori clear what its natural domain of

u? 4+ v*

uvl 2
Fig. 4. Graph of #(u,v) = ( ) forv 20.
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definition X should be. It could, for example, be C!(82, R¥), or the Sobolev space H!'?(2, RY),
1< p< oo, or the space BV(2, R") of functions with bounded variation. Thus the existence
of DF (ug)h and dF (u,, h) depends on the chosen domain of definition X whereas the meaning
and existence of 6 is independent of the topology of X. On the other hand, it is easy to prove
that

0F (uo, {) = dF (uo, {) = DF (uo){

holds for all { € C1(§2, R¥), provided that u and the integrand F are of class C'. That is, all three
derivatives coincide if we stay in the class C', as we shall do in Chapter 1. But it will become
important to use 6% (uy, {) when we turn to the existence and regularity theory for minimizers and
stationary points of multiple integrals.

We finally remark that 6 (uo, {) sometimes is denoted as “Géteaux differential”; yet we prefer
the classical name “first variation”.

2. Vanishing First Variation and Necessary Conditions

Using the ideas of Section 1, we shall now derive necessary conditions which are
to be satisfied by critical points of variational integrals. The principal condition
is the vanishing of the first variation which, for smooth critical points, implies
the Euler equation and, in case of free boundary values, also the natural bound-
ary condition. We shall concentrate our attention to first order variational prob-
lems where the Lagrangian only involves the unknown function and its deriva-
tives of first order. Higher order variational problems will briefly be touched at
the end of this chapter.

2.1. The First Variation of Variational Integrals

In this section we shall consider functionals # of the type
(M) Fu)= J F(x, u(x), Du(x)) dx,
Q

which will be called variational integrals. We shall write Fg(u) or F(u, 2) if we
want to indicate the domain of integration . The integrand F(x, u, p) of such
an integral #(u) will be denoted as Lagrangian, or variational integrand, or
Lagrange function. The reader will have noticed that we denote the variational
integrals that are associated to Lagrangians F, G, ... by the script types #, %, ...
of the same letters. We will use this convention whenever it does not lead to
some misinterpretation.

Since one has to distinguish between the Lagrangian F(x, u, p) as function of the independent
variables x, 4, p, and the composed function F(x, u(x), Du(x)), it would be more precise to write
F(x, z, p) instead of F(x, u, p). Yet the notation F(x, u, p) and F,(x, u, p) for its partial derivative is
more suggestive since it indicates the position of the unknown function u. Thus we shall use the
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notation F(x, z, p) only if F(x, u, p) might lead to some confusion. (For the same reason, many
authors write F(x, u, Du) instead of F(x, z, p). Then, obviously, misinterpretations are close at hand,

and notations like instead of Fy, Fy; are at least awkward if not misleading. We,

2
Ouls’ Oul.duls
therefore, shall avoid this way of writing which is quite common in the physical and also in the
mathematical literature.)

In the following we shall generally suppose that 2 is a bounded open set
in R*, and that u: Q2 — R" is a function of class C!. Moreover, we suppose
that F(x, u, p) is a real valued function of the variables (x, u, p) which is of
class C' on some open set % of R" x RN x R" containing the 1-graph
{(x, u(x), Du(x)): x € 2} of u. Then there is a number § > 0 such that the com-
posed function F(x, v(x), Dv(x)) is defined for all x € 2 and for all v € C(2, RY)
with [|[v — ul|¢1(z) < 0. Thus the integral

Fv) = J F(x, v(x), Dv(x)) dx
Q
can be formed for all v € C}(@2, R¥) with |v — ulc1m) < 0. Consequently, the
function
D(e) = F(u + €p)

is defined for each ¢ € C!(2, R") and for |¢| < &,, where &, is some positive
number less than 6/||¢||¢: g, Moreover, @ is of class C* on (—&,, &,), whence the
first variation 6F(u, ¢) of F at u in direction of ¢ is well defined by

0F (u, ) = 9'(0),

and a straight-forward computation yields
) OF (u, ¢) = J {Fua(x, u, Du)o’ + F,(x, u, Du)(p;.} dx.
Q

Here we have used the Einstein convention: One has to sum over doubly appearing Greek indices
from 1 to n, and over repeated Latin indices from 1 to N.

Introducing the notations x = (x%), u = (u*), p = (p}), and p = (py, ..., Pu)s Pu =
(P, ..., PY), F,, = (F,y, ..., F,y), we can also write

@) ()

Fig. 5. Variation of a given curve by a vector field, (a) keeping the boundary values fixed, (b) with
free boundary values.
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) 0F (u, @) = J {F,(x, u, Du)- ¢ + F,(x, u, Du)'qu} dx,
Q

and we note that, under our assumptions on F and u(x), the first variation
8F (u, @) is a linear functional of ¢ € C!(2, R¥). Formula (2) suggests to intro-
duce an expression 6F (u, ¢) which is defined by

() OF(u, 9)(x) := F,(x, u(x), Du(x))- 9(x) + F,(x, u(x), Du(x)) Do(x)

for x € Q. We call it the first variation of the Lagrangian F at u in direction of ¢.
Then we can write

@ 0F (u, ) = f OF(u, p) dx.
Q2

We now want to show that the same formula holds with respect to a general variation Y (x, ¢)
of u(x) in direction of the vector field ¢(x). This is a mapping ¥ : 2 x [—eg, £o] = RY, g¢ > 0, of
class C! which satisfies

0
O Ve 0=u, @ Fxal =00

e=0

for all x e Q.
The variations previously considered were of the special kind ¥(x, &) = u(x) + ¢¢(x), whereas
general variations can be written as

Y(x, ) = u(x) + ep(x) + oe) (—0)

on account of Taylor’s formula.
Since ¥ is of class C, it follows that ||[y(-, &) — ullc1m < & holds for sufficiently small values of
|e]. Then the chain rule yields the formula

0
©) 2 P Wi, 0 DAk )| = 0F (s 91,
(3 2=0
whence
© SFUC0)| =50 = f 5F(u, @) dx.
£ e=0 2

A variation Y(x, €) of u(x) which is not subject to any boundary condition on 922 will be called a

Fig. 6. General variations y(x, ¢) allow the variations to satisfy nonlinear constraints.
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variation with free boundary values. If, however, the additional condition
(iii) Y(x, &) = u(x) for x € 02 and |¢| < &,

is satisfied, we speak of a variation with fixed boundary values. Its velocity vector ¢(x) = ¥,(x, 0)
fulfils ¢(x) = 0 for x € Q.

Variations of u(x) that are of the more general type y(x, €) have to be used if we consider
variational problems where the comparison functions are subjected to nonlinear constraints. A
typical example is the problem of shortest connection of two points on a surface S by curves which
are restricted to lie on S (cf. Chapter 2).

We now consider the relation!
) 0F (u, ) =0 for all p € C*(Q, RY),

which, on account of (2), is equivalent to
8) J. {Fua(x, u, Du)p’ + F,(x, u, Du)Dﬂp'} dx =0 forall ¢ e C*(2, R").
o

A solution u € C*(R2, R¥) of (8) is called a weak extremal of #, and equation (8)
is denoted as weak Euler equation (or, more precisely, as Euler equation for u in
the weak form).

We note that (8) follows from a rather weak minimum property of u. It
suffices to assume that, for some J, € (0, 8), the inequality

©) Fu < Fu+ o)

holds for all ¢ € C2(R2, RY) with |¢|lc1z) < -
Therefore we give the following

Definition. Let € be a subset of C'(22, R"). Then u € % is called a weak (relative)
minimizer of & in € if there is some 6, > 0 such that F(u) < F(v) forallve ¥
satisfying ||v — ullc1(q) < do-

Note that (8) follows even from a weaker minimum property.

Proposition. Suppose that, for every x, € , there exists a number r > 0 with the
following properties:
(i) B,(xo) = 2,
(ii) for every ¢ e C®(B,(x,), RY), there is a number e, >0 such that
lepllcym < 6 and F(u) < F(u + ep) hold for all ¢ with |e| < &,. Then
relation (8) is satisfied.

! The reader may wonder why we operate with C°(£2) instead of C2(£2). Here we follow the custom
of the theory of distributions. It has the advantage that one need not distinguish between “test
functions” for differential equations of different orders. Note that, under our assumptions, (7) implies
that 6% (u, @) = 0 holds for all ¢ € C3(2, R").
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graph u

Fig. 7. Local perturbation of a graph u by a vector field (0, ¢(x)) with supp ¢ < B,(x,).

Fig. 8. If P, and P, are not antipodal points on the sphere, then there is exactly one great circle
through P, and P, which is then decomposed by P, P, into a smaller arc C, and a larger arc C,.
The arc C; minimizes the arc length between P; and P, while C, is just a stationary arc.

Proof. By a suitable partition of unity
Mmtn+-+n=1, 'IiGC:o(Bri(xi)),
one can decompose ¢ € C2(2, R") into functions ¢; = n;¢ with small support

whence 6% (u, ¢;) = 0 follows. If we sum these equations from 1 to k, we obtain
0F (u, p) = 0. O

In other words, the weak Euler equations (8) already hold if the value of #
is not diminished in case we put very small local bumps on u.

Yet it should be noted that there can exist weak extremals which have no weak minimum or
maximum property at all (“saddles™). But we will show that a weak extremal satisfying the strict
Legendre—Hadamard condition (some second derivative condition; see 5,1.3) possesses the follow-
ing local minimum property:

For every x, € L, there exists a neighbourhood Q' of x, with ' cc Q and a number ¢ > 0
such that #(v) > #(u) holds for all v with v — ue CH{2, R") and |lv — uflcx (5, < &
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We also note that “local minimality” will in general not imply global minimality. This can be
seen from the great circles on a sphere which are the extremals of the length functional. Sufficiently
small arcs on a great circle provide a minimal connection of their endpoints whereas arcs containing
a pair of antipodal points in their interior are not global minimizers.

2.2. The Fundamental Lemma of the Calculus of Variations,
Euler’s Equations, and the Euler Operator L,

We will prove the following fundamental
Theorem. Suppose that F € C*(%), and that u is a weak extremal of &, that is,
f {F.i(x, u, Du)o* + F(x, u, Du)D,p'} dx =0 for all ¢ € C*(2, RY).
Q

Let, moreover, u be of class C*(22, R¥). Then u(x) satisfies
(1) D,F,(x, u(x), Du(x)) — F,(x, u(x), Du(x)) =0, 1<i<N,
for all x € Q.
Actually, the same conclusion holds if, instead of F € C*(%), we assume that
F,e C°(%) and F, e C*(%).
Proof. By partial integration we obtain that
J. {F.«(x, u(x), Du(x)) — D, Fp(x, u(x), Du(x))} ¢'(x) dx = 0
2
holds for every test function ¢(x) = (¢'(x), ..., @"(x)) of class C*(2, R¥). In

particular, if we fix some index i and choose @/(x) = 0 for j # i and ¢° = y for
some arbitrary n € C*(2), we arrive at

J;} {F.(...) = D,F,(...)}n(x) dx = 0.

Then, on account of the so-called fundamental lemma of the calculus of varia-
tions, which will be proved below, it follows that

Fu(...) = DFyl...) = 0. 0

The Fundamental Lemma. Let f(x) be a continuous, real valued function on some
open set 2 of R”, and suppose that

(*) J fxX)n(x)dx =0 forallne CPQ) withn >0
Q

or
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@ ®)
Fig. 9. The function 7 in the fundamental lemma: (a) crosscut through graph 7, (b) graph .

(x) j Jn(x)dx =0 for alln e C2(Q)
Q

holds. Then we have
f)=0 or f(x)=0,

respectively, for all x € Q.

Proof. Suppose that () is satisfied, and assume that there is a point x, € 2 with
Jf(x0) < 0. Then we can find a number ¢ > 0 and a ball B,(x,) =< Q such that
f(x) < —¢ on B,(x,). By means of the test function € C°(£2), defined by

_ fexp(=1/(r* — |x — x,|?)) for x € B,(x,),
=10 for x € 2 — B,(x,),

we now arrive at the contradictory statement

J)n(x)dx < —¢ f n(x)dx < 0.

By(xo)

0< J S)In(x) dx = J

2 B,(x0)
That is, the relation must imply f(x) > 0 for all x € Q. The second assertion is
an immediate consequence of the first one. O

One calls (1) the Euler equations of the integral & (u) = [, F(x, u, Du) dx,
and its C2-solutions u(x) are said to be the extremals of &, or F-extremals. This
does, of course, not imply that extremals are extremizers (i.e., maximizers or
minimizers) of . In fact, even for functions of real variables, critical points may
only be saddle points and not maximizers nor minimizers. The problem of
finding the minimizers (extremals) of # in a class € will occasionally be denoted
by

“# — min (stationary) in €”.
Quite often, and rightfully so, equations (1) are called the Euler—Lagrange equations of the

corresponding variational integral #. We have settled with the shorter notation, but to do justice to
Lagrange who invented the formal §-calculus (which, at first, he considered to be an infinitesimal
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calculus of “higher order” until Euler invented the method of embedding an extremum u(x) in a
family of variations Y (x, €)), we use the symbol L (or simply L) for the Euler operator

@ Lg() := F,(-, u(*), Du(*)) — D, F, (-, u(*), Du(*)).
We can, for instance, interpret L as a mapping
Lg: C¥(@2, R¥) > C*"%(Q, R")

for s > 2. In the older literature, the Euler operator L is sometimes called the Lagrangian derivative
(of F) and is denoted by [F]. In the physical literature, the expression L,(u) is called the pariational
derivative of the functional # at u, and one uses the notation 6% /du instead of Lg(u). Thus we find
formulas like

OF
OF (u, o) = J‘ E&u dx for du:= ¢ € C°(2, RY).
o

In (1) and (2) as well as in similar formulas which will follow we have used a convention on
partial derivatives that is to be kept in mind:

Partial derivatives attached as index mean that we first have to differentiate before a composi-
tion is made. For example, in order to form F,(x, u(x), Du(x)) one first has to compute the partial
derivative Fy(x, u, p) and then to insert u(x) for u and Du(x) for p, whereas D, Fyi(x, u(x), Du(x)) or
é
—a—aF,;(x, u(x), Du(x)) means that one has to take the partial derivative of the function I7f(x) :=

x
F,;(x, u(x), Du(x)) with respect to the variable x*. One has carefully to distinguish the expression
Fixe(x, u, p) from

% Fy(x, u(x), Dux))

= Fp{x‘(-x’ u(x)) Du(x)) + Fp{u"(x) u(x)’ Du(x))Dauk + Fp:p"‘(x) u(x)’ Du(x))DaDﬂuk~
If no misunderstanding is possible, we shall as everyone else simply write
D,Fy—F;=0, i=1,..,N,

instead of (1), but the reader should keep in mind the correct interpretation. Using the notation (2),
the Euler equations obtain the short form

Lp(u)=0 in Q.
. ) a
Note that in older textbooks our expressions F,,«(x, u, Du) and 5_‘F"(x’ u, Du) are often denoted by
x

respectively.

a d
—— F,and I F,,

ox*
We shall now discuss a few examples.

Consider the Dirichlet integral 9(u) defined by
Du) =%J- |Duj*dx, N =1,
Q

with | Du}? = u,.u... Its Lagrangian F is given by

F(p) = %pI*.
Then F,(p) = p,, and we obtain

du=0 inQ
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as corresponding Euler equation, where
4=D,D, +--*+ D,D,

denotes the Laplace operator of R". The solutions of 4u = 0 in £ are called harmonic functions (in
), and the equation 4u = 0 is denoted as Laplace equation or potential equation.
In fact, the Newtonian potential

u(x) =J __"(y)"_z dy, n>3,
Glx—yl
of some density function ¢ € L*(G), defined on a bounded domain G of R", satisfies

Adu=0 inR"-G.
The integral
f(u)=f {3|Dup?® + f(x)u} dx, N =1,
Q

with the Lagrangian
F(x,z,p) = $|pi* + f(%)z
has the so-called Poisson equation
du = f(x) inQ
as the corresponding Euler equation.
If 0 € C'(G), then the Newtonian potential u(x) = {¢|x — y>"o(y) dy satisfies the Poisson
equation with the right-hand side f(x) = —(n — 2)w,0(x), where?
ar4/2) 2"

= TwR) TR

is the surface area of the unit sphere in R". Newtonian potentials play an important role as gravita-
tional potentials and, in electrostatics, as Coulomb potentials.
The nonlinear Poisson equation

du = f(u) in

is the Euler equation of the integral
f {3|Dul> + g(w} dx, N=1,
Q
where g is a primitive function of f, i.e., g'(z) = f(2). Similarly,

1
J; {%ID“P - mlul’“ - 9(“)} dx, p>1,

leads to the Euler equation
—du = uluf™ + f(u),
which is an important model equation in physics where it is assumed that

f0)=0, lim 19 _,,

- |2

2For the computation of the surface area of the unit sphere in R” in terms of Euler’s Ifunction,
I(®) := [§ x''e"* dx, t > 0, compare e.g. Courant—John [1] or Fleming [1].
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. n+2 2 ] . ]
The case of the so-called limit exponent p = 3 or p+1= n2 is of particular interest.3
n— n—

If n = 4, the limit exponent is p = 3 (or p + 1 = 4). For instance,
f {31Dul® — %lul* + $Alul*} dx
2
has the Euler equation

—du=u? - u.

This very simple model appears in physics in connection with oversimplified versions of Yang—Mills
equations.

Interpret R* as space—time continuum of points (x, t) € R* x R where x is the position vector

in R3 and t denotes the time. Let £ be some bounded domain in R#, and consider functions u(x, t)
of x and t. Then the integral

j 3o — ) d di,
Q2

with
Uy = (Uy1, Uya, Uys) = Du
has the wave equation
Ou=0 inQ
as Euler equation where [] denotes the d'Alembert operator
O=DD,—-D-D, D-D=D,D, + D,D, + D;D; = 4.

Similarly,
f Hu = — miud) d
Q

leads to the so-called Klein-Gordon equation

Ou+m?u=0, [J=D?—-A4.
Adding the term %u‘ + ju to the Lagrangian 4{u? — |u,|> — m%u?}, we arrive at the Euler equation
Du + m?u = u® + j.
The area functional
A(u) = f 1 + |Du|? dx
Q

for hypersurfaces z = u(x), x € 2 = R", in R"*! yields the minimal surface equation

Du

1+ |Dul?

divTu=0inQ, Tu:=

as Euler equation, which we can also write as

3This limit case is related to Sobolev’s inequality and to the isoperimetric inequality.
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)] @) 3)

“)

Fig. 10a. Minimal surfaces (H = 0). (1) Catenoid. (2) Heli-
coid. (3) Enneper’s surface. (4) Scherk’s surface. (5) Catalan’s
6) surface. (6) Henneberg’s surface.
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@)
(1)

€)

“

©) (6) (b)

Fig. 10b. Surfaces of constant mean curvature H # 0. (1) Sphere. (2) Cylinder. (3) Unduloid. (4)
Nodoid. (5) Wente’s surface. (6) Part of Wente’s surface.

The plane, the catenoid and the surfaces (1)-(4) are the only surfaces of revolution with con-
stant mean curvature. Their meridians are obtained by the motion of the foci of conic sections
rolling on a straight line.

Nodoid

tenoi
Cylinder Unduloid Sphere @ m

Circle Ellipse Straight line Parabola Hyperbola
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D,
D(_“_> -0
1+ |Dul?
1
The expression H := — div Tu is the mean curvature function* of graph(u). Thus the stationary
n

points u of o/(u) describe surfaces of zero mean curvature, which are called minimal surfaces.
Moreover, the extremals u of the functional

F(u) =I {V/1+|Dul’ + Hu}, H=H(x),
2

satisfy
div Tu = nH

and, therefore, are describing surfaces of mean curvature H. More precisely, the graph of the func-
tion u in R"*! is a surface that has the mean curvature H(x) at the point (x, u(x)).
Forn=1,

b
Pu) = j 1+u?dx

is the length of the nonparametric curve z = u(x), a < x < b. The corresponding Euler equation

o ,
(el
14u?
implies that the extremals of #(u) are the straight lines u(x) =ax + f,a<x < b,a, fe R.
If u is a C2-solution of the equation

o ,
()=

1+ u'(x)?
H = const # 0, then the graph of u has to be a circular arc. In fact, the defining equation of u yields

'

u

1+ u?

=Hx+c¢

for some constant ¢, whence
u'? = (Hx + o)*(1 +u'?),
and therefore

Hx + ¢

This implies

u(x) = 1;11—./1 — (Hx + o)%.

Setting R := 1/H and x, := —c/H, we obtain
(x — x¢)* + u(x)> = R%.

[6] Lagrangians of the kind F(x, p), n = 1. In this case, the Euler equation reduces to
{F(x, u'(x))} =0, xe€l,

“For the definition of the mean curvature, see the Supplement.
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and can, therefore, be integrated. It follows that
Fy(x,u'(x)) =a

holds for some constant vector a = (a', ..., a¥) € RY. If F,, = (F,,x) is nonsingular, we can - at least
locally - solve this equation with respect to #'(x) and obtain

u'(x) = g(x, @)

for some function g(x, a). If u(x,) = b, then
u(x)=>b + J. g(t, a) dt.
In particular, for
F(x,p) = o(x)/1 +1p*>, o(x)>0,
we arrive at
o(x)u’(x)
" —a
V1+wX)?

whence |a| < w, = inf; w(x). It follows that

u(x)=b+r——“~_d:
x0 A/ 0*(t) — |a}?

Conservation of energy and minimal surfaces of revolution. If n = 1 and F is of the form F(u, p),
then the expression

xel,

p* Fy(u, p) — F(u, p)
is a first integral for the solutions u(x) of the Euler equation. This means that
u'(x) Fy(u(x), w'(x)) — F(u(x), w'(x)) = h

for some constant h. In fact,

d
Z;F,—F,,-u —F,-u

d
=u-|—F,—F/|=0.

Because of its application in mechanics, the equation

uFuu)—Fuu)=h

d
E;{u“ F,(u,u’) — F(u, u’)} =u"-F,+u"

is said to express the conservation of energy (cf. 2,2|5]and 3,2 1.

The “conserved” expression p- F, — F is not obvious to guess. In Chapter 3 we shall see how
Noether’s theorem yields this and a number of similar identities called “conservation laws”.

Note that the conservation law pF, — F = const may have more solutions than the Euler
equation. For instance, if u(x) = const =: ¢ and F(c, 0) = —h, then u(x) = c satisfies the conserva-
tion law

u'Fyu,u’) — F(u,u’) = h,
but it is a solution of the Euler equation only if F,(c, 0) = 0. For example, if

F(u,p) = /p* + sin’ u,

then every u(x) = arc sin h, 0 < h < 1, satisfies the conservation law but is not a solution of the
Euler equation. (Observe that, in spherical coordinates (r, ¢, 8), curves on the unit sphere S?, given
by 6 = 08(¢), ¢, < ¢ < @,, have the length
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®2 d
'[ JV0* +sin? 0 do, =)
L4} d(p
If N = 1 and F,, # 0, the conservation law
u'F,(u,u’) — Fu,u')=h
suffices to integrate Euler equation. In fact, if p 3 0, then the implicit function theorem yields that

du

v =y(h) or dx=—-,

Y(u, h)

whence

vz b

As an application, we consider surfaces of revolution minimizing area among all rotationally
symmetric surfaces having the same boundary. Let z = u(x), a < x < b, be the meridian of such a
surface S; we assume that u(x) > 0 on [a, b]. Then S will be generated by rotating the graph of u
about the x-axis, and the area «/(u) of S is given by

v d
x=x0+J ul =f(uau0!h)'
ug

b
d(u)=21tj u /1 + u?dx.

More generally, we consider functionals of the type
b

f o) /1 + W) dx
with the Lagrangian

F(z,p) = w(z) /1 + p*.
Then every extremal u(x), a < x < b, will satisfy

o) =—h/1 + W) onfab].

This shows that h # 0 if w(u(x)) # 0 on [a, b], and that h < 0 if w(u(x)) > 0 on [a, b]. Moreover,

we conclude that either w(u(x)) = 0, or w(u(x)) # 0 for all x € [a, b].
Let

Y "
K= =
J1+u?) (L +u?e

be the curvature of graph u. Since

w,(u) u’ g
L) = ——— — o) ——— ),
“ J1+u? w(u)(\/l + u”)

the Euler equation can be written as

o) /1 +u'? k= w,u).

Thus any extremal u(x) which is of class C2 on [a, b] and satisfies w,(u(x)) = 0 for some x must also
satisfy either w(u(x)) = 0, or x(x) = 0, or both. In other words, the assumption w,(u(x)) # 0 for all
x € (a, b) implies that x(x) # 0 and w(u(x)) # 0. Hence every extremal u(x) with w,(u(x)) # 0 is free
of inflection points and, therefore, is either convex or concave, and singular extremals, characterized
by w(u(x)) = 0, are excluded. The energy integral then implies that every nonsingular extremal u(x)
will satisfy the equation

1
W)= F{w(u)2 — h*}.
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In the special case of surfaces of revolution, the Lagrangian is

F(u, p) = 2nu /1 + p?,

with w(u) = 2nu, w,(u) = 2n. Hence there exist no singular extremals, and the energy constant h of
every extremal u(x) > O satisfies

0 < —h < 2z min{u(x): a < x < b}.

. . h
Let us, instead of A, introduce the new constant ¢ = o Then u(x) > ¢, and we may introduce a
n

new function v(x) by

u(x) = c cosh v(x).

Since

|

(a)

(b)

P, P, P,

P, P, j P,
e = — e » (C)

Fig. 11. (a) Two points P, and P, in the upper halfplane can be joined by two, one, or no catenary
arc. Correspondingly the two circles I'; and I, generated by P; and P, span two, one, or no catenoid.
(b) Suppose that P,, P, are connected by two catenary arcs, and let G be the Goldschmidt polygon
between P, and P,. (c) Then I and I} span two catenoids and the minimal surface consisting of the
two disks in I and 7.
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(cu')? = u? — 2,

we infer that

(cv')? =1,
whence
o) = £ 220
c
and therefore
u(x) =c cosh>— X0

This 2-parameter family of real analytic curves describes all possible extremals of the functional
of(u). They are called catenaries or chain lines because they turn out to be equilibrium positions of
a chain (or rather of an infinitely thin, inextensible heavy thread with a uniform mass density), cf.
X — Xq

2,1[5]. Correspondingly, the surfaces of revolution with catenaries of the type u(x) = ¢ cosh

as meridians are called catenoids. It turns out that they are surfaces of mean curvature zero, and
therefore it can be proved that they furnish a stationary value of the area functional not only in the
class of rotationally symmetric curves but among all surfaces with fixed, rotationally symmetric
boundaries.

We finally want to remind the reader that the weak form (8) in 2.1 of the Euler equations only
requires that u € C!(£2, R¥), whereas relation (1) of this subsection, at least in the classical interpre-
tation, needs that u be of class C%(€2, R¥). This fact has been assumed in the statement of the
theorem, and it will turn out that it is not automatically satisfied. We shall see in Section 3 that there
exist variational integrals # with weak extremals of class C* that are not of class C2. In other words,
there are weak extremals (or: weak solutions of the Euler equations) which are not extremals, that is,
classical solutions of the Euler equation.

2.3. Mollifiers. Variants of the Fundamental Lemma

The results of this section are not needed for the understanding of a large part
of this volume and can, therefore, be skipped at the first reading. We want to
develop several variants of the fundamental lemma which are important for the
discussion of the so-called weak forms of differential equations. Particularly
simple proofs can be given by means of mollifiers or smoothing operators.

We start by defining mollifiers on LP(R"), 1 < p < co; the general case of
mollifiers on L?(R2), 2 < R", will be reduced to this special situation. In the
following, we shall write

Jf(x) dx :=f f(x) dx

and

i/p
Sfig)= jf(x)g(x) dx, | fll:= {flf(x)lp dx}

1 1
for functions f € L?, g € L? with > + p =1
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A function k € C*(IR") will be called a smoothing kernel if it satisfies the four
conditions’

k(x) = k(—x), fk(x) dx =1,
k(x)>0 onR", k(x)=0 for|x|>1.

An example is furnished by the function

k(x) = (1/Ko) ko(x), Ko = fko(x) dx,
where
ex ——1 for|x| <1
p|x|2 1 X s

ko(x) =
0 for |x| > 1.

For a given smoothing kernel k we define the family of kernels k,(x), ¢ > 0, by

k(x) = ek (f) :
&

We have k, € C2(R"), supp k, = B,(0), and [k,(x) dx = 1. Correspondingly, a
family of mollifiers or smoothing operators S, is defined to be the convolution
operators S,u = k, *u, ¢ > 0, that is,

€

(S,4)(x) = f k,(x — y)u(y) dy = f s-"k(" —Y ) u(y) dy.

Note that these integrals have only to be extended over the ball B(x, ¢) =
{y e R": |x — y| < ¢}. Introducing new coordinates z by y = x — ¢z, we obtain

(S u)(x) = fk(z)u(x —¢&z2)dz,
where the integral has only to be carried out over B(0, 1).
It is an easy exercise to prove that, for every ue L?(Q), 1 < p < o0, the

mollified function S,u is of class C*(R").

Lemma 1. (i) For every p € [1, c0], the mollifier S, defines a bounded linear oper-
ator on LP(IR") which satisfies ||S,ull.» < |ull» for all u e LP(R").

(i) If u e COR™), then lim, . |lu — S,ull cogn = O.
(iii) If ue L*(R"), 1 < p < o0, thenlim,_, |lu — S,u||, = 0.

5The assumption k(x) = k(— x) guaranteeing property (iv) of Lemma 1 below is often omitted.
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@ () ©

) I © I

Fig. 12. (a) A Heaviside function with a jump discontinuity. (b) A Heaviside function mollified with
the characteristic function of an interval. (¢) Mollification of a Heaviside function with a C*-kernel.
(c) The characteristic function of an interval I. (€) A smooth kernel k.

1 1
(iv) If ue LP(IR") and v € LYR"), ; + a = 1, then {S,u, v) = {u, S,v)
(v) If supp u = Q, then supp S,u < Q,, where 2, := {x € R": dist(x, 2) <
e}.
(vi) For every u € C*(R"), we have D,S,u = S,D,u, in other words, differenti-
ation and mollification commute.

Proof. (i) The linearity of the operator S, is obvious. Suppose now that u e
LP(R"). If p = 1, then

ISeullp: = J'I(Szu)(X)l dx < J[ke(x — M)lu(y)| dy dx,

and by Fubini’s theorem and jke(x — y)dy = 1, we obtain

ISullLe < | lu(y)]- Uka(x - dx} dy = flu(.v)l dy = |lullp:.

o

If p = o0, we conclude from

r

[(Su)()] < | kolx — y)|u(y)l dy < Il“lle'fke(x —Y)dy = |ull -

that ||S,ull - < |Jull .

Finally,iff l <p<owandg= i’f—l’ Holder’s inequality yields
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14

I(Su)(x)I° = Uke(x — y)u(y) dy

14

= Uke““"(x — PkP(x — y)u(y) dy

p-1
< (fke(x -y dy> Jks(x — y)|u(y)* dy
= (5;ul?)(x),

whence

ISeullze = '[I(Seu)(x)l" dx < ‘er(x = VNu@)P dy dx

= jlu(Y)I’{Ike(x - dx} dy = ‘.Iu(y)l" dy = [|ullfs .

(i) If u e C2(R"), there exists a compact set K’ = IR” such that u(x) = 0 for
x ¢ K'. This implies the existence of a compact set K with K’ = K such that
(S,u)(x) = Ofor x ¢ K and 0 < ¢ < 1, whence

||u - Ssullco(nn) . ||u - Seunco(x) for0<e< 1.

On the other hand, we infer for x € K that

lu(x) — (S,w) ()| =

fke(x — y){u(y) — u(x)} dy

< f k(x — y)|u(y) — uC9l dy

< sup{|u(y) — u(x)}: y € K0 B,(x)}.

Since u is uniformly continuous on K, it follows that lim,_,, [[u — S,ul|cogn = 0.
(iii) Suppose that u € LP(R"), 1 < p < o0, and let v be an arbitrary function
in C°(R"). Then, by (i),

llu — Sull s < llu — ollLs + llv — Sevlls + [1S,(u — 0)llze
<2|u— vl + v — S0l e

It is an immediate consequence of Lusin’s theorem that C2(IR") is a dense sub-
set of LP(R"). Hence, for a given 6 >0, there is ve C2(R") such that
llu — vl < 8/4. As in (ii), we can find a compact set K such that v(x) = 0 and
(S,v)(x) =0for 0 < ¢ < 1and x ¢ K. By virtue of (ii), we infer that

o —Slle = llv — Sev”LP(K) < (meas K)l/p' lo = Sevllcomny < /2
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if 0 < & < g, for some ¢, > 0. Altogether,

lu—Sul,<é if0<e<e,.

1 1 .
(iv) If ue L?, ve L%, and E + a = 1, then we obtain S,ue L?, S,ve L’

u-S,velL', S,u-ve L', u-ve L', and furthermore, by Fubini’s theorem,

{u, §,0) = u(X)(fke(x — oy dy) dx

_ f ky(x — Pu(o(y) dx dy

= v(Y)(jke(y — x)u(x) dx) dy = (§,u,v).

(v) is an obvious consequence of the definition of ,.
(vi) Let u be of class C*(IR"). Then we have

0 G
DS = 55 J k(x — y)u(y) dy = L( ) ke — Yuly) dy
——j ﬂk(x— Ju(y) d —f ke(x — )—a—u()d
= 7 g e T Ay = | k= )G gu() dy
= f k(x — y)(Du)(y) dy = (S,Du)(x)- O

The relation (iii) implies that C*(R") is dense in LP(IR")if 1 < p < 0. Again
by Lusin’s theorem, we can infer that C%(2) is dense in LP(£2), provided that
2 cR"and 1 < p < o. The set C2(2) can be embedded into C2(IR") by setting
u(x):= 0 for x ¢ 2 and u € C2(2). Then we infer from (ii) and (v) the following

Corollary. Let 2 be an open set of R" and 1 < p < o0. Then C3(82) is dense in
LP(Q) (with respect to the norm of LP(£2)).

Lemma 2. (i) Let Q' c<c Q and 1 < p < . Then there is an ¢, > 0 such that
Seull Loy < 4l Loy for 0 < & < &, and u € LP(Q).
@) If ' cc Q,ue L?(R2),and 1 < p < o0, then

lim [lu — S,ul| Lo = 0.
&0

(i) If ue L*(R), 2 = R", and ¢ € C*(R2), then
(Seu, @) =4, S,0> for0<e<eg

and for sufficiently small ¢, > 0.
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Proof. This lemma follows immediately from Lemma 1 if we embeded L?(2)
into LP(IR") by setting u(x) = O for x ¢ £, and u € L?(Q). O

Lemma 3 (General form of the fundamental lemma). Suppose that f is of class
LY() and satisfies

(*) J fX)n(x)dx =0 forallne C2(Q2) withn >0
e
or
(%*) f JIn(x)dx =0 for all n e CX(RQ).
Q

Then we obtain f(x) = 0 or f(x) = 0, respectively a.e. on .

Proof. Suppose that () holds, and choose an open set ' with Q' =< Q. Then
there is a number g, > 0 such that Q. cc Qfor 0 < ¢ < ¢,. Hence, we infer from
(*) that (S, /) (x) = [k.(x — y)f(y)dy > Oforall x e &2'.

On the other hand, the relation

If = Sfllpi»0 ase—0

implies the existence of a sequence {¢,} with 0 < & < ¢, and & — 0 as k — oo,
such that (S, )(x) = f(x) holds a.e. on R", whence we conclude that f(x) > 0 is
satisfied a.e. on £2'. Since €' is an arbitrary open set with ' cc £, we finally
obtain that f(x) > 0 a.e. on Q.

The second assertion of the lemma follows readily from the first one. []

The next result is a variant of the fundamental lemma which is often called
Du Bois—Reymond’s lemma.

Lemma 4. Suppose that Q is a domain in R" and that f € L(Q) satisfies
Jgf(x)Dan(x) dx=0, 1<a<n,

Sor all n € C(Q). Then f(x) coincides with a constant function a.e. on Q.

Proof. As in the proof of Lemma 3, there is a subdomain ' c< Q and a num-

ber ¢, > 0 such that 2, cc Q and S,n € C*(2), provided that 0 < ¢ < ¢, and

n € C2(£'). We again set f(x) = 0 for x ¢ Q. Foreveryne C°(2')and 0 < ¢ < ¢,
we then infer

0= I . S D, 8.1 (x) dx = {f, D,S;n> = <f, §,Dan)> = {81, Du)

= - <Dasaf7 '1> ’
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whence, by virtue of the fundamental lemma, we may conclude that D,S, f = 0,
=1, ..., n, holds on ©'. Thus there exists a number c(g) such that (S,f)(x) =
c(e) is satisfied a.e. on Q' if 0 < € < ¢,.

Since lim,_ ¢ ||l f — S,f|l.: = O, there is a sequence {¢,} with 0 < ¢ < &, and
lim, ., & = O such that (S, _f)(x) - f(x) a.e. on &, as k — oo. It follows that
¢ = lim,_, , c(¢;) exists, and that f(x) = ¢ holds a.e. on £'. Since £’ is an arbi-
trary subdomain of the domain 2, we finally conclude that f(x) = const a..
on Q. O

Another variant of the fundamental lemma is provided by

Lemma 5. Let 2 be an open set in R", f, g € L'(£2), and suppose that

(*) J;) fX)e(x)dx =0

holds for all € C2(£2) subject to the subsidiary condition

(+) L g(x)o(x) dx = 0.

Then there exists a number A € R such that
f(x)=2g(x) ae.onQ.

In particular, if meas Q < oo, and if f is a function of class L'(2) satisfying (*)
for all functions ¢ € C*(82) with mean value zero, then f(x) coincides a.e. in Q with
a constant function.

Proof. For f, g € L*(R2), we have the following geometric interpretation of the
assertion: Suppose that f is orthogonal in L?(£2) to all functions ¢ which are
perpendicular to g and of class C*(Q). (As C(f2) is dense in L*(£), this means
that f is orthogonal to all functions which, in turn, are orthogonal to g.) Then it
is claimed that f is a multiple of g, i.e., f = Ag for some A € R. This interpreta-
tion suggests also the proof that even works in the general case.

If (»+) holds for all ¢ € C*(£2), then the assertion follows at once from
Lemma 3. Hence we can assume that there is some y € C°(£2) such that

f gy (x)dx #0
Q

and, multiplying by some suitable constant, we have that there is some
Y € C2(Q) with

. ¥7>=1.

Now we write any 1 € C°(Q) in the form

n=<gmy + {n—<g, MY},
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this way decomposing # into a sum ¢, + ¢ for two C2(Q)-functions ¢, :=
{g,m)y and ¢ := n — {g, )y, the second of which is orthogonal to g, i.e.

<9, 9> =0.
By assumption, we obtain
fro>=0.
Setting A := {f, ¥), we can write this relation in the form
f—2g,m=0,

which is satisfies for all n € C°(Q). As 1 is a fixed number independent of #,
we can apply Lemma 3 to f — Ag, thus obtaining f — Ag =0, or f = Ag. This
proves the first part of the assertion. The second part follows from the first by
choosing g(x) = 1. O

2.4. Natural Boundary Conditions

In addition to the assumptions of 2.2, let us furthermore suppose that 02 is a
manifold of class C1, u € C*(2, R"), and that instead of 2,1, (8), the function u is
even satisfying the stronger relation

1) 8F(u, ) =0 forall ¢ € C}(R, RY).
The last equation is, for instance, a consequence of the minimum property
()] Fu)< Fu+ o) forall g e C'(2 RY)with [|¢]cig < b,

which is supposed to hold for some 4, > 0.

Proposition. If 0QeC', FeC*(), ueC'(2,R")nC*Q,R"), and if
8F (u, ) = 0 for all ¢ € C1(2, RY), then u is an extremal of & which, on 92,
satisfies the “natural boundary conditions”

3) v Fpi(x,u,Du)=0, i=1,...,N.
Here v(x) = (v{(x), ..., v,(x)) denotes the exterior normal of 0Q at the point
x € 0Q.

Remark. It will be apparent from the proof that, instead of the assumption
F € C3(@), it suffices to assume that the partial derivatives F, and F, exist and
that F, e C°(%), F, € C}(%).

Proof. (i) We first prove assertion (3) under the slightly stronger assumption
that u(x) is of class C2(Q, R¥). Then a partial integration implies that

(4 0F(u, )= J. Lp(u) ¢ dx + J. V(%) Fyi(x, u(x), Du(x))p'(x) d#™ (x).
Q R
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Here ds#""! stands for the (n — 1)-dimensional area element of 6. By the
Theorem in 2.2, we know already that Lg(u) = 0 on £2, whence

©) 6F(w, 9) = f V() P, u(x), Du(x)) () dA™ ()
R

for all p € C}(2, RY).
By an obvious generalization of the “fundamental lemma” we infer from (1)
and (5) the relations

Va(¥) Fpi(x, u(x), Du(x)) =0 forallxed, 1 <i<N,
which, in vectorial form, can be written as
6) v(x)* Fy(x, u(x), Du(x)) =0 on 09Q.

(ii) If only u € C}(2, R") n C*(22, R") is assumed then we are not allowed
to perform the partial integration on £, but we have to restrict ourselves to a
subdomain Q' << Q with dQ’' € C'. We then obtain

) 6Faluw ¢) = Lg, ROy, u(x), Du(x))¢'() dA™(x)

for all p € C}(2, RY).

Now we choose for ' a sequence of smoothly bounded subdomains
Q, cc Q with 2, » Q such that 69, converges in C* to dR2 as k - 0.5 Then we
conclude that meas(Q2 — ©,) - 0 whence

0Fq, (u, ) > 0F (u, ¢) ask— o

follows for each test function ¢ € C1(22, R"). In conjunction with (7) we arrive
at (5) from where the proof proceeds as in (i), and the Proposition is proved.
O

We see from the minimum property (2) that free (or natural) boundary
conditions occur whenever we have a minimum within a class of functions, the
boundary values of which are not fixed. For vector-valued extremals we often
meet problems where some of the components are fixed whereas others are
allowed to move freely. Then only the latter ones will satisfy natural bound-
ary conditions. We shall later discuss relevant results for important special
problems.

Let us consider some examples.

The natural boundary condition associated with the Dirichlet integral

D) = %j‘ |Du|? dx
Q

6 This means that, locally, the graphs representing 62, converge in C! to the graphs of 09Q.
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is the so-called Neumann boundary condition
ou
—=0 onadQ,
ov

where v denotes the exterior normal to 0.
Clearly, this is also the natural boundary condition for every variational integral of the kind

J‘ {3|Du)® + g(x, u)} dx.
Q

The natural boundary condition of the area functional
AWu) = J 1 + |Duj? dx
Q

as well as of every functional of the type

J {/1 + |Dul* + g(x, w} dx
Q

is given by
Du

ST+ Dupp’

v-Tu=00n0R2, Tu:=

which has a remarkable geometric interpretation.
Let « be the angle between the normal

1
n=———(Du, —1)
J1 + |Du?

of the hypersurface (x, u(x)), x € 2, and the normal v = (v, 0) to the cylinder 8Q x R in R"**. Then
cosa=v-n=v--Tu,

and the free boundary condition v- Tu = 0 says that the minimal surface (x, u(x)) which satisfies
ue CY2)n C3(Q),

S, o) =0 forall ¢ € C}(Q),
intersects the cylinder 42 x R perpendicularly.

Fig. 13. The Neumann condition.
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3. Remarks on the Existence and Regularity
of Minimizers

In this section we have collected some simple but instructive remarks about the
existence and regularity problem of minimizers, mainly for one-dimensional
variational problems. A more refined discussion leading to the so-called direct
methods of the calculus of variations and to the regularity theory for weak
extremals of multiple integrals will be given in another treatise.

We begin in 3.1 by presenting some examples of variational integrals
that have weak C!-extremals which are not of class C2. Then we shall show
that weak extremals of elliptic Lagrangians for one-dimensional integrals are
necessarily of class C2. Our proof of this regularity result is based on some
reasoning of Du Bois—Reymond and Hilbert using an integrated form of the
Euler equation.

Actually, it is not a priori clear whether C?, C? or some other function space
is the natural setting where a first-order variational problem is to be solved. In
fact it is part of the problem to define the class of admissible functions where the
functional is to be minimized. In general it is not true that every “reasonable
problem” (whatever is meant by “reasonable”) has a solution, and if there exists
a solution, one cannot take it for granted that this solution is smooth: there are
minimizers which do not satisfy Euler’s equation. In 3.2 we shall discuss a few
examples of variational problems without solutions.

Finally in 3.3 we shall consider broken extremals which are contmuous
piecewise smooth functions that satisfy Euler’s equations except for finitely
many points. At such corners a broken extremal must satisfy the Weierstrass—
Erdmann corner conditions.

3.1. Weak Extremals Which Do Not Satisfy Euler’s Equation.
A Regularity Theorem
for One-Dimensional Variational Problems

The following examples show that there are weak extremals and even weak
minimizers which are not smooth solutions of Euler’s equations.

(11 A very trivial example is given by the functional
1
F(©v) =J. [Dv(x) —2]|x|]?dx, n=N=1,
-1

which is minimized by the functions u(x) = x|x| + const that are of class C* on [—1, 1] but not in
C? on (—1, 1). Thus u(x) will satisfy (8) in 2.1 but not (1).
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However, this example is not quite satisfactory since F, ¢ C'. Therefore we
will present two more refined examples of Lagrangians that are real analytic
(and even polynomial), and for which there exist solutions u € C*(€2, R") of
(8) in 2.1 that are not of class C%(©2, R"). Thus, even for nicely behaving
Lagrangians, weak extremals need not be “classical” extremals.

Letn= N =1 and F(x, u, p) = u*(2x — p)2. Then

)= 0 for—-1<xx<0,
=1 for0<x<1

is a function of class C' which is the (uniquely) determined minimizer of

F@) = fl v*(x)(2x — Dv(x))? dx,
1

within the class of functions v € C!([—1, 1]) which satisfy the boundary conditions v(—1) = 0 and
v(1) = 1. Obviously, u(x) is not of class C2.

Letn=2,N=1,Q = {(x,y): x* + y* < 1}, and
f(“)-“—%f (4?2 — u?) dx dy.
)

Formally, the Euler equation of this integral is the wave equation
Uy, — Uy, = 0.

Consider now a real valued function y(t) of class C!(R) which is nowhere twice differentiable. Then
u(x, y) := Y(x — y) is of class C'(£2), but the second partial derivatives of u exist nowhere on L.
Because of u, = —u, we obtain u.@, — u,0, = u.@, — u,e, for each ¢ € C2(£2), and therefore

0F(u, ¢) = j (4.0, — uy@,) dx dy = I (uepy — u,0,) dx dy
Q Q

= J‘ u((pyx - (pxy) dx dy =0.
Q

F, F, 1 0
Note that the Hessian( er ;’ ) = (0 1) of the integrand F(q, p) = p? — ¢? in this example is
e Yaa -

indefinite, whereas the Hessian F,,(x, u, p) = 2u? of the integrand F in [2]is positive semidefinite.

The situation is even more desperate than indicated by the previous two
examples. For instance, there exist real analytic Lagrangians F such that the
corresponding variational integral # with respect to fixed boundary values is
minimized by Lipschitz functions, but by no C!-function, and a fortiori by no
C2-function. This phenomenon was discovered by Euler, and he viewed it as
rather paradoxical.’

7(E735) De insigni paradoxo quod in analysi maximorum et minimorum occurit, Mem. Acad. Sci. St.
Pétersbourg 3 (1811), and Euler [1] Ser. I, vol. 25, 286—292. The paper was written in 1779.

Here and in the future, the letter E, as in (E735), refers to Enestrom’s catalogue of Euler’s
papers; see: Jahresberichte der DMV, Ergédnzungsband IV, 1910-1913.



3.1. Weak Extremals Which Do Not Satisfy Euler’s Equation 39

-1 1

Fig. 14. F(p) = (p* — 1)

[4] Euler's paradox. Consider, for instance, the Lagrangian
F(p)=(p* — 1).

It is easy to see that the infimum of the corresponding variational integral
1
Fu) = f w?—1)2dx
V]

on the class € of functions u € C'([0, 1]) satisfying #(0) = 0 and u(1) = O is zero, and that this
infimum cannot be attained within 4. However, there are uncountably many zig-zag functions u(x)
on I = [0, 1] fulfilling the boundary conditions #(0) = 0 and u(1) = 0. In fact, any Lipschitz function
u(x) satisfying u’(x) = +1 a.e. on I furnishes the minimal value zero for #.

This example shows that the spaces C2 or C! are by no means the natural
classes where every variational problem is to be tackled. In fact, it is part of the
problem to formulate its setting and to find out what should be a suitable class
of “admissible functions” where & is to be minimized. Problems with “broken
minimizers” are by no means an artificial matter but appear naturally in appli-
cations. For instance, sailing against the wind, the sailor has to tack, that is, he
has to follow a zig-zag line by switching between two most favorable angles in
order to use the wind in the best way. An amusing discussion of this and related
problems can be found in L.C. Young’s treatise [1], pp. 155-160.

Let us conclude our discussion by considering the Lagrangian
F(z,p)=(1+23){1 +(p* — 1)}

with the corresponding variational integral
1
Fu) = I 1+ u?){1 + (u? - 1)*} dx.
V]

Subjecting the admissible functions u to the boundary conditions 4(0) = 0 and u(1) = 0, we easily
verify that the infimum of & is one among C!-functions, or Lipschitz functions, or even among
absolutely continuous functions. However, the infimum is attained for no such function since
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F(u) = 1 would both imply u(x) =0 and u’(x) = +1 a.e. on [0, 1] which is impossible. In other
words, if one insists in obtaining a minimizer, one has to enlarge the class of admissible “functions”
even further by admitting “infinitesimal” zig-zags. For this approach we refer the reader to the
discussion in L.C. Young [1].

Now we turn to the proof of a regularity theorem for extremals of one-
dimensional variational problems the basic ideas of which are due to Du Bois—
Reymond and Hilbert. Consider a variational integral

(1) Fu):= fb F(x, u(x), u'(x)) dx

a

whose Lagrangian F(x, u, p) is a C*-function on I x R x RN where I := [a, b].
The functional & is defined on the class Lip(I, R") of Lipschitz functions
u: I - RY which satisfy a Lipschitz condition

lu(x) —u(y)l < L|x —y| forallx,yel,
where the constant L may depend on wu.

Definition. A function u € Lip(I, RY) is said to be a weak Lipschitz-extremal if
it satisfies

@ Jb [Flx,u,u’) ¢ + Fy(x,u,u’) ¢'Jdx =0 for all 9 € C*((a, b), R").

Remark 1. This definition is an extension of the notion of a weak extremal introduced in 2.1 where
we required that a weak extremal of # be of class C'. There are various other generalizations of this
notion. In this volume we want to agree upon that a weak extremal is always of class C!. However,
if we consider solutions u of (2) which are not C! but of a larger class € such as D!(I, RY) or
Lip(I, R¥), we call them weak €-extremals.

Remark 2. If u is a (local) minimizer of # in the class of all functions v € Lip(I, R") with prescribed
boundary values v(a) and v(b), one proves as in Section 2 that (2) holds true.

An integration by parts yields
b b x
J F(x,u,u') ¢dx = —I [ J F (¢, u(®), w'(1) dt]'(ﬂ'(X) dx

for all ¢ € C*((a, b), R"), and therefore we can write (2) in the equivalent
form

3) fb I:Fp(x, u,u')— jx F,(t, u(t), u'(t) dt]- @' (x)dx=0

for all ¢ € C®((a, b), R").

By Du Bois-Reymond’s lemma (cf. 2.3, Lemma 4) we deduce from (3) the
following result.
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Proposition 1. For any weak Lipschitz-extremal u of & there exists a constant
vector ¢ € RY such that

@ Fy(x, u(x), w'(x)) = c + Jx F,(¢, u(e), w' (1)) dt

holds true for almost all x € (a, b).

Since F,(t, u, p) is a continuous function of the 2N + 1 variables (¢, u, p) €
I x R¥ x R¥, we infer that F,(t, u(t), u’(t)) is a bounded measurable function of
the variable t € I. Therefore the right-hand side of (4) is an absolutely continuous
function of x € I, and we obtain

Proposition 2. Any weak Lipschitz-extremal u of & satisfies the Euler equation

©) %F"(x’ u(x), w'(x)) = F,(x, u(x), u'(x)) ae.onl.

Remark 3. Note that in general we are not allowed to write the left-hand side of (5) in the differenti-
ated form

;; (%> u(x), w'(x)) = Fpalx, u(x), w'(x)) + Fpu(x, u(x), '(x)) ' (x) + Fpp(x, u(x), w'(x))- u"(x).

We denote equation (4) as Du Bois—Reymond’s equation or as integrated
form of Euler’s equation.

We shall use Du Bois—Reymond’s equation to prove regularity of weak
Lipschitz-extremals provided that the Lagrangian F satisfies a suitable
ellipticity condition. We shall proceed in two steps.

Proposition 3. Let u be a weak extremal of %, and suppose that F, is of class C*
on I x RN x R" and that the Hessian matrix F,,(x, u(x), u'(x)) is invertible for
all x € (a, b). Then u(x) is of class C? on (a, b).

Proof. By definition a weak extremal u is of class C'. Hence the right-hand side

©) (x):=c+ J‘x F(t, u(t), u'(t)) dt

of (4) is of class C(I), and the left-hand side F,(x, u(x), u'(x)) is continuous on I
whence we obtain

) Fy(x, u(x), u'(x)) — n(x) =0 forallxel.
Now we define a mapping G: I x RN —» RN by
(8) G(xa P) = Fp(x’ u(x), p) - ﬂ(X),

which is of class C!(I x IR¥, R¥) and satisfies
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det G,(x, u'(x)) # 0 forall x € (a, b).
Moreover we infer from (7) that
G(x,u'(x)) =0 forallxel.
Then the implicit function theorem implies that u’(x) is of class C! on (a, b).

a

Proposition 4. Assume that I;’vp isof class C' on 1 x R" x R" and that F,(x, z, p)
is positive definite on I x RN x RY. Then every weak Lipschitz-extremal u: 1 —
RY of Z is necessarily of class C*(I, R").

Proof. Consider a mapping @ :(x, z, p) = (x, z, ) of I x R¥ x RY¥ into itself
which is defined by
) PD(x, 2, p) == (X, z, F(x, z, p)).

We will show in 7,1 that @ yields a C!-diffeomorphism of I x R¥ x RY onto its
image % := &(I x RN x R"). Denote by ¥:# — I x R¥ x R" the inverse of
@. We infer from (4) that

(10) D(x, u(x), u'(x)) = (x, u(x), #(x)) ae.onl,

where 7n(x) is defined by (6). Set o(x) := (x, u(x), u’'(x)), e(x):= (x, u(x), n(x)),
P(e(x)) =: (x, u(x), v(x)). Then (10) is equivalent to e(x) = P(d(x)) a.e. on I
whence

(11) o(x) = P(e(x)) ae.onl,
that is,

(12) u'(x) =v(x) ae.onl.
Since u € Lip(I, R"), there is a null set 4" in I such that
(13) lu(x)| <k forxel— A,

and because of e(x) = @(a(x)) a.e. on I we can assume that
(14) e(x) = P(o(x)) forxel — N .

Set A" := {®D(x, z,p): (x,2,p)e I x RY x R¥ and |p| < k}. Then (13) implies
that

(15) P(o(x)eNH forxel — N,

and on account of (14) it follows that

(16) ex)ex forxel — AN .

Since e(x) is continuous on I and ¢ is closed, we infer from (16) that
17) e(x)exH forallxel,
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and therefore e(l) is contained in %, the domain of ¥. By virtue of ¥ € C! we see
that ¥ o e is continuous, and so v(x) is continuous on I. On the other hand, by
(12) the absolutely continuous function u(x) can be represented in the form

u(x) = u(a) + f v(t) dt.
Consequently u is of class C* on I, and Proposition 3 yields that u(x) is even of
class C? on (g, b). In fact, (10) implies that = € C*(I, R"), and then relation (11)
yields u’ € C* (I, RY),i.e. u € C3(I, RY). O

Remark. A careful inspection of our reasoning shows that we can weaken our
assumptions in several respects. For instance, the function n(x) is already abso-
lutely continuous if F,(x, u(x), u’(x)) is of class L' on (a, b). On the other hand
relation (17) is then more difficult to achieve, as for some points x € I the images
e(x) might belong to 0% but not to %, if we do not assume that u € Lip(I, R"),
and so we could not form ¥(e(x)). Thus for general weak extremals a more
subtle discussion is needed to generalize the preceding reasoning.

3.2. Remarks on the Existence of Minimizers

Following 3.1 |4| we have noted that there is no reason why minimizers should
always be smooth. Moreover variational problems might have no solutions
at all, even if we enlarge the class of “admissible functions” considerably by
replacing C2 or C! by D! or by the class of Lipschitz functions. In this sub-
section we shall exhibit further examples which will shed more light on those
phenomena.

[1] Weierstrass’s example. In his criticism of the so-called Dirichlet’s principle, Weierstrass pointed
out that it is by no means clear why a functional like Dirichlet’s integral 4 {|Du|? dx should have a
minimizer in the class of functions u: £ — R with prescribed boundary values |4, although it is
bounded from below. The existence of a finite lower bound does in general not guarantee the
existence of a minimum. We shall discuss Dirichlet’s principle, its historical context, and its mathe-
matical implications in another treatise. Here we just want to show Weierstrass’s example. Consider

the variational integral
1 d 2
F) :=f x2(—“> dx,
-1 dx

which is to be minimized in the class
€:={ueC([-L1]xu(~1)=—1u(l)=1}.
Clearly we have infy # > 0, and by inserting the function u, € %, defined by
arc tgE

u,(x) = 77 X<l e>0,
arctg—
€
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Fig. 15. The Weierstrass example.

we obtain #(u,) — 0 as ¢ » +0. Therefore we have
infy F =0.

However, there is no function u € € such that #(u) = 0 since this relation would imply u'(x) = 0, i.e.
u(x) = const, and this is impossible because of the boundary condition.

In order to find a minimizer we would have to admit discontinuous functions as admissible
functions such as uy(x) := sign x. Then we would have #(u,) = 0.

Suppose we want to minimize
1
Flu):= j (1 + [/ [2)" dx
0

in the class € of Lipschitz functions u : [0, 1] — R satisfying #(0) = 0 and u(1) = 1. By considering
F(u,) for the admissible functions

) 0 for0<x<1-46 >0
us(x) .= ,
s 1+6(x—1) forl—6<x<1f’

we obtain

1-48 1
Fluy) = J dx + f (1 + 67" dx
1]

1-8
=(1-0)+ 61+ 5)">1 asé—0,

whence infy, # = 1. But obviously there is no element u € ¢ such that #(u) = 1 as this would imply
u'(x) = 0.

Suppose we want to find a graph of minimal area over the unit disk B of R?> which lies above
the point P, := (0, 0, 1) in R? x R. By considering circular cones above the discs B, = {(x, y): x> +
y? < g} with vertices in P, and adding the annuli {(x, y): &2 < x? + y? < 1} we obtain admissible
graphs whose areas tend to =, the area of the disc B. Therefore the infimum of the area functional in
the class € of admissible graphs is 7 and clearly there is no function u € C*(B) with u|,3 = 0 such
that [3./1 + |Fu|? dx = = and u(0,0) > 1. The infimum of the area is assumed by a “singular
object” consisting of the disc B and a “hair” H raised in the center 0 of B. Another interpretation of
the phenomenon is that the infimum is not assumed in € but by the disc B, i.e. the functional
neglects the constraint u(0) = 1 if one wants to minimize it. Physically this corresponds to the fact
that one cannot push up a soap film by a needle; for this purpose one needs a “blunt” object.
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[4] Consider the functional
1 1
Fu):= —d.
@ L T+wpE

on the class € := {u e C*([0, 1]): u(0) = 0, u(1) = 1}. Obviously 0 < #F(u) < 1, and it is not difficult
to see that infy F = 0 and supe & = 1. In fact near each such function we can find u, v € € such
that #(u) < & and 1 — ¢ < F#(v), where ¢ is an arbitrarily prescribed positive number. However
neither infy, # nor supg # can be realized by #(u) for some u € €.

Nonparametric surfaces of prescribed mean curvature. In 2.2|5] we have seen that a nonpara-
metric surface u(x), x € 2, of prescribed mean curvature H has to satisfy the equation

Du

1+ [Duf?

and n is the dimension of Q. The equation div Tu = nH is the Euler equation of the functional

(2) -[ (/1 + |Duj?® + nH) dx.
Q

For the sake of simplicity we assume that H is constant. We infer from (1) that

1) div Tu = nH, where Tu:=

3) —J‘ Tu-D(pdx=nHj @ dx
2 Q

for all ¢ € C}(€2). Moreover, for each ball By of radius R contained in £ there exists a sequence of
spherically symmetric functions ¢ on By which converge in L%(£2) to the characteristic function of
Bg. Since | Tu| < 1 we then infer from (3) that

@ n|H||Bg| < [0Bg|.

Thus we infer for = By, that a solution u of (1) in B, can only exist if the necessary condition

(5) |H] < 1/R

holds true.

(6] Parametric surfaces of prescribed mean curvature. A similar argument works for a two-
dimensional surface u: B— R® of constant mean curvature which is defined on a disc B = R2

Suppose that the surface u(x, y) = (u'(x, y), ¥*(x, y), u3(x, y)) is given in conformal parameters x, y,
i.e. we assume

©) Jul? = I, u,ou,=0.
Then u has to satisfy the equation
@ Au = 2Hu, A u,,

see 3,2[4]. Integration by parts yields

n

®) J. dudx dy=j ?Ed.#‘,
B a0

where n is the exterior normal to dB. On the other hand we have



46 Chapter 1. The First Variation

) fAudxdy=2HJ U, A u, dx dy
B B
=H a(u/\u)dxd +H 6( u)dxd
B T A" i

= HJ {(u A u,)) dy — (u, A u) dx}
a8

=HJ uAdu.
B

If u|,5 defines a topological mapping of 4B onto a closed Jordan curve I', we have

(10) A(I"):=J‘u/\du=J' u A du,
r B

where the number A(I") depends only on the curve I" and not on its representation u|,;. We infer
from (8)—(10) that

0
(1) A(I")~H=j M awr.
280N
. . Ou ou
Let ¢ be a tangential unit vector field along dB. Then we have =17 on 0B whence
n
d i

(12) f Hawt| < [ —“l ' = L(T),

B 0n Jop|ot
where L(I") is the length of I. We obtain from (11) and (12) the condition
13) |A(D)IH| < L),

which is necessary for a solution u : B — R? of (6), (7) mapping 0B topologically onto a Jordan curve
I If 'isa circle of radius R, then L(I") = 2aR and A(I") = 2nR?; hence the necessary condition (13)
reduces in this case to |H|R < 1 as to be expected from the preceding example.

Capillary surfaces in a tube with a corner. In outer space, where gravity is zero, a nonparametric
surface u : 2 — R above a convex domain £ in R? describing the equilibrium surface of a liquid in
the cylindrical tube 2 x R has to satisfy the equations
divTu=2H in £,
(14)
v-Tu=cosy ondQ,

where H is a positive constant, v the exterior unit normal to 022, and y is a constant angle, 0 <y <
/2. Note that y is the angle between the liquid surface and the boundary 02 x R of the capillary
tube.

We remark that equations (14) are the Euler equation and the free boundary condition (see 2.4)
of the variational integral

6'(u):=J. ‘/1+Du2dxdy+2HJ. udxdy—(cosy)f udx?.
2 Q a2

Set 2°:={(x,y):x +iy=re”, 0 <r<¢, 0 < ¢ <2x < 7} and suppose that there is some
£ > 0 such that 2° = Q n B,(0). Let 2* be the triangle with the corners 0, P, = (¢, 0), and P, =
(£ cos 2a, £ sin 20). Then 2 meas 2* = ¢2 sin 2, and the length h = P, P, of the linear segment I’
bounded by P, and P, is h = 2¢ sin a. Let 0 < p « £ and set 2} := Q* n B,(0), C, := 2* n 0B,(0),
of. Fig. 16. Furthermore let u € C'(£2 — {0}) n C*(£2) be a solution of (14). Then we obtain
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4

(b)

Fig. 16. (a) A solution of the capillary problem |7] may exist if « + y > n/2, but cannot exist if
@ +y < n/2 where (b) 2 is a domain with a corner of half the opening «. (c) Let £ be a regular
hexagon inscribed in the circle C. Then any lower hemisphere whose equator lies above C provides
a solution for the case « = n/3 and a + y = n/2.

Q

2H meas Q* =J\ div T dx dy=f (v- Tu) dot!
*

aas
=2({—p)cosy+L (v-Tu)d.}f‘+J‘ (v-Twydx#?,
" r
and v- Tu < 1. As p — +0 we infer
2HmeasQ*=2{cosy+j (v Tuyds#?!,
r

whence
H{? sin 20 > 2¢(cos y — sin ).

Letting / —» +0 we arrive at cos y — sin a < 0, and sin a = cos(n/2 — «), 0 < & < n/2, imply that
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Fig. 17. Fig. 18.

cos y < cos(m/2 — a), i.e. a + y = n/2. Thus we conclude that there is no solution of (14) in a domain
£ of the opening 2a if « + y < n/2. Note that for « + y = n/2 the problem can have a solution which
is part of a spherical cap.

Further examples of this nature can be found in 4,2.3 [1][2].
Finally we want to show by way of example that constraints might cause a loss of regularity.

An obstacle problem. Suppose we want to join two points P; and P, in the plane by a curve
staying above an obstacle X (see Fig. 17). If the obstacle is bounded by a circular or parabolic arc,
itis geometrically obvious that the connecting curve of least length consists of three parts "', I, I'”,
the tangential connections I and I"” from P, and P, to the obstacle, and the connection I” of the
two tangent points Q, and Q, along d.¥". Clearly the curve I'" U I'u I'" is of class C?, but not of class
C? since the curvatures of I and I'” are zero while the curvature of I is non zero. In fact it is easy
to see that the shortest connection of P, and P, above the circular or parabolic obstacle has a
Lipschitz continuous tangent which is not of class C!. If the obstacle is allowed to have corners, the
shortest connection might even have a discontinuous tangent (see Fig. 18). A similar discussion can
be carried out for the Dirichlet integral instead of the arc-length functional.

3.3. Broken Extremals

In this subsection we shall derive some necessary conditions for minimizers of a
variational integral

(1) Fu):= Ib F(x, u(x), u'(x)) dx

a

in the class D! of piecewise smooth functions u:[a, b] - R". Recall that ue
D'([a, b], RY) if u e C°[a, b], F") and if there is a decomposition a = ¢, <
t, <ty < " <t <ty = b of [a, b] into finitely many intervals I; = [¢;_,, ¢;],
1 <j<k+ 1, such that u}; : is of class C!. Such a function u is differentiable
except for finitely many points ¢,, ..., t, where at least the one-sided derivatives
u'(t; — 0) and u'(t; + 0) exist. If u'(¢; — 0) # u'(t; + 0), 1 <j <k, we call ¢; a cor-
ner of u.
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In the following we assume that the Lagrangian F(x, z, p) of the functional
Z in (1) is of class C* on [a,b] x RY x R¥ (or on a neighbourhood # of
the 1-graph of the minimizer that will be investigated). We are now going to
prove the Weierstrass— Erdmann corner conditions which state that for any D*-
minimizer u of & the expressions

@ 1) 1= F,(x, u(x), u'(x))
and

3 0(x) = 79w’ () — F(x, u(x), w'(x)
satisfy

“4) n(x — 0) = n(x + 0), o(x —0)=@(x +0)

and can therefore be viewed as continuous functions of x € [a, b]. Let us formu-
late this result as

Proposition 1. Let I = [a, b], u e D*(I, RY), and suppose that F(u) < #(v) for
all ve%, and some r >0 where €, := {ve D*(I, R"). v(a) = u(a), v(b) = u(b),
sup; |u — v| < r}. Let x, € (a, b) be a corner point of u, and set z, := u(x,), pg =
u'(xg + 0), pg := u'(xo — 0). Then we obtain the two corner conditions

(I) Fp(x0= 29 Pa) = Fp(x0= 29 p;)
and
(II) F(XO’ Zos Pa) - Pa ' Fp(x03 Z0» p(_)) = F(xOs 29 p:)-) - pg : Fp(xOs 29, p:)-)

Proof. (i) The first formula is an immediate consequence of formula (4) in 3.1,
Proposition 1. In fact, (I) is true for any weak D'-extremal (and even for any
weak Lipschitz-extremal) of &#.

(i) While (I) followed from “variations of the dependent variables z”, condi-
tion (IT) will be derived by means of “variations of the independent variables x”.
Therefore (IT) should be treated in Chapter 3 where we systematically investi-
gate variations of general type. But since the computations for the case at hand
are very simple we shall immediately derive the variational formula that is
needed. The basic idea is to use inner variations, i.e. variations of the indepen-
dent variables.

Let A be an arbitrary function of class C(I) and set 7,(x) := x + €A(x), x € I,
le] < go. For 0 < gy « 1 we obtain a smooth 1-parameter family of diffeomor-
phisms 7, of I onto itself such that

1,(a) = a, 7,(b) = b, To(x)=x forallxel,

and 7/(x) > 0, and we can assume that the functions z, := u o 7;! are contained
in %, whence
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© 2 F o =0

by the minimality of u. Since

2 20 = W ()

and
1

1+ ed(x(x)’

we obtain by a change of variables that

d -1
Ers (X)—

u'(x)

b
©  Fe)-= f F(x + A, 40 T3

a

)(1 + eA'(x)) dx.
We infer from (5) and (6) that
M Jb {AF,(x, u, u') + A[F(x,u,u') — u' - F,(x,u,u’)]} dx =0

for all 4 € C*(I). By Du Bois—Reymond’s lemma (see 2.3) we deduce the exis-
tence of a constant c* such that Erdmann’s equation

F(x, u(x), u'(x)) — u'(x)- Fy(x, u(x), u'(x))

@®) x
=c*+ J‘ F,(t, u(t), v'(t)) dt

a

is satisfied for all x € I. Since the right-hand side of (8) is an absolutely continu-
ous function, condition (II) is an immediate consequence of (8). O

Let us note that the reasoning above can also be applied to Lipschitz mini-
mizers of &#. Thus we obtain

Proposition 2. If u € Lip(I, R"), I = [a, b], is a minimizer of # among Lipschitz
functions with the same boundary values as u, we obtain Du Bois—Reymond’s
equation

) Fy(x, u(x), u'(x)) = c + fx E,(t, u(t), u'(t)) dt

a

as well as equations (8) for suitable constants ¢ € RN and c* € R. In particular if
F.(x,z,p) =0, then

F(xs u(x), u'(x)) - u’(x)' Fp(xa u(X), ul(x)) =c,
i.e. the function F — p-F, is a first integral on all Lipschitz minimizers of #.
The last statement of Proposition 2 generalizes the law of conservation of

energy formulated in 2.2{7] to weak minimizers of & or, more generally, to
solutions u of (5).
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4. Null Lagrangians

Let F(x, z, p) be a C2-variational integrand which is defined on some open
subset % of R" x RY x R". Denote the 1-graph (or contact graph) of some
mapping u € C*(2, R") by

1) 1-graph u := {(x, u(x), Du(x)): x € 2}.

Definition. We call F a null Lagrangian if Lp(u) = 0 holds for all u € C*(Q2, R")
with 1-graph u c %.

A simple example of a null Lagrangian is furnished by integrands of the
type
© F(p)=a'p+b=afp,+b

with constant coefficients af and b. If n = N, af = 67 and b = 0, we obtain the
important null Lagrangian

€) F(p)=pi+p3+ -+ p; = tracep,
for which
F(Du) = divu
ifu = (u', ..., u"). Another interesting null Lagrangian is furnished by
“4) F(p) = det p.

A direct verification of this fact may seem difficult, but we can easily prove the
claim by the following reasoning: For any mapping u € C?(22, R"), we have

F(Du)dx' A dx* A -+ A dx" = (det Du)dx® A --* A dx"
=dut Adu* A+ A du”
=du' Adu® A - A du).

Hence, if 2 is compact and if 69 is sufficiently smooth, we obtain by means of
Stokes’s theorem that

F(u) =j F(Du) dx = f ul Adu A Adut.
Q 20
Hence % (u) depends only on the boundary values of ¥ and Du along 022 and is
therefore invariant on variations
v,(x) == u(x) + ep(x), le| <1,

with supp ¢ = Q. Hence u must be an extremal of #. If Q is not compact or 6Q
not smooth, we can apply the reasoning to smoothly bounded subdomains
' cc Q. Thus we obtain that F(p) = det p is a null Lagrangian.
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Two other null Lagrangians are obtained for n =1, N = 2 in the following
way.

Let G be some domain in R2, and let u(x, y), v(x, y) be two functions of class
C!(G) satisfying the Cauchy-Riemann equations

(5 u,=v,, u, = —v,
in G. Define the two Lagrangians
©6) F(x, y, p, ) := u(x, y)p — v(x, y)q
and
(7) H(xa Y, Ps q) = u(x’ y)q - v(x, y)p
on G x R?, and set
b
@® ?(C):=j F(x, y, %, y) dt,
ab
&) H(c) = ‘[ H(x, y, x, y) dt

for curves c(t) = (x(¢), y(t)), a <t < b, of class C! whose trace is contained in G.
A straight-forward computation shows that both F and H are null Lagrangians.
An immediate consequence of this fact is Cauchy’s integral theorem as we shall

seein 4.1[1].

Null Lagrangians are important for several reasons. First of all, they
are used to define Hilbert invariant integrals which play a major role in the
derivation of sufficient conditions for strong relative minima via field theories
(cf. Chapters 6 and 7). Secondly, null Lagrangians give rise to define integral
invariants. Such invariants belong to the most interesting objects of differential
geometry and topology. One important example is the degree of a mapping,
another one the winding number of a closed path which is closely related to
Cauchy’s integral theorem. A third and somewhat more sophisticated example
is provided by the curvatura integra j' um K dA of an orientable, closed, two-
dimensional manifold M which only depends on the Euler characteristic of M.
This is the content of the celebrated Gauss—Bonnet theorem that we shall briefly
discuss in 5 [4]. In this case we have to consider a second order variational
problem | F(x, u, Du, D*u) dx.

Let us finally mention that variational integrals corresponding to null
Lagrangians have remarkable lower semicontinuity properties.

4.1. Basic Properties of Null Lagrangians

The following result is fairly obvious:

Proposition 1. Suppose that #(u) = F(v) holds for all u, v € C*(2, R¥) satisfying
u = v on 0L2 and 1-graph u, 1-graph v = %. Then F is a null Lagrangian.
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Proof. Let u be an arbitrary function of class C!(2, R") n C*(22, R") whose
1-graph is contained in %. Then, for any ¢ € C*(2, R"), we infer that
Fu+ep)=Fu) for0<|e«1,
whence
0F (u,0)=0
and therefore Lg(u, ¢) = 0if u € C3(2, RY). O

Now we prove a converse of Proposition 1.

Proposition 2. Let F(x, z, p) be a null Lagrangian which is defined on Q x G x
R"™ where G is a simply connected domain in R™. Then the corresponding varia-
tional integral F satisfies F(u) = F(v) for all u, v e C*(Q, R") satisfying u = v
on 092, and whose 1-graphs are contained in @ x G x R".

Proof. We shall see in 3,5 that Ly(u) transforms like a vector field if we change
the dependent variables. Hence the property of F to be a null Lagrangian re-
mains unaltered if we subject the dependent variables to a diffeomorphism, and
we conclude that it is sufficient to prove the assertion for G being an open ball.
Then the stated result follows from the next proposition. O

Proposition 3. Let F(x, z, p) be a null Lagrangian which is defined on a normal
domain ‘

N ={(x, 2 xeQ,a'(x) <z' < bi(x),i=1,..., N},

where a'(x), b'(x) are the components of two functions a, b € C°(2, R") satisfying
a'(x) < bi(x) on 2. Then the variational integral F associated with F satisfies
F(u) = F(@) for all u,ve C'(Q,R") such that u=v on 02 and graph u,
graphv < A"

Proof. (i) Let us first assume that u and v are both of class C*(2, R"). Then we
introduce the C2-family of mappings ¥ (¢) : Q — R¥ defined by

Y(x, €) := u(x) + ep(x), @(x):= v(x) — u(x).

Note that ¢(x) = 0for x € 0. Since F is a null Lagrangian, we have L(y/(¢)) =
0 on Q, whence we infer by partial integration

0F (Y(e), ) = L Le(Y(e)) ¢ dx = 0.

Therefore,

1 1
F) - Fu= J. ;;f(l//(e)) de = j 0F (V(e), ) de = 0.
0 0
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(i) Now we drop the additional assumption u, v-€ C*(2, R"). We choose
two sequences {u,} and {v,} of functions u,, v, € C*(2, R¥) with graphs con-
tained in A" such that

lim "u - ukllcl(ﬁ) = 0 and ’}lm "U - vk"C‘(ﬁ) = 0
—>a

k=
holds. Then we set
G =v—ty and  Y(x, &) := (1 — e)u(x) + vy (x) = u(x) + (),
where x € 2 and 0 < ¢ < 1. It follows that

lim ||@kllcooey =0 and graphys(e)c A forO0<e<1.
k— o0

By virtue of formula (5) in 2.4, we have

OF (Yile) ou) = f v Vo Fyi(x, Yil(e), D))oy dt™ 7,

and therefore

1

1d
F (o) — Flw) = J. 27 (o) de = J 0F (Yule), ) de

0o 0
1
= J J VaFyi(x, Yi(e), Dy(e)) oy dot™ ™" de.
0 JoR

The left hand side converges to #(v) — % (u) as k = oo, whereas the right-hand
side tends to zero, since ||Y;(e)lc1(z) is uniformly bounded with respect to k
and ¢, and ¢|;, tends uniformly to zero. Consequently, #(u) — F(v) =0. O

(1] Cauchy’s integral theorem. Let us apply Proposition 2 to the case n = 1, N = 2 and to the two
variational integrals #(c) and 5#(c) defined by (6)—(9) in the introduction to 4 where G is a simply
connected domain in R?, and u(x, y), v(x, y) are C*-solutions of the Cauchy—Riemann equations

U, =0, U= —0,

in G. Then we infer that both #(c) and J#(c) depend only on the endpoints c(a) and c(b) of the
arbitrary C'-path c: [, b] —» G. Hence, for any holomorphic function

@) =u(x, y) + iv(x, y)

of z = x + iy € G, the complex line integral
J flz)dz = ja flc@®)é(t) dt = F(c) + iH(c)
c b

depends only on the endpoints of c. That is, the complex line integral [, f(z) dz vanishes for any
closed C!-curve ¢ contained in G and for any function f(z) that is holomorphic in G. This is
just Cauchy’s integral theorem, and our previous reasoning in the proof of Proposition 2 yields a
perfectly elementary proof of this basic result of complex function theory as we have not to use the
two-dimensional Gauss-Green theorem. Moreover this example shows that it is essential in Propo-
sition 2 to assume G to be simply connected. For multiply connected domains G we might obtain
periods.
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4.2. Characterization of Null Lagrangians

This section can be omitted at the first reading. The ideas and results that are here presented will be
relevant for the Weierstrass field theory. We exhibit further examples of null Lagrangians, and we
shall give necessary and sufficient conditions characterizing null Lagrangians.

Let G be a domain in R” x R?, and denote by F(x, z, p) a Lagrange function which is defined
for (x, z, p) € G x R"™. We suppose that F and F, are of class C°, whereas F, is assumed to be of class
ch

Let (x, z) be an arbitrary point in G, p = (p!) an arbitrary point in R, and q = (g}) an
arbitrary point in R” which satisfies g, = g},. Then we can choose a function u € C*(®2, R") with
graph(u) < G, such that

wi(x) =z, uu(x)=p;, Uies(x) =qg
holds. For instance, we may take the function
wi(y) =z + piy* — x%) + 3dap(y* — x)(¥* — x7).
If F is a null Lagrangian, we have Ly(u) = 0 whence, at the point x, in particular it follows that
Fo(x, z, p) — Fp“x‘(x’ z, p) — Fpuadx, 2, p)pt — p!,p;(X, Z, P)q:p =0

holds for i = 1, ..., N. These equations are clearly equivalent to the two sets of relations

(1) Fz‘(-x: Z, P) - Fp}.r’(xa z, p) - Fp,‘,z"(xa Z, p)p: =0
and

2 Fpgp;(xy z, P)q:p =0.

Since g%, = gf,, equation (2) in turn is equivalent to

(3) FPEP’,‘+FD:,P-.‘=0'

If n =1 or N = 1, this implies that F(x, z, p) is a linear function of p for each pair (x, z) € G,
that is, F can be written as
@ F(x, z, p) = A(x, 2) + Bf(x, 2)pi,
with coefficients 4, A, € C°(G) and Bf € C(G).

Suppose now that F is of the type (4), whether min{n, N} = 1 holds or not. Then (1) turns out
to be equivalent to

{Bi'.x‘(x’ Z) - Az‘(x) Z)} + [B?.z"(xa Z) - B:.z‘(x) z)]p: =0,

which means that
(5) A.=Bf. and Bf, =B},

is satisfied on G.
Conversely, if F is of the form (4) and fulfills (5), one easily checks that F is a null Lagrangian.
Thus we have proved

Proposition 1. A variational integrand F(x, z, p), (x, z, p) € G x R"Y, is a null Lagrangian if it is of the
form

@ F(x, z, p) = A(x, 2) + B(x, 2)p;,
where the coefficients A and B} satisfy
&) Au=Bi. and B, =B,

on G. If n=1o0r N = 1, these conditions are not only sufficient but also necessary for F to be a null
Lagrangian.
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The matter is more complicated if m := min{n, N} > 1. Before we turn to this case, we shall
derive another condition which is equivalent to (4) and (5). To this end, we slightly change the
meaning of G. Suppose that G is a set in R" x R¥ which is of the form

) G = {(x, 2): x € 2, z € B(x)}.

Here 2 is a domain in R", 82 € C*; B(x) = RV is, for every x € £, a simply connected domain in
R", and {(x, z): x € 2, z € B(x)} is supposed to be a domain in R" x R". We furthermore assume
that Fe C' and F,e C?on G.

Proposition 2. The Lagrange function F can be written in the form (4), (5) if and only if there exist
functions $*(x, z),a = 1, ..., n, of class C*(G) with S% € C'(G) and S* € C*(G) such that

M F(x, z, p) = Si(x, 2) + S;(x, 2)p}

holds for all (x, z,p) € G x RV,

In conjunction with Proposition 1, we then obtain

Corollary. If F is a null Lagrangian and if either n = 1 or N = 1, then F is of the divergence from (7).
Conversely, every variational integrand of divergence form is a null Lagrangian.

Moreover, we infer from (7) that

® F(x, u(x), Du(x)) = D,S*(x, u(x))
holds for every u € C!(2, R") with graph(u) = G, and therefore

(&) Fu)= J‘ F(x, u, Du) dx = J‘ V,(x)S%(x, u(x)) do#™(x),
Q 20

which implies the invariance property #(u) = #(v) if u|,0 = v|,0, as stated in Propositions 2 and 3
of 4.1.

Proof of Proposition 2. Clearly, (7) implies (4), and (5). Suppose now conversely that (4) and (5) hold.
The integrability conditions Bf .. = Bf . imply the existence of functions Z*(x, z) with % = Bf on
G, and B} = F,, € C? yields that Z* and 2% are of class C2.

Now we infer from A, = Bj .. that the divergence div, 2 = 2% of the vector field 2 =
(21, ..., Z") satisfies 4,: = (div, X),: or, equivalently,

grad, A = grad, div, 2.
Hence there exists a function f(x) on £ such that
A(x, z) = (div, Z)(x, 2) + f(x)

for all (x, z) € G. We note that div, = € C}(G) and also 4 = F|,_, € C(G), whence f € C'(£2). Then
there is a vector field v(x) = (v2(x), ..., v"(x)) of class C!(§2, R") such that v% = div, v = f holds. If
we set S%(x, z) = 2%(x, z) + v*(x), it follows that S%. = A and S% = Bf, which implies (7). O

Addendum. A similar reasoning yields: If F satisfies (4) and (5) with merely A, Bf € C*(G), then there
exist functions S*, ..., S" € C%(G) with S% € C)(G), S, ..., 8% € C°%G) such that §% = A, S% = B,
and therefore (8) holds true.

We now return to the original assumptions on F and £2, and investigate the structure of a
null Lagrangian F in the general case m := min{n, N} > 1. As we have already seen, F is a null
Lagrangian if and only if it satisfies both (1) and (2). In particular, we obtain
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(10) F""i =0 ifeithera=fori=k.

From this we first infer that, for fixed (x, z) € G, the function F(x, z, p) is a polynomial with respect
to p, and a closer inspection® yields that the degree of this polynomial is at most m. Thus we can
write F in the form

(11) F(x, z,p) = A(x, 2) + 'z_":l n*(x, z, p),
where, for fixed (x, 2) € G, the term n*(x, z, p) is a form of degree v with respect to p = (p{). Then (3)
implies that
(12) Ty + W = 0.
Let us write n”(x, z, p) as
n*(x, z, p) = B2 i (x, 2P PL . P2
Without loss of generality we may assume that the ooefﬁcients; Bf - are symmetric with respect to

a . . . a a, .
the columns (,l , i.e., they remain unchanged if we permutate two columns (’) and (") with
i i, iy

(4
each other. Then equation (12) is completely described by
By + Bt =0

if v > 2, from which we infer that the coefficients B3 are skew symmetric in a, f as well as in i, k.
By a standard reasoning used in multilinear algebra we obtain that =" is of the form

13 n'(x,z,p)= 3 Bi(x 2Py,

|4|=J1=v

where the sum is to be extended over all multiindices 4 = (a,, 5, ..., ®,), J = (iy, ..., i,) of length v
withea; <a, < <a,and i, <i, <''* <ij,, and P denotes the determinant

a a a
pu',l: pi;’ “eey pi,,l

@ pi .. pi
(14) Pj= p:,)plz:. p, .

Pib Pids -5 PR
In other words, n*(x, z, p) is a linear combination of the v-dimensional minors of the matrix p = (pf),

with coefficients depending on x and z. If, moreover, F is independent of x and z, equations (1) are
trivially satisfied. This yields

Proposition 3. A null Lagrangian necessarily is an affine linear combination A(x,2)+
Y 1 <tai=151<m B(%, 2) P} of the subdeterminants of the matrix p = (pl) with coefficients A, Bf depending
on x and z. Conversely, every variational integrand F(p) which is of the type

F(p)= A+ Y B{'P;,
with coefficients A, Bf! independent of x and z, is a null Lagrangian.

Let us furthermore state the characterization of the general null Lagrangian:

Proposition 4. A variational integrand F(x, z, p) is a null Lagrangian if and only if it is of the form
(11) where the summands ©*(x, z, p) are of the type (13) and satisfy

8 For instance, if we choose @ = § and i = k, (10) implies that F is a linear function of p.. From here
we may proceed by induction.
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A,( - 1[‘1,‘,,. =0
(15) Ty — Ty — s =0 (1<vsm-—1).

- apapt=0

Note that in particular a variational integrand F(p), independent of x and z, is a null
Lagrangian if and only if it is a linear combination of the minors of the matrix p = (pf).

Concerning a further discussion of general null Lagrangian that exploits (15), the reader is
referred to H. Rund [4], [7].

Finally we shall derive a handy condition that is both necessary and sufficient for F to be a null
Lagrangian. For the proof, we have to assume that the boundary 812 is of class C!. We shall also
add two examples that will show how this condition can be used. We can view the following result
as a generalization of the Corollary of Proposition 2.

Propasition 5. Suppose that G is of type (6).
(i) If there are functions w®(x, z, p) of class C*(G x R™) such that
(16) F(x, u(x), Du(x)) = D,c0*(x, u(x), Du(x))

holds on Q for every u e C*(2, R"), then F is a null Lagrangian.

(i) Conversely, if F is a null Lagrangian of class C?, and if the sets B(x) appearing in the
definition of (6) are starshaped with respect to some fixed point z,, then there exist functions w*(x, z, p)
of class CY(G x R™) such that (16) holds on Q for every u e C*(2, R").

Proof. (i) Integrating (16) over £ and applying a partial integration, we infer that
17) Fu) = J V()™ (x, u(x), Du(x)) d#"*(x)
Q

holds for every u € C2(2, R"), whence we obtain that
Fu+ ep) = Fu)
is satisfied for each ¢ € C2(22, R¥) and |¢| « 1. This implies
8Fu, ) =0 forall p e C*(R, RY)

and, consequently, L.(u) = O for arbitrary u € C*(2, R¥).
(i) Without loss of generality we can assume that all sets B(x) are starshaped with respect to
2o = 0 € RY. Then we can write

F(x5 “(x)) Du(x)) - F(X, 0’ 0)

td
=J — F(x, eu, eDu) de
o de

1
= J‘ OF (¢u, u) de
0

1
= J. Lp(eu)-u de + J‘I div{u- F,(x, eu, eDu)} de.
0 o

Since F is a null Lagrangian, we arrive at
1
F(x, u(x), Du(x)) = F(x, 0, 0) + div J‘ u(x) - F(x, eu(x), eDu(x)) de.
°

We can choose a vector field v(x) of class C*(2, R") such that
F(x, 0, 0) = div v(x)
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holds. Setting
1
@%(x, z, p) == v*(x) + J‘ 2'Fy(x, ez, ep) de,
[}

we obtain that (16) is satisfied for every u € C%(2, R").

Hence we have proved that the existence of a C!-vector field w = (!, ..., »") satisfying
F(x, u(x), Du(x)) = div{w(x, u(x), Du(x))}
for each u e C*(2, R") is both necessary and sufficient for F to be a null Lagrangian. O

Remark. Formula (17) seems to imply that we have to assume u = v on 0£2 as well as Du = Dv on
0Q in order to prove F(u) = F(v). Yet the Propositions 2 and 3 of 4.1 show that, for a null
Lagrangian F, we have #(u) = #(v) if u, ve C'(&2, R), u = v on 82, and graph(u) = G, graph(v) =
G. Then formula (17) yields

(18) f va(¥)*(x, u(x), Du(x)) d "“(x)=J. va(x)w*(x, v(x), Do(x)) d#"* (x).
o2 Q2

Note that, at the right-hand side of (16), second derivatives of u will appear, but not at the left-hand
side.

Two special cases. (i) If w*(x, z, p) = $*(x, z), then the null Lagrangian F described by (16) is of
the special form considered in (7) and (8). This expression is used in Weyl’s field theory (cf. Supple-
ment 3).

(ii) Suppose that there are functions S*(x, z) on G such that

(19) F(x, u(x), Du(x)) = det{DgS*(x, u(x))}
or equivalently,
F(x, u(x), Du(x)) dx* A -+- A dx" = dS*(x, u(x)) A -~ A dS"(x, u(x)).
Then F possesses the divergence structure (16) since
(20) d[S' AdS? A - AdS")=dS' AdS® A -+ A dS".
This null Lagrangian F, which can be written as
1) F(x, z, p) = det{S3(x, 2) + S;(x, 2)p;},

is used in Carathéodory’s field theory for multiple integrals.
The examples (16) and (19) generalize the two null Lagrangians F(Du) = div u and F(Du) =
det Du considered in the introduction to this section.

5. Variational Problems of Higher Order

In a similar way as in 2.1 and 2.2 we are led to Euler equations for higher order
variational integrals

1) Fu) = f F(x, u(x), Du(x), D*u(x), ..., D™u(x)) dx.
Q

Under suitable differentiability assumptions on u(x), ¢(x), and the Lagrangian



60 Chapter 1. The First Variation

F(x,u,p,q,r,...,s), we obtain as first variation of & at u in direction of ¢ the
formula

%) oF (u, @) = L {F.(...) @ + Fy(...) Do + F(...) D?¢p + -

+ F(...)-D"o} dx,

where (...) stands for (x, u(x), Du(x), ..., D™u(x)). Thus the Euler equations have
the form

3) F,— DF, + D*F,— -+ + (—1)"D"F, = 0,

where F,, F,, F,, ..., F,stand for the functions F,(x, u(x), Du(x), ..., D™u(x)), etc.,
of x.
Let us, particularly, consider variational integrals of second order:

Fu) = f F(x, u(x), Du(x), D*u(x)) dx.
Q2
The associated Euler equations are

) Ful...) = DFy(...) + DDsFy(...) =0,
with (...) = (x, u(x), Du(x), D*u(x)).

We now consider a few examples.
[1] The equilibrium of thin plates leads to the study of variational integrals
HAl) = %J [4ul? dx,
Q
with the first variation

65 (u, ) = J- du Ao dx.
a
This yields the so-called plate equation or biharmonic equation
A4u=0 inQ
as corresponding Euler equation.

The Euler equation of
_[ {$14ul* + F(x,u, Du)} dx
Q

is given by
A4u + Lg(u) =0.

where L,(u) denotes the Euler operator of F(x, z, p).
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Null Lagrangians of higher order F(x, z, p, g, ..., s) will analogously be de-
fined as variational integrands whose Euler operator
Lg(u):= F, — DF, + D*F, —--- + (= 1)"D"F,
annihilates all functions u of class C2™.

We can state a necessary and sufficient condition for null Lagrangians of higher order which
is the analogue of Proposition 5 in 4.2 and is proved in the same way.

A variational integrand F(x, z, p, g, ...) is a null Lagrangian if and only if there are functions
0*x,2,p,q,...), 1 <a < nsuchthat

5) F(x, u(x), Du(x), ..., D™u(x)) = D,w*(x, u(x), Du(x), ..., D> 1u(x))
holds on 2 for every u € C*™(Q; R").

LetN=1n=2x=x'y=x?and

F(D*u) = det D*u = u,u, — u2,.
Then F is a null Lagrangian since we can write
©) FD?) = (), — (hety), = — (i) + (1y1,),

= —H{() — 2}y + ()}
The same holds for N = 1, n > 2, and F(D?u) = det D?u, on account of the relation

(det D*u)-dx! A - Adx" =du,, Aduga A Adug.
= d{(.u,,)~du,z A Adug).

[4] A celebrated theorem by Gauss and Bonnet states that the total curvature (= curvatura

integra) {, K dA of an arbitrary closed and orientable, two-dimensional submanifold M of R? is a
topological invariant. Precisely speaking, we have

(@) J K dA = 4n(1 — p) = 2ny(M).
M

Here K denotes the Gauss curvature of M, dA its area element, and {,, K d4 the total curvature of
M, whereas p is the genus of M and y(M) its Euler characteristic, ie., (M) =2(1 — p); cf. e.g.
Alexandrov—-Hopf [1], Seifert—Threlfall [1], Blaschke [5], Dubrovin—-Fomenko-Novikov [1]. We
want to sketch a proof for surfaces of the topological type of the sphere, i.e., for p = 0, by using null
Lagrangians. In this case we have to prove

® fuK dA =4n.

Let us locally represent M as graph of some function z = u(x, y) above some domain € in the
x, y-plane, and suppose that u € C*(2). Then the area element d4 of M can be written as

dA = m dx dy
and its Gauss curvature is given by®
Uy, — uz,
(U +u}+u)
Hence we obtain
) K dA = F(Du, D*u) dx dy

9 See Supplement, nr. 6.
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if we introduce the Lagrangian

U, U, — u’
10 F(Du, D* = XXV XY
(10) (Du, D*u) T+l 7 )"
Let
(11) Fu) :=J F(Du, D*u) dx dy
2

be the variational integral associated with F. Then we have
12) f K dA = F(u),
Mn%

where % is a sufficiently small ball in R where M N % is given by M N % = graph u.
We claim that there is some 1-form

13) ® = a(Du, D*u) dy — b(Du, D*u) dx
such that
(14) K dA = F(Du, D*u)dx A dy = dw,

or equivalently, that
9 i

(15) F(Du, D*u) = —a(Du, D*u) + —b(Du, D*u).
0x dy

Suppose that (14) or (15) would be verified. Then it follows from our previous discussion that F is a
null Lagrangian, and that % (u) remains fixed among all deformations of u keeping the boundary
values of u fixed. In particular we have

Fu) = F©)

for all ve C*({2) satisfying u — v = 0 on Q2 — ' where &' =< Q. By means of (12) we infer that
jMK dA remains unchanged by local deformations of M (i.e., by deformations of M which are
localized to a sufficiently small neighbourhood of some point of M). Repeating such local deforma-
tions, we can deform M via a family of manifolds M’ into a 2-sphere S such that

J' KdA=J‘ KdA=I KdA.
M M s

If S = Sg(0), then f3dA = 4nR? and K = R™% whence K dA = 4n, and formula (8) would be
proved.

It remains to verify (15) for suitable functions a and b. Since a and b are certainly not uniquely
determined by F if they exist at all, we should have a great choice among possible candidates. Hence
any computation will be somewhat artificial if it is not guided by geometric intuition; the following
verification of (15) is merely a clever guesswork.

Consider the functions

—Uxylly . Uxxly

a:= , b:= .
(1+uf)\/l+u§+uf (1+u,’,)\/l+u,z,+u,z
Then we compute that

1
—a= -a*,
ox (14 u?+u)(1 + u2)?

where
a* = [(tyty + u2,)(1 + u2) — 2uu 0, J(1 + ul + ul)

- (1 + u:zz)(uxuyuxxuxy + uﬁu,z‘,),
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and
9, _ 1 .
ox  (L+ w2+ u?)2(1 + u2)?

b* = [(tyytty + Ueetty,) (1 + u2) — 2u uyucu, J(1 + 12 + u})

*
’

- (1 + u:z:)(uxuyuxxuxy + u:uxxuyy)'

0 0
It follows that F = —a + —b, and thus (15) is verified.
0x dy

Generalizations of (7) have been proved by H. Hopf [1], Allendoerfer—Weil [1], Chern [1],
and many others. Further references can be found in Kobayashi-Nomizu [1], Vol. 2, notes 20 and
21, pp. 358-364.

Curvature integrals for planar curves. Let us consider a smooth immersed curve € in R2? ie. we
assume that ¢ has a parametric representation c(¢), ¢ € [a, b], satisfying é(t) # 0. Let {t(t), n(t)} be
the moving frame along c(t) consisting of the tangent vector t := ¢/|¢| and the (unit) normal n which
is positively oriented with respect to t, that is,

(16) det(t,n) =1.
The curvature function x = «, of € is defined by the formula
(17) i=1¢lxn

and the line element is given by ds = |é(t)| dt. Moreover let f(r) be a smooth real-valued function on
R. Then we define the curvature integral #(%) by the formula

b
(18) F(%):= Lf(x) d8=f Se)1é| de,

which is independent of the parameter representation c: [a, b] - R? that we have chosen. Let
¢ :[a, b] » R? be a smooth vector field along ¢ with compact support in (g, b), and consider the
family of curves €, which have the parameter representations c,(t) given by

(19) c(t):=c(t) +ep(t), a<t<b.

Suppose that & is stationary at € with respect to all such variations, i.e. the first variation
d

(20) : 0F (%, 9):=-F(%)
d& e=0

of # at € vanishes,
(21 SF(%, ¢) =0.

It is both more convenient and more instructive to derive Euler’s equations directly from (21) using
the orthonormal frame {t, n} than to apply the general formulas refering to Euclidean coordinates.
In fact we obtain

b
%f(cz) = J‘a {f’(xc,)(';;:’(c,> |é¢’ + f(Kc,)”d‘!élce'} dt,

where
Kc, = |ée|_3[év Ez]x

and [, B] stands for det(a, f) if «, f € R%
From now on we assume that € is parametrized with respect to the arc length, i.e. [¢(t)] = 1.
Then we have

22) é=t, é=t=Kn, = —xt=—xt
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and
(23) Kk =[¢¢] (wherek = k).
It follows that

rad (¢, 1+ [¢, 8] —3xi ¢
and
d
‘Elc' + &¢| - =¢¢.
Therefore we obtain
(24) O0F (€, 0) = Jj {£'0)([E, 6] + [6, €] — 3x¢- @) + f(x)¢- ¢} de.

If we choose tangential variations ¢ as ¢ = {t, { € C((a, b)), then a straight-forward computation
shows on account of (22), (23) and [t, n] = 1 that

b
SF (6, ¢) = f {S WKL + f()C} dt,

and an integration by parts yields
b
O0F (¢, 9) = f {f'IRL — f'(1)RL} dt = 0,

for any choice of {. Consequently tangential variations lead to no relation at all for a stationary
curve €. This was to be expected from the parameter invariance of the integral (18) and from the fact
that for tangential ¢ the representation c,(t) is just a reparametrization of c(t) apart from terms of
higher order with respect to ¢ which do not influence the value of 6.

On the other hand, for normal variations ¢ = {n, { € C*((a, b)) a brief computations yields

b
0F (%, 9) =f {16 + (£ (K2 — SO} dt,
whence

b dz
25 0F (€ ¢) = J {‘?f (k) + S (K2 — f (K)K}( dr,

and therefore
b
(26) SF (€ {n)= j {70 + f7(0R% + [0 — flee}{ de.

Then the fundamental lemma leads to the Euler equation
7 [0k + f70%* + x{xf'() — f(x)} =0
for x(t). Now t is obtained by integrating

(28) (:) B (f x ;)(;)

and finally the extremals of (18) are determined by integrating ¢ = t.

Note that x(t) = 0 is always a solution of (27), and therefore all straight lines are extremals of
the integral ¥, for any choice of f.

If x(t) # 0 we can obtain c(t) from «(t) in a very convenient way by introducing the inclination
angle w(t) of € at c(t) with respect to a given axis, say, the x-axis. This angle is given by
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(29 o) =a+ J' k(t)dt, a:=arc tan&
if ¢(t) = (x(t), y(t)). In fact, [t, n] = 1 implies that k = [t, kxn] = [¢, ¢] = Xy — yx whence
N s 0]}
ao(t)—az+J:I P dt—a+arctan%‘,

that is,
y(t
w(t) = arc tan&)

x(t)
dy . S
and therefore o tan o, as we have claimed. This implies
X

(30) X(t) =cos w(t),  y(t) = sin w(t),
and consequently c(t) = (x(t), y(2)) with c(ty) = (xo, ¥o) is given by

t

x(t) = xo + J‘ cos w(t) dt,

€2

t

y®) =yo + f sin (t) dt,

and the inclination angle w(t) is obtained from the curvature function () by (29).
Of particular interest is the integral

b
(32 F@) =J ®*+ N ds, x=x,,

where 4 is supposed to be a real constant. This functional plays an important role in nonlinear
elasticity, since it is connected with the study of elastic lines as we shall point out in 2,5. The Euler
equation (27) has now the form

33) 2% + k3 — Ak =0.
Multiplying this equation by & we infer that there is a constant u such that
(34) K2+ At — At =,

whence we obtain ¢ = t(k) as an elliptic integral:

dx
(35) t=f—— .
i+ A — 3t
Thus the solution «(t) of (33) can be described by elliptic functions, and the extremals € of (32) can
be represented in the form (31) where w(t) is given by (29).
We finally note that (33) has the solutions x(t) = 0 and x(t) = \/): (if A = 0). Hence straight lines
as well as circles of radius l/\/Z are extremals of the integral (32).

(6] Rotation number of a closed curve in R2 For a curve ¥ in R? represented by a smooth
immersion c: [a, b] — R? we consider the integral

b
(36) F(€) = I K|é| dt = 'f x ds,
a ¢

where x =k is the curvature function of € with respect to the representation c. Then the computa-
tions of (5], applied to f(x) = k, show that the Euler equation corresponding to # reduces the
identity 0 = 0 and that

OF (€, ¢) =0 forall p € C((a, b), R?).
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(a) (b)

1
Fig. 19. The rotation number v = 2__[ kds. (@v=1®m)v=2.
T Jc

Hence, by writing #(¥) in the form
b
F(€) = I F(é(o), é() dt,

we infer that the integrand F(¢, €) is a null Lagrangian. Thus the integral |4 i ds plays a similar role
for closed curves in R? as the integral [, K dA for a closed surface M in R>.

Recall that w(s) = a + 3 x(s) ds is the inclination angle between the tangent t(s) = é(s) and the
x-axis provided that a is a suitably chosen constant. Then we infer that for a closed smooth convex
curve € we have w(b) — w(a) = + 2, that is,

37) J. xds= +2n.
«

More generally, a suitable “cutting device” yields that for any closed curve € which is smooth and
regular there is an integer v such that

(38) J. Kk ds =2mv.
«

The number v is called the rotation number of the curve €.
The rotation number of a closed Jordan curve is +1, and v =1 (v = —1) if € winds in the
positive (negative) sense about its interior G.

Euler’s area problem consists in minimizing the area of the domain swept out by the curvature
radius p of a curve € connecting two given points P, and P, in R2. If € is represented by a smooth

immersion c : [a, b] — IR? with the curvature k = k. and the curvature radius p = 1/, then the area
in question is given by

ds b
(39 9’(@)=J' pdS=J' —=J k¢l de,
« ¢ K a

where ds denotes the line element of €. The extremals of the integral #(¥) = [ f(x) ds are character-
ized by the Euler equation

d2
W{f’('c)} +K2() — kf(x) =0

provided that Jé(t)] = 1, i.e. t = s. In case of the integral _[p ds this equation reduces to

(40) (P +2=0,
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Fig. 20. Euler’s area problem. Note that for a convex arc C with strictly increasing curvature the
curvature radius p sweeps out a domain G bounded by C = P, P,, its evolute E = Q,Q,, and the
connecting straight segments P,Q, and P,Q,. )

whence
pPP=p—-t-a? >0,

with suitable constants a, §, i.e.

QY p)= /B —(t—o?, @ =1.

The corresponding curves are cycloidal arcs. In fact, the cycloid generated by a wheel of radius R
rolling on the upper side of the x-axis is described by
x = R(p — sin @) + x,,
(e ) 0 0<o<2m
y=R(1 —cos ¢) =2R sinzg,

if we consider the full festoon connecting two consecutive cusps. The function of the arc length is
given by
@ . 2®
s=4R|{1 —cos= | = 8Rsin’—,

and the inclination angle of the tangent, w, is related to the turning angle ¢ by ® = (r — @) whence

dw = —3dp and ds = 2R sin% do. From

do
ds’

1
—_=K =
p
we then infer that

p = —4Rsinle,

p(s) = —/(4R)*> — (s — 4R)*> for |s| < 4R,
which corresponds to the cycloidal arc described by |¢| < =, and p(4R — t) = p(4R + t). Therefore
p(t +4R) = — . /(4R)> —t* if|t| S 4R,

and s = 4R + t with —4R <t < 4R corresponds to the cycloidal arc described by 0 < ¢ < 27, and
we infer at once that the solutions of (p?)” + 2 = 0 are cycloidal arcs.

whence
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6. Scholia

Section 1

1. Today, it seems to be a most natural idea to view integrals of the kind
Fu)= I F(x, u(x), Du(x)) dx
Q

as functions of functions u, and it is difficult to imagine that this has been a revolutionary idea in
1887 when Volterra [2], [3] studied functions of curves. When one is looking at the history of the
calculus of variations, it becomes even less understandable why this idea should have been so great
a novelty because it should have been so obvious to anyone working in the field. Yet one has to
realize that even the general notion of a function of one or several real variables only obtained its
final form in the last century. Thus it took some time until the functional analytic point of view was
integrated into the common mathematical education. The functional analytic program, extensively
formulated by Hadamard (see [5], p. 2260), is very anti-Kronecker.°

The calculus of variations certainly is the oldest and most important root of functional analy-
sis. Hadamard wrote in [5): Le Calcul des Variations est, pour les opérations fonctionelles, ce que le
Calcul differentielle est pour les fonctions.!!

Nevertheless many other fields have contributed to the origin of functional analysis; we in
particular mention the creation of set theory by Cantor, the development of the theory of integral
equations by Volterra, Fredholm, Hilbert, and F. Riesz, and the study of the theory of topological
spaces by Fréchet, Hausdorfl, and Banach. It is most interesting to read Hadamard’s address [6] to
the International Mathematical Congress at Bologna in 1928.

2. The notion of a functional has been introduced by Hadamard in his treatise on the Calculus
of variations (cf. [4], p. 282), whereas the notions of functional equations and functional operations
seem to be much older; cf. the survey paper by Pincherle [2]. Nowadays one sees little reason to
distinguish between functions of a real variable and functions of more general objects. Often the
terms functions and mappings are synonymously used. Nevertheless, also the old name functional is
kept for real (or complex) valued functions defined on some general set.

3. A theory of differentiation of functionals was inaugurated by Volterra and, more abstractly,
by Fréchet and Giteaux, see also P. Levy [1]. The notion of a first variation of some functional is
essentially due to Euler (1771); cf. Euler [6]. The symbol 6% was introduced by Lagrange (1755) (see
Lagrange [13]).

4. A proof of the Morse lemma can be found in Abraham-Marsden [1], pp. 175-176; Milnor
[1], pp. 6-8; Zeidler [1] L, p. 110, IV, p. 560; Guillemin—-Sternberg [1], pp. 16-19.

The normal form (6) implies that nondegenerate critical points are isolated critical points and,
moreover, that a C3-function behaves in a sufficiently small neighborhood of a nondegenerate
critical point like a nondegenerate quadratic form Q, the index g of which is determined by the
number of negative eigenvalues of the Hessian matrix D2#(u,). If, however, u, is a degenerate
critical point of &, the behaviour of # in the neighborhood of u, is much more complicated, as we
see from the following examples:

10Cf. for example H.M. Edwards, An appreciation of Kronecker, The Mathematical Intelligencer 9,
Nr. 1,28-35 (1987).
11%The calculus of variations is for functionals what the differential calculus is for functions.”
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The graph of #(u, v) = u? describes a parabolic cylinder, and all points of the u-axis are
nonisolated, degenerate critical points.

The graph of #(u, v) = u*v? is a nonconvex surface over the u, v-plane, and all points of the
u-axis and the v-axis are nonisolated, degenerate critical points.

. ,f1 .
The function #(u, v) = e” V" sin?| - ), r = \/u® + v?, possesses the origin as a degenerate, non-
; p

isolated critical point, at which the circles with radii r = 1/(nm), n = 1, 2, ..., cluster. These circles
consist of degenerate, nonisolated critical points.

[4] The function #(u, v) = u* — 3uv?, which is the real part of the holomorphic function (4 + iv)®,
has the origin as degenerate but isolated critical point. Its graph is a monkey saddle that by the
u, v-plane is intersected into six simply connected parts, three of which lie above the plane, the other
ones below.

5. Sufficient conditions for the first variation % (u,, {) of some general functional # to be
linear with respect to { can be found in Vainberg [1], pp. 37-40. It, however, is an easy exercise to
verify that 8# (u,, {) is positively homogeneous of first order with respect to {.

Section 2

1. The modern history of the calculus of variations starts with Johann Bernoulli’s challenge to solve
the brachystochrone problem (1696) that was mainly directed against his elder brother Jacob. The
two Bernoullis and Johann’s pupil Euler are the founders of the variational calculus. The methods
of the early period were completed and masterly described in Euler’s celebrated treatise “Methodus
inveniendi lineas curvas maximi minimive proprietate gaudentes sive solutio problematis isoperimetrici
latissimo sensu accepti” from 1744. During this period and, actually, at least until the end of the
eighteenth century, mathematicians used the name method of the isoperimetric problem instead of
calculus of variations, which was coined by Euler only in 1756, after he had learned of Lagrange’s
d-calculus. Also later Euler used the notation “calculus of variations” but rarely; mostly he spoke of
shortest lines, of isoperimetric problems, of curves upon which a maximal property is imposed, of
brachystochrones. As Carathéodory has stated: “He had no particular name for the discipline which
he had developed with such great success, and which really he had founded anew.”

The first paper from another author than Euler carrying the notation “calculus of variations”
in its title is Legendre’s great mémoire!2 from 1786.

The early history of the calculus of variations is a well beaten track which we do not want to
follow once again. We will instead refer the reader to several excellent introductions, in particular
to the four surveys by Carathéodory, given in:

(1) The beginning of research in the calculus of variations ([12); see Schriften [16], Vol. 2,
pp- 93-107).

(2) Basel und der Beginn der Variationsrechnung ([14]; see Schriften [16], Vol. 2, pp. 108—
128).

(3) Einfiihrung in Eulers Arbeiten iiber Variationsrechnung ([15]; see Schriften [16], Vol. 5,
pp. 107-174, cf. also: Euler, Opera Omnia 1 24, pp. VIII-LXIII).

(4) Geometrische Optik (cf. [11], pp. 1-15).

12 Memoire sur la maniére de distinguer les maxima des minima dans le Calcul des Variations, Mém-
oires de I’Acad. roy. des Sciences (1786), 1788, 7-37.
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A very detailed survey of the history of the one-dimensional calculus of variations has been
given by H.H. Goldstine [1], who reviewed the main lines of development from the time of Fermat
(1662) until the beginning of this century. There one can also find a comprehensive bibliography.

A more popular historical account putting the origin of the calculus of variations into perspec-
tive to the general development of science can be found in Hildebrandt-Tromba [1].

A selection of some of the papers by Johann and Jacob Bernoulli, Euler, Lagrange, Legendre,
and Jacobi, with annotations by P. Stiickel, can be found (in a German translation) in Ostwald’s
Klassiker der exakten Wissenschaften Nr. 46 (1894) and Nr. 47 (1894).

An introduction to the early achievements of the calculus of variations is given in the treatises
by Woodhouse [1], Lagrange [9], and Todhunter [1]. The contributions of Gauss to the calculus
of variations are discussed by Bolza in his paper “Gauss und die Variationsrechnung” (cf. Gauss,
Werke [1], Vol. 10, Bolza’s treatise [1] and the monograph by Funk [1]).

2. The notation Lagrangian (or Lagrange function) for a variational integrand F(x, z, p) has
been coined in the physical literature; originally, it was only used for integrands of the type F =
T —V, where T and V denote the kinetic and potential energy of some physical system. Car-
athéodory [10], p. 190, uses the notation Grundfunktion (“basic function”).

3. Euler’s differential equation was first stated by Euler in his Methodus inveniendi [2], Chap-
ter 2, nr. 21. Quite often, one speaks of Lagrange’s differential equation, or of the Euler—Lagrange-
equations. Yet Lagrange himself attributes this equation to Euler: “Cette équation est celle qu'Euler
a trouvée le premier” (Oeuvres [12], Vol. 10, p. 397).13 Euler derived this equation in a geometric way
by considering any variational integral as sum of infinitesimals, to which the rules of ordinary
calculus are applied. Although Euler’s derivation is not quite rigorous, at least not by our present-
day standard, his approach is perfectly sound and can easily be made accurate (cf. A. Kneser [4]).

The name extremal for C2-solutions of the Euler equations has been introduced by A. Kneser
[3]. Tonelli has denoted weak extremals as extremaloids [1], but we prefer the first terminology,
because it corresponds to the expression weak solution of a partial differential equation which is
nowadays used.

4. With Lagrange’s letter of August 12, 1755 to Euler, the development of the variational
calculus took a new turn.'* In this letter, Lagrange explained the d-symbolism which quickly leads
to Euler’s equation. Euler was very impressed by the new method, and already one year later he
lectured about it at the Berlin Academy. In the “registres” of the academy, the protocol nr. 441
about the meeting on September 16, 1756, reads: “Mr. Euler a It Elementa calculi variationum.”
At this and the preceding meeting (September 9, 1756), Euler for the first time lectured about
Lagrange’s é-calculus; but his notes were published!® much later, because Euler wanted to respect
Lagrange’s right of priority. Lagrange published his method in two papers, which appeared in 1762
and 1772, respectively.'® There Lagrange considered the first variation of the area functional and
derived the minimal surface equation.

Lagrange and also Euler first believed that the calculus of variations was an entirely new
calculus, so to say a differential calculus on a higher level. In his “Institutionum calculi integralis”,

13“That is the equation that Euler was the first to discover.”

14 agrange, Oeuvres [12], Vol. 14, pp. 138-144.

15(E296) Elementa calculi variationum, Novi comment. acad. sci. Petrop. 10 (1764), 1766, 51-93;
(E297) Analytica explicatio methodi maximorum et minimorum, Novi comment. acad. sci. Petrop. 10
(1764), 1766, 94—134. Cf. also: Opera omnia, Ser. I, Vol. 25.

16 Essai d’une nouvelle méthode pour déterminer les maxima et les minima des formules intégrales
indéfinies, Miscellanea Taurinensia 2 (1760/61), 1762, 173-195; Sur la méthode des variations, Misc.
Taur. 4 (1766/69), 1771, 163-187.
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Euler once again represented the d-calculus, this time also admitting variations of the independent
variable.!” Moreover, he derived the first variation of general double integrals.

About 1771, Euler discovered the artifice, by which the variational calculus can be reduced to
‘well-known methods of the differential calculus.!® It consists in embedding a given extremal u(x) in
a family y(x, ¢) of mappings such that the relations

¥(x,0) = u(x) and %'é(x, 0) = o(x)

hold for an arbitrary vector field ¢(x). Introducing @(e) := F(Y(¢)), one obtains ®'(0) = 0if uis a
minimizer (or maximizer) of . This is nowadays the standard method to derive the Euler equation;
we have presented it in Subsection 2. Euler’s technique in combination with Lagrange’s symbolism
is so flexible and powerful, that the name “calculus of variations” is truly justified. Since the middle
of the nineteenth century, this is the generally accepted designation for the field involving extremum
problems related to simple or multiple integrals.

5. For some time it was customary to use the symbols

9 G(x, u(x), Du(x))

d G(x, u(x), Du(x)) and
ox*

dx*

instead of our notations

D,G(x, u(x), Du(x)) and G.(x, u(x), Du(x)),

G denotes the

0 d
respectively. In other words, a—;G stands for the partial derivative G,., whereas I
X X

total derivative Gy« + Gitis + Gpyliias.
However, the notation used by us is presently preferred by the majority of authors. The reader
. 4 . .
is to be reminded not to confuse our notation D,G (or 5‘76) with that of older authors when he is
X

consulting the old literature.

6. Lagrange'? discovered that the function

u) = f )4y, cewre,
clx—yl

has the property that, for any point x € R® — G, the vector grad u(x) describes the gravitational

force, exerted by a mass distribution on G of density y(y) upon a unit mass concentrated at x. Green

(1828) and Gauss (1838) suggested the names potential function and potential, respectively, for the

function u. Apparently Laplace?? first stated that, in cartesian coordinates x!, x2, x3, the potential

function satisfies the equation

Du+ Dfu+Diu=0

in R® — G which, therefore, is called Laplace equation or else potential equation. For the differential

17(E385) Institutionum calculi integralis, Vol. 2, appendix: De calculo variationum, Petersburg 1770;
cf. Euler [5].

18(E420) Methodus nova et facilis calculum variationis tractandi, Novi Comment. Petropolis 16
(1771), 35-70.

19 Par. sav. étr. 7 (1773), cf. Oeuvres 6, p. 349.

20 Par. Hist. 1787 (1789), p. 252; cf. Oeuvres 11, p. 278. In Par. Hist. 1782 (1785), p. 135 (Oeuvres 10,
p. 302), Laplace had already given the formula with respect to polar coordinates.
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expression on the left-hand side, Murphy introduced®! the symbol Au. The notation “harmonic
functions” for the solutions of 4u = 0 goes back to Thomson and Tait (Treatise on natural philoso-
phy 1867).

On G, Newton’s potential satisfies Poisson’s equation

Adu = —4my.

For a sphere G of constant density y, this was discovered by Poisson,?? the first correct proof is due
to Gauss?? under the assumption that y € C'(G). In his thesis (Tiibingen, 1882), O. Holder verified
this equation under the weaker assumption y € C*(G), 0 < o < 1. Holder’s result is the root of the
celebrated Korn—Lichtenstein—Schauder estimates.

The potential equation 4¢ = 0 appeared for the first time in a paper by Euler?* in 1761. Euler
observed that the velocity v(x) of an incompressible fluid satisfies

divy =0.
Introducing the velocity potential ¢(x) for an irrotational fluid motion by
v=grad ¢,
Euler obtained the equation
44 =0,

for which he then tried to find polynomial solutions, in default of a general method to construct
solutions.

7. The first to give a general solution u(x, t) of the one-dimensional wave equation was
d’Alembert.?* He proved that every solution u(x, t) has to be of the form

u(x,t)=f(x +1t)+g(x—1¢).

In the sequel there arose a vivid dispute between Euler and d’Alembert about the nature of the
arbitrary functions f and g. D’Alembert insisted that they had to be analytic, whereas Euler wanted
to admit nonanalytic terms f and g, this way breaking with a sacred dogma of Leibniz that
everything in nature should be representable by analytic expressions. Later Daniel Bernoulli and
Lagrange participated in the discussion, but the question remained unresolved for more than fifty
years. Only in the nineteenth century, Euler’s opinion was accepted as the correct one. This funda-
mental dispute has been described by Riemann,2% and in great detail by Truesdell.?” We also refer
to the recent treatise by Bottazini [1].

21 According to H. Burkhardt and W.F. Meyer, Potentialtheorie, Enzyklopidie der Mathemat.
Wissenschaften IIA7b, p. 468. See also: R. Murphy, Elementary principles of the theory of electricity,
heat and molecular actions, 1, Cambridge 1823, p. 93.

22N. Bull. philom. 3 (1813), p. 388.

23 Aligemeine Lehrsitze in Beziehung auf die im verkehrten Verhaltnisse des Quadrats der Entfernung
wirkenden Anziehungs- und Abstofungskrdfte, Result. aus d. Beob. des magn. Vereins im Jahre 1839,
Leipzig 1840 (cf. Werke [1], Vol. 5, pp. 206-211).

24(E258) Principia motus fluidorum, Novi comm. acad. sci. Petrop. 6 (1756/57), 1761, 271-311. (Cf.
also: Opera omnia, Ser. II, Vol. 12, 133-168.) According to Jacobi, a paper with the title “De motu
fluidorum in genere” has been read to the Berlin Academy on August 31, 1752.

25 Mémoires de ’Académie de Berlin (1747), p. 214.

26 Ueber die Darstellbarkeit einer Funktion durch eine trigonometrische Reihe, Habilitationsschrift,
Gottingen 1854 (Gottinger Abh. 13 (1867)); cf. also Riemann’s Werke, second ed., XII, 227-271.

27 The rational mechanics of flexible or elastic bodies 1638—1788, in: Euler’s Opera omnia, Ser. II,
Vol. XI,.



6. Scholia 73

8. Whereas Lagrange in his paper of 1762 (Misc. Taur. 2) had not been able to determine a
nonplanar solution of the minimal surface equation, Meusnier in 1776 discovered that certain
catenaries generate surfaces of revolution which are minimal surfaces.2® Actually, these solutions are
already contained among the solutions of two isoperimetric problems found by Euler in 1744.2°

9. The method, presented in Section 2, to derive Euler’s equations from the relation
0F (u, @) = 0, by performing a partial integration and then applying the fundamental lemma, is due
to Lagrange. For Lagrange, the fundamental lemma was self-evident, and so it was for all other
mathematicians for about a century. According to Huke [1] the first rigorous proof was given by
Sarrus in his prize-essay [1] from 1848. The present-day proof was essentially found by P. Du Bois—
Reymond [1] in 1879. These ideas eventually led to the theory of distributions created by
L. Schwartz [1]. A historical survey of the contributions to the fundamental lemma was given by
A. Huke [1].

10. Already Euler discovered that, for Lagrangians of the type F(z, p), the expression F — p- F,
forms a first integral of the Euler equations (cf. Methodus inveniendi [2], Chapter 2, nr. 30).

11. The various refinements and variants of the fundamental lemma presented in 2.3 have
a long history, part of which is described in Bolza’s treatise [3]. The proofs are considerably
simplified by using mollifiers (or smoothing operators). This important tool has been developed by
Friedrichs [2], [3], and earlier by Leray [1].

12. The derivation of the natural boundary condition proved to be a formidable task which
could not be carried out by Euler, Lagrange, and the other great mathematicians of the eighteenth
century, mainly because the tool of integration by parts for multiple integrals was not available to
them. The first to derive a free boundary condition for a double integral was Gauss (1829) in his
paper on equilibrium configurations of fluids subject to surface tension.3°

Soon after the publication of Gauss’s work (1830), there appeared several papers contributing
to the variational calculus of multiple integrals: As the most influential one, we quote the paper by
Poisson (1831).3! According to Bolza [1], the succeeding publications by Ostrogradski (1836),
Delaunay (1843), Cauchy (1844), Sarrus (1846) are more or less influenced by Poisson; yet it is
unknown if Poisson had known Gauss’s paper when he wrote his mémoire, since he does not quote
it. On the other hand, Poisson cited Gauss in his “capillary paper” published in 1831.32 For a
detailed survey of the development of the variational calculus for multiple integrals and, connected
with it, of the rule of partial integration, we refer the reader to Bolza [1] and Todhunter [1]. In any
case, there is no doubt that the variational calculus caused considerable problems to the mathema-
ticians of the last century, although their difficulties are quite incomprehensible to us. For instance,
the prize mémoire of Sarrus (Recherches sur le calcul des variations, 1846) extends over some 127

28 Mémoire sur la courbure des surfaces, Paris, Mémoires de Mathématique et de Physique (de
savans etrangers) de I’Académie 10 (1785), 447-550 (lu 1776).

29 Methodus inveniendi lineas curvas [2], Chapter 5, nrs. 44 and 47 (pp. 194-198); cf. also Opera
omnia, Ser. I, Vol. 24, pp. 182 and 185 (E65).

30 Principia generalia theoriae figurae fluidorum in statu aequilibrii, communicated to the Gottinger
Ges. der Wiss. Sept. 28, 1829; appeared 1830, and also in Géttinger Abh. 7, 39-88 (1832); cf. Werke
S, 29-77.

31 Mémoire sur le calcul des variations, Mém. Acad. roy. Sci. 12, 223-331 (1833), communicated Nov.
10, 1831. .

32See Bolza [1], pp. 42-44, and Todhunter [1], p. 54, nr. 84, remark (3).
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pages. That even Jacobi was impressed by the difficulties caused by the variational calculus for
multiple integrals, can be seen from his following remarks:33

“Lately, the most distinguished mathematicians such as Poisson and Gauss were concerned with
the determination of the { first] variation of the double integral, which is causing infinite trouble
because of the arbitrary functions. Nevertheless one is led to them by quite ordinary problems, for
instance, by the problem to determine among all surfaces spanning a skew quadrilateral in space the one
with smallest surface area. It is not known to me, that someone had thought of investigating the second
variation of such double integrals. Also I myself have, despite much effort, merely realized that this
topic belongs to the most difficult ones.”

13. Newton’s variational problem. Actually the first genuine problem of the calculus of varia-
tions in modern times was formulated by Newton in 1685, namely, to determine the shape of a body
offering least resistance while moving with constant velocity through a homogeneous fluid. Suppose
that the body has a maximal cross section £ c R? orthogonal to the velocity vector and that the
front surface of the body is described as a graph of a function u: 2 — R. Then the law of friction
postulated by Newton led him to the expression

dx
Fu)=c Q—I—W, ¢ = const,

as formula for the resistance of the body. If we assume that £2 is a disk Bg(0) of radius R and that
the body is rotationally symmetric, i.e. u(x) = z(r), r = | x|, then by using polar coordinates r, 6 about
0 we obtain dx = r dr d6, and | Du(x)|* = z'(r)%,’ = d/dr, and therefore % (u) can be written as

R

r
%(z) = e dr.
(z) = 2nc J.o 17207 r

This functional has often been discussed in the literature, and there has been a still continuing
discussion in how far Newton’s resistance formula is physically relevant. We refer the reader to H.H.
Goldstine [1], P. Funk [1], K. Weierstrass [1], Vol. 7, and to the recent paper by Buttazzo/Ferone/
Kawohl [1] where also the minimization problem for the general integral

dx
1+ [Duf?

is treated. Concerning Newton’s original work we refer to Newton’s Papers [2], Vol. VI, pp. 456—
480, and to the Principia [1] (cf. Scholium to Proposition XXXIV).

33 Jacobi’s Variations-Rechnung, handwritten notes of lectures held by Jacobi (1837/38). The notes
were taken by Rosenhain. The original text is the following:

Es haben sich in der neuesten Zeit die ausgezeichnetsten Mathematiker wie Poisson und Gauss mit der
Auffindung der Variation des Doppelintegrals beschdftigt, die wegen der willkiirlichen Funktionen
unendliche Schwierigkeiten macht. Dennoch wird man durch ganz gewdhnliche Aufgaben darauf
gefiihrt, z.B. durch das Problem: unter allen Oberfliichen, die durch ein schiefes Viereck im Raum gelegt
werden kénnen, diejenige anzugeben, welche den kleinsten Fldcheninhalt hat. Es ist mir nicht bekannt,
dap schon irgend jemand daran gedacht hatte, die zweite Variation solcher Doppelintegrale zu
untersuchen; auch habe ich, trotz vieler Miihe, nur erkannt, daf der Gegenstand zu den allerschwierig-
sten gehort.”
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Section 3

1. The papers of Du Bois—Reymond [1], [2] were an important step in the development of the
direct methods of the calculus of variations. The results of this section are built on his work and
on extensions due to Hilbert, which he presented in his Gottingen lectures (summer term 1899).
Hilbert’s regularity proof is described in a paper by Whittemore [1]. The most general regularity
results for weak extremals of one-dimensional variational problems can be found in the work of
Tonelli.

2. References concerning the history of Dirichlet’s principle can be found in Monna [1].

3. Example [6] in 1,3.2 is due to Heinz [3]. To make this example completely rigorous, one
needs boundary regularity results for H-surfaces, the most general of which are due to Heinz [4].

4. Example (7] in 1,3.2 was given by Concus and Finn. References to the literature and a
survey of related results can be found in Finn’s monograph [1].

5. Apparently variational problems with an obstacle condition were first considered by Gauss
and Steiner; cf. Bolza [1], pp. 81 Steiner [1] and [2], Vol. 2, pp. 177-308, and Weierstrass [2].
Concerning Weierstrass’s results on obstacle problems we refer to the Scholia of Chapter 8 (see 8,5,
no. 3).

6. The corner conditions for weak extremals of nonparametric variational problems were first
published by Erdmann [1] in 1877. Weierstrass derived the corner conditions for weak extremals of
parametric integrals already in 1865 and presented them in his lectures at Berlin (see also Chapter 8).

Section 4

1. Null Lagrangians can already be found in Euler’s work.>* Integrals of null Lagrangians play an
essential role as invariant integrals (or independent integrals) in field theories. This was first dis-
covered by Beltrami [2] in 1868 and rediscovered by Hilbert [1], [3]. The development of these
methods for multiple integrals was proposed by Hilbert as problem 23 in his celebrated lecture, held
at the International Mathematical Congress in Paris (1900); cf. [3]. Hilbert’s program was in part
carried out by Carathéodory, H. Weyl, and others; a survey of these results is given by the mono-
graphs of Funk [1], Rund [4], and Klotzler [4]. We shall describe some of the main results in
Chapter 7.

2. Concerning the relation between null Lagrangians and characteristic classes, we refer the
reader to Dubrovin—Fomenko-Novikov [1], Vol. 1, pp. 452-454.

3. The results on the characterization of null Lagrangians have in part been taken from Rund
[4]. An approach to null Lagrangians via differential forms is described in Funk [1]. Various results
and examples can be found in Olver [1].

34 Methodus inveniendi (E65), Chapter 1, nr. 34, and Chapter 2, nr. 50.
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Section 5

1. Curvature integrals for space curves. Here we generalize 1,5 (5] to smooth curves € immersed in
R3. Let any € be described by a parametric representation c(t), t € [a, b], é(t) # 0. For ¢, §, y € R?
we denote the vector product of @ and § by « A f, and [a, B, y] is the spatial product
M [, B, 7] :=det(x, B, 7) = (@ A B)-y.
Then the curvature x(t) and the torsion z(t) of the curve € with the representation c(t) are given by
_léead _leé¢€]

TR TlEnE?’

@

respectively, and ds = |é(t)| dt is the line element of €. We write x, and z, instead of x and 7 if we
want to indicate the dependence of c. Moreover let f(u, v) be a smooth real-valued function on R2.
Then we define the curvature integral #(¥) by

b
3) F(€):= f Sk, 7)ds = J S, T)ié] de.
« a
Let ¢ : [a, b] - R? be a smooth vector field along ¢ with compact support in (a, b), and consider the
family of curves ¥, given by the representation
c(t)y=c(t) +ep(t), a<t<b.
The first variation of # at € in direction of ¢ is defined by

’
e=0

d
0F (%, ¢) =2 F(€)

and this expression vanishes if € is an extremal. We now want to derive the Euler equations. To this
end we assume that € is an extremal given by c: [a, b] - R3 with |¢| = 1. Let {t, n, b} be the moving
frame along ¥ satisfying Frenet’s formulas

4) t=xn, n= —«xt+ b, b= —1n.

Then we have

d
* —
+ f*(x, 1) 2%

b d
O] 5f(‘€¢)=f {f’(K,T)aKq " +f('<,1) Gl¢ +eol

2=0

} a,
=0
where f* = fo, [ = fur [* = Jo, [** = foos [* = fus -, €tC.
Let { € C°((a, b)). As in the planar case, tangential variations ¢ = {t lead to no equation,
whereas normal variations ¢ = {n imply the Euler equation of fourth order

©) ;i: {f (x 1:)+2—f*(x, t)} v—{f*(x )(ﬁ—%)}

+ f'(x, D — 2) + f*(x, ‘t){; - g + Z‘m} —xf =0,

and binormal variations ¢ = {b yield the Euler equation of sixth order

2
W) dt3{ S, t)} { f (x, T)} ——'{Zf (x, 7)T + f*(x, ‘z)(_ - >}

+ ' (k, 1) + f*(kx, r)(_._%) =0.

Then the curvature x and torsion 7 of an extremal € of (3) can be obtained by integrating (6) and (7),
and thereafter € is to be determined by integrating equation (28) in Section 5, or alternatively from
formulas (29) and (31) in Section 5.
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The variational problem [ f(k, 7) ds — extr. for curves € in R? was treated by Irrgang [1]
as a Lagrange multiplier problem (see Chapter 2) by adding the equation t = ¢ and the Frenet
equations

t —xn=0, n+xt—1b=0, b+m=0

as subsidiary condition. He derived conditions which guarantee that an extremal yields a semistrong
minimum or maximum (i.e. an extremum with respect to small variations of ¢ and t). He in particu-
lar treated the variational problem for the affine length where f(x, t) = (x21)"6. By transforming the
extremal c(s) to the parameter of the affine arc length, , via c(s) = X (o) and do = (x%1)" ds, the
Euler equations appear in the form

d*x _

do*
Then Irrgang [1], pp. 397-399, concluded that all extremals can be obtained from the cubic
parabola

x=0, y=3%0% @ z=%¢
by means of volume preserving affine transformations which lead to a 10-parameter family of cubic
parabolas in R3, Other examples studied by Irrgang are integrands of the form f(x, ) = ¢(x/7) and

also Lagrangians which are either linear in (k, t) or a function of t alone, e.g. f(r) = /7. In the case
f = f(z) one obtains the natural equations of an arbitrary extremal in the form

K=¢(T)r s—s0=J ll’(f)d‘f,
S0
where ¢ and y are algebraic expressions in f and its derivatives. Thus we can determine all extremals
by quadratures.
If f does not depend on the variable v, i.e. f* = 0, equations (6) and (7) reduce to the system

a2 d
® Ez—f’(x) + [k} — %) — xf (1) = 0, d—t{2f’(’€)f} —if'(x) =0,
which can be written as
) FI0R + [ )R + ()0 — ) —1f() =0, 2 "(k)k + f'(x)E = 0.
For planar curves we have t = 0, and then (9) reducdes to the equation
(109 SR + f7()K* + f'(1)x* — fl)x =0
derived in 5 [5].
For space curves the second equation of (8) or (9) can be written as
d

(11) 2faf’(’€) + [ ()i =0,
whence

di_ 4w

T O
Hence there is a constant v such that

v
(12 T=_—.
f?

Inserting (12) in (8) we obtain a second order equation for k. However, by an observation of Radon,
we can reduce this integration problem to a much simpler problem, in fact, to a mere quadrature.
To this end we introduce the functions a(t), f(t), y(¢) by

d
(13 ek )= f0),  Bi=o S0, yi= 7{;

<
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Using the identity (f(x))’ = f’(x)% in conjunction with (8,) and (12) we obtain the equation

a 0 k 0}]a
(14 gl=1-«x o <]|8]|,
b 0 -t Of{}y

which is of the same form as Frenet’s formulae. Introducing ¢ := (a, §, y) we can write (14) as
(14) &= 4¢,

where A is the skew-symmetric matrix of Frenet’s formulae. Thus
d . ;
d-tlél2 =<5 + <8 = (48,0 + (L, 40
=<4, 8) — <4, 85> =0,

and therefore |£(t)|> = const =: c. We therefore have

d 2 v J?
15 (k) — 2 —f' — | =c.
(15) ') — f)]* + [ dtf (K)] + [ 7 (x)] c
Now we pass from x(¢) to the inverse function (k) whose derivative can be obtained from (15) in the
form

dt
o g(k),
where g(x) is a function of the independent variable k. A quadrature leads to t(x), which yields «(f),
and from (12) we obtain t(t). Thus we have the natural equations x = k(s), T = t(s) of all extremals
c(s) if we recall that ¢t = s is the parameter of the arc length because of |¢] = 1. In fact, even the
extremals of I f(x)ds in R3 can be found by quadratures alone; cf. Blaschke [5], Section 27.
For the integral

b
F(®) =J (x* + A)ds, A= const,

we obtain the Euler equations
28 + K3 — Ik —2K12 =0, 2kt + ki = 0.

If 7 # O, then k # 0, and then the second equation yields x*r? = v? with a suitable constant v 5 0,
and then the first equation above can be transformed into

W+ K3 —Ak—222k3=0,
which has the integral
42 + k* — 2% + v 2 =y,

with a suitable constant u. Integrating by separation of variables yields ¢ = t(k), and the inverse
function K = x(t) is the desired curvature function. Finally 7 is obtained from () = +vk~%(t).

For N =2 the extremals of |(x? + 1) ds were already determined by Euler; for N = 3 there
exist detailed investigations by Langer and Singer as well as by Bryant and Griffith (2,5 nr. 16).

2. The extremals of jp ds were first described by Euler in his paper E56 (Curvarum maximi
minimive proprietate gaudentium inventio nova et facilis) which appeared in the Commentarii of St.
Petersburg in 1736; cf. Opera omnia, Ser. I, Vol. 25. Euler treated the problem again in his paper E99
from 1738 and in his book Methodus inveniendi from 1744 (cf. Euler [2], Cap. I, Section 51, Ex. II,
pp. 654-666). We also refer to the comments of Carathéodory [16], Vol. 5, Nr. 43, pp. 143-144,
concerning the question what are the actual minimizers. Clearly the integral [ pds is the area
between a curve %, its evolute, and the normals of € in its endpoints. By means of “field theory”, the
minimum question is discussed in A. Kneser [1], Sections 53-54.
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3. Parameter-invariant integrals. Consider a Lagrangian F(z, p, ¢) on RY x R" x R (or some
open subset thereof), and a variational integral of the kind

b
(16) F(0) 1=J F(c(®), é(¢), €(t)) dt
defined on smooth curves c:[a, b] - R". We suppose that #(c) is parameter-invariant, ie.
F(c o 1) = F(c) for any smooth orientation-preserving parameter transformation . If {z,} <., is a
smooth 1-parameter family of such transformations, we obtain

d
—F(cot,)=0 forle| <eg,
de

and for any choice of c. Let 7,(t) = z(t, &) := t + &{(t) where {(t) is an arbitrarily chosen function of
class C(a, b). Then, for |¢| « 1, {1, } is an admissible family of parameter transformations such that
7(t, 0) = ¢, 7'(t, 0) = {(t), ' = d/de whence we derive the Taylor expansion

c(t(t, &) = c(t) + e¢()L(t) + O(e?).
This implies

= 5'?(67 (p)s ¢ = {é,

=0

17 0=1.9'(cor,)
de

and we note that ¢ = (¢ is a tangential variation. We can write this equation in the form
b
(18) 0= J {F.(e) (¢ + F,(e)- (L&) + F(e)-({0)"} dt,
where e := (c, ¢, ¢). Performing suitable integrations by part, this equation can be transformed into

b4
(19) j S F@ = Fye)-¢ —Fye)-¢ + [T -¢}{ de =0.

By Du Bois—-Reymond’s lemma we infer {...} = const, and it is easy to see that this constant is zero.
For this purpose we note that G(z)F(z, p, q) leads to an invariant integral for any choice of G
provided that F(z, p, q) generates an invariant integral. Then we choose G in such a way that
G(z) = 1 on a compact set of RN containing c¢([a, b]) and G(z) = O for |z| > 1. Extending c to a
smooth map R — R with |c(f)] = oo, the assertion follows at once. Thus we have

d
(20) Fle) = [F,(e) - EFq(e)] ¢+ Ffe)é

for any smooth curve ¢ and e = (c, ¢, é).
Suppose now that the Lagrangian F does not depend on z, i.e. F(p, q) is a function of p, g alone.
Then the Euler equations of

b
F(o)= J F(c(), é2) dt

reduce to
d 2
% (G, €) + PF,(C‘, é=0.

Hence there is a constant vector A € R? such that

1) Fy(é, &) — %Fq(c', &=A.
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In connection with (20) we see that any extremal c satisfies
22) F(,¢)=A-¢+ Fyéo)-¢c.
In case of the integral | p ds = [ F dt the Lagrangjan F has the form

(23) Fip,q) = —Ipi, L. 4] := det(p, 9),
p.q]

whence — F(p, q) = F,(p, 9)- q. Equation (22) therefore becomes

24 2F(E, &) =A-é.

Set

A:=(a,b), r:==|A|= /a*+b?, U:=1< b ‘;),

r\—a

where U is a rotation about the angle y, tan y = a/b. Rotating the Cartesian coordinates by this
angle, equation (24) is transformed into

25) 2F(, &) =ré,
since F is rotationally invariant on account of (23). If we choose a nonparametric representation

c(x) = (x, y(x)) for c, equation (25) becomes

(26) 20+ Y2y =1y, =

B

R~

whence we obtain

oy x+k
27 Y'(x) = [m

for some constant k. Let R := r/8 and introduce the variable ¢ by

(28) x=R(1 —cos @) + xq.-

Then we infer from (27) that

29 ¥ = R(¢—sin ¢} + yo,

and thus we obtain that the extremals € of { p ds have the parameter representation
(30 ¢(9) = (xo + R(1 — cos ¢), yo + R(p — sin ¢)),

i.e. the extremals are cycloids, as we had already seen in 5 [7].
Similarly we can use equation (22) to determine the extremals of | (x? + 4) ds (cf. also 5 [5]). we
are then led to the relation
A-¢
(31 K =4——,
€l
with some constant vector A = (a, b) € R2. If we now introduce w(s) and a as in 5 [5), we have

do e =v<d" dy) = (cos(® + ), sin(® + a)),

ds’ ds \ds'ds
whence
dw\? .
32 K2 = e =g(w), g(w):=1—acos(w + a)— bsin(w + ®)
and

(33) do = /g(w) ds.
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Therefore,
(34) xX(w) = xo + J‘w feoso dw, y(w) =y, + J‘w "sino
«  Jg) PR ()]

Differentiating (32) with respect to s, a brief computation shows that the extremals of [(Kz + A)ds
satisfy

(35) 2k = [4, ¢] + const.

do.

4. Radon’s variational problem. In his thesis [1] Radon has investigated the extremals of func-
tionals of the kind

b
(36) Fl)= I flc, w,x) ds,

where c(s) = (x(s), y(s)) denotes the representation of an immersed curve € in R? with respect to its
arc length s, w(s) is the angle between the x-axis and the tangent, and «(s) is the curvature of c(s), i.e.

1é(s)l =1, é(s) = (cos w(s), sin w(s)), @& =« =[¢¢c].

The integral (36) is just another form of the general parameter-invariant integral discussed in nr. 3,

b
37 F(c) =I F(c, ¢, 0)ds, |¢|=1.
In fact, by the reasoning given in 8,1.1 one easily proves that the parameter invariance of & is
equivalent to the homogeneity relation

F(x, y, kX, ky, k2% + Ix, k2§ + ly) = kF(x, y, X, J, %, )
for all k >0 and each I e R, where c(s) = (x(s), y(s)), etc. Set v =|¢| = /%2 +y% k=1/v, I =

—(X% + yy)fv*, %/v = cos w, y/v = sin @, Xj — y% = v3k, then ds = v dt and kx = dw/ds. Hence we
obtain F(c, ¢, ¢) = F(x, y, cos o, sin @, —k sin w, k cos w)|¢|, and therefore, if we write F as

(38) F(C, ¢, é) =f(C, , K')lCl,

we see that (37) can be expressed in the form (36). Radon derived sufficient conditions for an extremal
of (36) to be a semistrong minimizer of (36) with respect to given boundary conditions (i.e. to furnish
an extremum with respect to variations which are close by in the x, y, w-space). It is of geometric
interest to formulate Euler’s equation also for (36). Thus, let the first variation of (36) vanish, i.c.

b
(39) 0= J. (f0x + f,0y + f,00 + f.ox + fov)dt (|¢|=1),

v:=|¢é|, where the sign 6 means that we have to replace c(t) = (x(t), y(t)) by c(t) = (x(2), y(t)) =
(x(t) + £&(t), y(t) + en(t)), then differentiate with respect to ¢, and finally set ¢ = 0. Clearly we have
ox =&, 0y =n.

(i) Let 6x = ¢ € CX(a, b), 6y = n = 0. From

+ef

. ’

b4
w = arc ctg
we then infer
dw=—pt=—¢sinow,

and

1%

I
&8

| P

=

yields

ok = —&sinw — 2xé cos .
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Finally,
ov=¢cosw.

Then it follows from (39) that

(40) f {f,—%[(f—tdx)cosw—(fw—disﬁ‘)sinw]}édszo.

(i) If ox = 0, oy = n € C?((a, b)) we similarly infer dw = 4 cos w, ok = fj cos w — 2k sin ,
6v = #j sin 0, and therefore

41) J {fy—dis[(f—xfx)sinw+<m—disf;‘)cosw]}nds=0.

Set
(- 54)s
P:=(f—«kf)cosw—|f,——f. |sinw,
ds
(42) Q:=(f—«f)sinw+ (f,,, - d%f,)cos ,

R:=f,sina)——f,cosa)+x(f——xf;)+i(fm—if,‘).
ds ds

Then we obtain from (40) and (41) the two Euler equations

d d
(43) f"_a—sP=0’ f,—aQ=0.
Moreover we have the general identities
44 f=Pcosw + Qsinw + «f,
and
45) Rsinw:f,—iP, Rcosw=f,——d—Q,
ds ds

which hold for arbitrary functions x, y, w, k. We infer from (45) that the two equations (43) are
linearly dependent, and that they are equivalent to the single equation R = 0, i.e. to

(46) f,sinw—f,cosw+x(f—xfx)+i<fw_.ifx)=0'
ds ds

In a similar way we can derive the second variation of # and develop the theory of conjugate points
for #; see Chapter 5 and Radon [1], Sections II-IV.
If f is independent of x and y, equations (43) yield the two integrals

47 P = const, Q = const,
and the identity (44) in conjunction with (47) leads to the third integral
“g) f — 1fy = acos(w - f),

with two suitable constants « and §.
Radon has explicitly treated a number of specific cases such as f(x) = «, in particular f(x) =
1/x, which appears in Euler’s problem (see nrs. 2 and 3).

5. The general curvature integral for surfaces in R3. Let X(u, v), (4, v) € B = R?, be a regular
smooth parametric surface in IR3; we assume at least X € C*(B, R?). To simplify notation we write
w = (u,v) and u' = u, u* =v. Let g,5 = X, X, be the coefficients of the first fundamental form of
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X, and set
g=det(ge),  (9%) = (9up)™",
that is,

' =92./9, 92 =¢*"=—-91:/9, 97 =49u/9

Moreover, denote by A = g™"2X, A X, the surface normal (or Gauss map) of X, and let b, be the
coefficients of the second fundamental form of X,

by = N, Xwus) = — Ny Xu)

Then the Gauss curvature K and the mean curvature H of X are given by

K=-, H=%upg",

g
where
b = det(b,p).
Furthermore, let
9%by, (1) =(by) ™,

I = 30" [Gus.p + 9ip.0 — Gup.s]-
Then we have

Xyous = I3 Xy + by V.

Consider now a Lagrangian f which depends on two variables, and introduce the corresponding
curvature integral & by

) F(X):= J f(K, HydA = " f(K, H)\/g du" du?
X JB

of X which is parameter-invariant, that is,
FX)=FXon)

for every diffeomorphism ©: B* — B with det Dt > 0. Therefore, tangential variations of X will not
change #(X), and so the two tangential Euler equations will trivially be satisfied. We can expect
only one nontrivial Euler equation which is obtained by “normal variations”.

Consider now an extremal X of # and a family of normal variations X (w, &) of X (w) defined by

@) X(w, &) = X(W) + epW) A (w), weB, g «1,
where ¢ € C°(B).
Then we obtain
d
)] 0= FX(.8)| =0F(X,0),
€ e=0
where
@ 6506,0) = [ UK + fudt + 5/ ! i
B

d
In order to compute JK, 6H, 5\/5 where 6K = <d—§> , K = Gauss curvature of X, etc., we
€ e=0

expand K (w, ¢), H(w, ¢) and /g(w, ¢) in terms of ¢ and indicate terms of second and higher order in
g by + -+ . To this end we note that
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Xie = Xuu + e[@oN e + 9N ],
Xewws = Xooup + [ON a8 + QuaNis + QN e + Qs N].
Then we first obtain

gaﬂ = gzﬂ - zs‘pbzﬂ +,

whence
g = det(g,g) = g — 260gbpg9™ + -
and
Vg =1/l = 2e0H +---].
Therefore

©) Voe = —2He.
Secondly we find that
bep =byp + e[@(Kgap — 2Hb,g) + @] + -+,

where
©) Pap = Quewr — Ligur
are the covariant second derivatives of ¢. Let us introduce the second-order operators 4 and [] by
U] 49 :=g*¢,5, Oo:= Kh*q,.
Then we infer from the above expansions that

K=K +¢e[2HKo + Oel]l + -,

H=H+¢[QH?> - K)o + 3401 +---.
A straight-forward but somewhat tedious computation shows that 4¢ = g**[ @,z — I }o,,] can be
written as

1
®) 4¢ = ﬁb,[\/;g’mm,

8
where D, = P that is, 4 is the Laplace—Beltrami operator associated with the metric tensor (g,z).
Similarly [J¢ can be written as
1
©) Oe = 7Da[\/éxh“'0,¢].
g
The above expansions of K and H yield
(10) 0K =2HKe¢ + Oe, 6H = (2H? — K)o + 1 40.

If we now insert (5) and (10) in (4) and take (3) into account, an integration by parts yields
J o[Ofx + 34fg + 2HKfx + QH? — K)fy — 2fH]dA =0
B

for all ¢ € C°(B), and then the fundamental lemma leads to the following Euler equation for the
curvature integral (4):
(11) Ofx + 14fg + 2HKfy + QH> — K)fy — 2fH = 0.

Let us consider now some important examples which are special cases of (11).
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[1] Minimal surfaces are defined as extremals of the area functional

12 A(X) =f Vg dudv =I |X, A X,| dudy.

B B
Clearly, «/(X) is the special case f = 1 of the integral (4), and thus the Euler equation reduces to
(13) H=0.

Thus we obtain the by now well-known result that minimal surfaces are just the surfaces of zero
mean curvature.

Willmore surfaces are the extremals of the functional

(14) W(X):J' H?dA =J H?./g dudv.
X B

According to (11), applied to f(H) = H?, they are the solutions of the Euler equation
15) 4H + 2H(H? — K) = 0.

The total curvature

(16) XH(X) = f KdA = f K./g du dv
X B

of the surface X leads to the Euler equation 0 = 0, which shows that K\/g is a null Lagrangian, and
that X#°(X) is an invariant integral. From here one is again led to the Gauss—Bonnet theorem (cf.

5[4)).

(4] The integral [ f(K) dA has the Euler equation

amn Of'(K) + 2H[Kf'(K) — f(K)] =0.
The Euler equation of | f(H) dA is given by

(18) 34f'(H) + 2H* — K)f'(H) — 2Hf(H) = 0.

6. The Euler equations of general second- and higher-order curvature integrals for sub-
manifolds of Riemannian manifolds were derived e.g. by Rund [9].
Of particular importance is Einstein’s gravitational potential

(19) 4(g9):= f R(g)d vol(g)
M

considered as functional of a Riemannian (or Minkowskian) metric g on an n-dimensional manifold
M, n = 3, which on M defines a line element ds which locally is given by

ds? = g, dx' dx*

if g, are the local components of g. The Euler equations of (19), which should by rights be a fourth
order equation, actually is a second order equation, the so-called Einstein field equation,

20) Ric = 4Ry,
where R = trace, Ric is the trace of the Ricci curvature Ric. Locally (20) means
(20 Ry = iRgy,

whence

Rl = 9ieru' = %Rgijgﬂ‘ = %R‘Sik
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and therefore
R=Ri=1}R5 =2R;
2
hence, for n = 3, R = 0. We thus conclude that “in vacuum” the Einstein field equations are equiva-
lent to
21 Ric(g) =0 or R;=0.
The special structure of
R d vol = gMRi,,./|det g} dx

implies that the field equations are of second and not of fourth order, see e.g. Dubrovin—-Fomenko—
Novikov [1], Vol. 1, pp. 390-397 for the derivation of (21).
In the presence of matter the Einstein field equations become

(22 Ry — 3Rgy = — ATy,
A = const; they are the Euler equations of an action integral
(23 d=9+13’=‘[ (R + AL) d vol,
M
where L is a suitably chosen energy density related to the energy—momentum tensor (7).

A similar phenomenon is observed for the Monge—Ampére equation which can be obtained as
Euler equation of a second-order variational problem.



Chapter 2. Variational Problems
with Subsidiary Conditions

In this chapter we shall derive necessary conditions for extremizers (i.e. maxi-
mizers or minimizers) of variational integrals which are subject to various kinds
of constraints. In particular we shall treat the following three cases.

(i) Isoperimetric constraints. Here some integral is held to be constant, say

J. G(x, u, Du) dx = const.
Q
For example, we may look for minimizers of the area functional
f 1 + |Du|? dx
Q

among graphs {(x, u(x)): x € 2} of functions u: 2 — R over some domain Q
which have prescribed boundary values on d€2 and enclose a prescribed volume

j [uldx =V,
Q

with the x-plane. This is the classical isoperimetric problem in its nonparametric
formulation. Its dual problem provides another example of a variational
problem with isoperimetric constraints: Among all graphs with prescribed
boundaries on 02 and with prescribed surface area, one has to find the one
enclosing maximum volume. In other words, for given 4 > meas Q, we are to

maximize
j |u] dx
ol

[ J1+|Dudx=A
Ja

and such that u is prescribed on 9€2.
(i) Holonomic constraints. These are subsidiary conditions of the kind

G(x, u(x)) = 0.

among all graphs satisfying

The most important conditions of this type are side conditions of the form

M. Giaquinta et al., Calculus of Variations I
© Springer-Verlag Berlin Heidelberg 2004
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G(u(x)) = 0.

Constraining the competing functions of a variational problem by such a
condition means that we are looking for extremizers of a given functional
faF(x,u, Du) dx among a class of mappings u:€ —R" whose values are
confined to some submanifold M of R" which is described by the equation
G(z) =0.

A typical problem with holonomic constraints is to minimize the length of
curves confined to a sphere, say, to S¥~!, which join two given points of this
manifold. The constraint in this case is

|ul> = 1.

Another example is provided by the so-called problem of energy-minimizing
harmonic maps into a sphere (or, more generally, into a Riemannian manifold).
This amounts to minimizing the Dirichlet integral

1f [Du|? dx, < R",
2)a

among mappings u : 2 — S¥~! into an (N — 1)-dimensional sphere S¥~! of R¥
(or into a Riemannian manifold), with prescribed boundary values on 4£2.
(iii) Nonholonomic constraints. These are subsidiary conditions of the type

G(x, u(x), Du(x)) = 0.

Most problems of optimal control theory fall into this category. For instance,
sending a spaceship from the Earth to another planet, one may wish to minimize
its flying time or its fuel consumption. However, the satellite is not completely
free to move but will be subject to gravitational influences by the Sun and its
planets. According to the Newtonian laws of mechanics, these influences can be
expressed by differential equations, i.e., by nonholonomic constraints.

In all of these cases, the derivation of necessary conditions and especially of
analogues of the Euler equations is reduced to the procedure of 1,2 using the
artifice of Lagrange multipliers. Actually, multipliers were invented and diversely
applied by Euler long before Lagrange. Yet they are firmly attached to
Lagrange’s name because of his applications of multipliers in mechanics, where
they are used to compute constraining forces in an elegant way.

We recall what Lagrange multipliers are for ordinary functions. Let f be a
smooth real-valued function on R” and let S be the level set of a smooth func-
tion g defined on R”, that is

S={xeR"g(x)=c}.

If f restricted to S attains an extremum at some point x, of S where Dg(x,) # 0,
then there is a real number, called Lagrange multiplier, such that

Df(xo) + ADg(x,) =0,

i.e. the gradient of f has no tangential component along S. In other words, for a
suitable number 4, the function f + Ag has an unconstrained critical point at x,.
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For isoperimetric side conditions, multipliers turn out to be constants,
while they are functions of the independent variables in the case of holonomic
and nonholonomic conditions.

The existence and smoothness of Lagrange multipliers can in many cases be
established in an elementary way within the setting of smooth functions, pro-
vided that certain natural assumptions are satisfied. The reader should, how-
ever, be aware of the fact that, in specific cases, authors often do not check
whether these assumptions are actually fulfilled, and our book is no exception
in this respect. Thus the reader should carefully examine every single example
and establish the existence of multipliers. Unfortunately this seems to be a
highly nontrivial matter for nonholonomic constraints. For multiple integrals
with nonholonomic side conditions, Lagrange multipliers are merely a formal
tool, the applicability of which is not yet well established. For one-dimensional
problems, the situation is much more satisfactory, but even in this case it is fairly
cumbersome to establish the existence and regularity of multiplier functions.
We shall briefly discuss Lagrange problems, that is, one-dimensonal variational
problems with nonholonomic constraints, in Section 3. The modern synopsis
and extension of the muiltiplier rule for Lagrange problems and related ques-
tions is the celebrated Pontryagin maximum principle which will be touched in
Chapter 7.

In the last section we shall investigate constraints at the boundary. A
typical example is provided by admissible functions whose boundary values
are confined to certain preassigned manifolds called supporting surfaces. It will
then turn out that extremizers with respect to such constraints have to satisfy a
so-called transversality condition at their boundaries. That is, extremizers meet
their supporting surfaces in a well-defined way which is determined by the
structure of the Lagrangian. In many cases transversality means orthogonality.

The notion of transversality will also play an important role in the one-
dimensonal field theory and in the Hamilton—-Jacobi theory.

1. Isoperimetric Problems

In this section we shall derive necessary conditions for solutions of isoperimetric
problems, that is, for local extrema u € C* (22, R") of variational integrals

F(u):= f F(x, u, Du) dx,
2

which, besides boundary conditions on 02, are subject to a subsidiary condition
of the kind : S
Y(u) =c,

with some constant ¢, where %(u) is an integral of the form



90 Chapter 2. Variational Problems with Subsidiary Conditions

(1) Y(u) = J G(x, u, Du) dx
Q
or
(V) Y(u) = I G(x, u, Du) d#"!,
z

respectively, where X is a subset of 42 with a positive Hausdorff! measure
H"(2).

The name for this class of problems is derived from the classical isoperi-
metric problem (isos = equal, perimetron = circumference or perimeter) which
will be discussed in Example | 1| at the end of this section. It is the question to
determine all bounded planar regions of maximal area with a boundary contour
of prescribed length.

To have a clear cut situation, we formulate the following assumptions:

Let Q be a bounded domain in R”, u e C*(€2, R”), and let % be an open
set in R” x RY x R"N containing {(x, u(x), Du(x)): x € 2}. Suppose also that
F(x, z, p) and G(x, z, p) are Lagrangians of class C(#). Define ¢ by (1) and set

¢ = Y(u).

We finally assume that & is a class of mappings v € C!(2, R") such that, for
every vin & and for every pair of functions ¢, Y € C°(2, RY), there exist numbers
€9 >0, to >0 such that v + ep + ty € & for |g| < g, |t] < ty. We say in this
case that & has the variational property (¥").

Remark. If a set & of admissible functions has the property (¥°), then ¥ isin a
weak sense open. More precisely, any v € & can be varied in all “smooth”
directions ¢ with compact support in Q.

Theorem 1. Suppose that u furnishes a weak minimum (or maximum) of the func-
tional F in the class &, := & n {v: 9(v) = c}. Then there exists a real number ),
called the Lagrange multiplier, such that

3) 8F (u, ¢) + 6%, 9) =0 for all p € C*(2, R")

holds, provided that 6%(u, ) does not vanish for all ¢ € C2(2, RY). If we also
assume that u € C%(Q2, RY), then the Euler equations

@ D {Fy + 4G} —{F: + AG,} =0, 1<i<N,

are satisfied on L.

Proof. By assumption, we can find a function ¥ € C*(€2, R") such that

! For open sets 2 on smooth boundaries 62, #"*(X) can be understood as the usual surface area
of X.
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6%(u, Y) = 1. With this function and with an arbitrary ¢ € C°(2, R"), we define
the functions

D(e, t):=F(u + e + ty), Ve, t) = 9u + o + ty)

for (e, t) € [—&q, 0] X [—to, to] =: Q, and, for sufficiently small numbers ¢, > 0
and t, > 0, we obtain

®(e, 1) > D(0,0) (or <P(0, 0))

for all (¢, t) € Q with VP(e, t) = c. Since ¥,(0, 0) = d%(u, ¥) = 1, we may apply the
standard Lagrange multiplier theorem. Thus we infer the existence of a number
A€ R such that the function P(e, t) + A¥(e, t) has (¢, t) = (0, 0) as a critical
point. Consequently

?,0,0) + A%,0,00=0,
@,0,0)+ A¥7,0,00=0
or
O0F (u, @) + Ao%(u, ¢) =0,
OF (u, ) + 20%(u, ) = 0.
The second equation yields
) A= —0Fu ),

and we see that the value of 1 is. independent of the chosen variation ¢ €
C=(22, R™). Hence the first relation gives the desired equation (3).
The rest of the assertion follows as in 1,2.2. O

The afore-stated result can easily be generalized to r subsidiary conditions
of integral type. Suppose that Gi(x, z, p), 1 < k <r, are Lagrangians of class
C!(4), and set

%.(v):= f Gi(x, v, Dv) dx.
2

Letc =(cy, ..., c,), where ¢, := % (u), and set
L=Fn{v:4v)=ca,k=1,...,r}.

Here & once again denotes a class of mappings with the variational property

).

Theorem 2. Suppose that u furnishes a weak extremum of & in the class &., and
assume that there are functions y,, ..., Y, € C*(2, R¥) such that the matrix

A= (ay), A = 0% (u, Y1)

has maximal rank r. Then there exist numbers A,..., A, € R such that the
Junctional
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*y* = f + A’lgl + Azgz + -+ }'r%
satisfies

(6) 0F *(u, 9) =0 for all p € C*(2, RY).

Proof. Lett = (t!, ¢% ...,t"), and set
D, t)=Fu+ep+tty, + +ty,),
V) =%u+co+t'y, + - +1ty,).

Note that @, ¥, e C', A = (%—;"(0, 0)), and that
D, 1) > D(0,0) (or <B(0,0)
for || < &g, |t] < to, With 0 < g, o « 1, and

Y(t)=c¢, 1<k<r.

On account of the classical multiplier theorem, there exist numbers 4,, ..., 4, €
R such that

&,00,0)+ Y 4 %..0,0=0,
k=1

Bm(0,0) + Y AW m(0,0)=0, 1<m<r.
k=1

From the second set of equations, 4,, ..., 4, can be computed and turn out to be
independent of the choice of ¢ € C*(£2, RY). Then the first equation implies
relation (6), and the theorem is proved. O

Similarly, if
)] Y(v) = I G(x, v, Dv)d#"', X coQ,
z

the existence of a function ¥ € C!(Z, R") with

0%(u, ¥) = L {G,(x, u, Du)"Y + G,(x, u, Du)- Dy} d#"* £ 0

implies that a weak relative extremizer u of the functional & on the class
&L :={veC(2,R"):. 4(v)=cand v =uonoQ — X},

with ¢ := %(u) yields the existence of a Lagrange multiplier A € R such that
SF (u, @) + 20%(u, ) =0 forall p e C}(QuU Z, RV).

If u € C*(2, R¥), we can infer
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(8) 0= f Lp(u): ¢ dx + f V. Fpi(x, u, Du)op* do#™*
Q z

+ j‘ MG.i(x, u, Du)¢*' + Gi(x, u, Du)D, @'} d#"*.
z

Suppose that G = G(x, 2), i.e., that G does not depend on p. Then we conclude
that

8) Li(w)=0 inQ
and
(8") v Fpi(x, u, Du) + AG,(x,u) =0 onZX

hold, where v = (v,, ..., v,) denotes the exterior normal of 6Q.
Let us now consider some examples.

(1] The classical isoperimetric problem. Suppose that € is a closed Jordan curve of length L whose
interior domain has maximal area among all interiors of closed simple curves with length L. We
assume that € is a regular curve of class C? and want to show that € is a circle.

A simple reasoning shows that the interior 2 of € is a convex set (cf. Fig. 1). Then the assertion
is a consequence of the following reasoning.

Let z = f(x), a; < x < a,, be a fixed curve which connects two points P, = (a,, b;) and P, =
(az, b,) in the x, z-plane, and consider the class & of C!-curves z = v(x), a; < x < a,, with v(a;) =
b,, v(a,) = b, which satisfy f(x) < v(x) on (a,, a,). Then the class & satisfies condition (¥"). Let &,
be the class of functions v € & satisfying

3’(0):=I 1+0v?dx=c

for some fixed number c larger than |P; — P,|.
For v € &, we denote by

A1) = J (000 = £(9} dx,

the area between the graphs of f and v.

Fig. 1. The solution of the isoperimetric problem must be convex. Otherwise one could find a domain
a larger area which has the same perimeter.
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z = u(x) ] /

P © Q

Fig. 2. Two proofs of the isoperimetric property of the circle based on the assumption that the
isoperimetric problem has a solution. (a) A first proof using a Lagrange multiplier as described in
[17; () This proof also functions if B is not assumed to be strictly convex. (c—f) A second proof
due to Steiner: () Let B be a solution of the isoperimetric problem; we can assume B to be convex.
Then we choose two points P, Q on the boundary C of B which divide C in two arcs C', C" of equal
length. The chord PQ decomposes B in two convex parts B' and B” of equal perimeter. (d) B', B”
must have equal area. In fact, if e.g. area B’ < area B”, then the union of B” and its mirror image with
respect to the axis L through P, Q has the same perimeter as B, but a larger area. (¢) Now we show
that B’ (and analogously B”) is a semidisk. Otherwise there would exist a point 4 on C” such that
the angle « = ¥PAQ were not a right one. Imagine that the two shaded lunulae could be moved
like a pair of scissors by installing a hinge at A. (f) By changing « to a right angle we enlarge the
area of the triangle PAQ. Adding the lunulae we obtain a new domain whose union with its mirror
image in the axis L has the same perimeter as B but a large area, a contradiction.
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Suppose now that u € &, is a C2-maximizer of «/ in % which is not an affine function, that is,
a straight line (and this is a consequence of the assumption |P; — P,| < c). Then there exists some
@ € C>((a,, a,)) such that 6.Z(u, ¢) # 0 holds. Hence there is a Lagrange multiplier 1 € R such that
u is an extremal of & + AZ or, equivalently, of

r @ + A1+ u?) dx.

Hence u is a solution of the Euler equation

( u ) 1

J1+u?) X

and we infer that the graph of u has constant curvature 1/A and must therefore be a circular arc, cf.
also 1,2.2 . Note that, in the present discussion, we have assumed the existence of a C2-solution of
the isoperimetric problem. It is another matter how this existence can be established. We also refer
the reader to 4,2.3 .

In the following examples we shall omit the easy proof that the sufficient condition of Theo-
rem 1 for the existence of a Lagrange multiplier is satisfied. We will only write down the formal
equations.

Eigenvalue problem of the vibrating string. Let u(x), a < x < b, be the minimizer of the integral

b
J Jv'(x)|? dx

in the class of functions v € C*([a, b]) which satisfy v(a) = 0, v(b) = 0 as well as
J’b jo(x)|>dx = 1.
Then u is a weak extremal of
J;b {lv'()I? — o)} dx
and, if u is of class C2, we arrive at the Euler equation

u”" + Au=0.

Multiplying by u and integrating over [a, b], we, after a partial integration, obtain

b
'[ |u'|?dx = A.

Thus the Lagrange multiplier A turns out to be an eigenvalue of the eigenvalue problem of the
vibrating string

u +Au=0, u(@=0, u(b) =0,

and, in fact, it is the smallest eigenvalue.
Similarly, the other eigenvalues of this problem can be interpreted as Lagrange multipliers of
the integral §?|v'1 dx on certain subspaces of C3([a, b]).

Eigenvalue problem of the vibrating membrane. Consider a bounded domain 2 of IR", and let
u(x) be the minimum of the integral
J' | Do dx
Q

in the class of functions v € C'(§2) which satisfy



96 Chapter 2. Variational Problems with Subsidiary Conditions

v(x) =0 on 62 and J‘ lo(x)[2dx =1.
Q
Then u is a weak extremal of

‘[ {IDv|* — A|v|*} dx,
Q

and if u is of class C2(9), it satisfies the Euler equation
du+Au=0 inQ

whence

j [Dul? dx = A.
Q

Hence the Lagrange multiplier A turns out to be the smallest eigenvalue of the eigenvalue problem of
the vibrating membrane.

Similarly the other eigenvalues of the membrane can be interpreted as Lagrange multipliers
of the Dirichlet integral with respect to the subsidiary condition g |u|* dx = 1.

(4] Hypersurfaces of constant mean curvature. Let u(x), x € @, be a surface which is defined on
some domain £ of R" and has prescribed boundary values f on 2. We assume that u minimizes
area

oA (u) = J. 1 + |Du|? dx
Q2

among all C'-surfaces with the prescribed boundary values f on 99, for which the volume
functional

V(u) = f u(x) dx,

is kept fixed. Then u(x) is an extremal of the functional

AW) + AV (u) = j {</1 + |Du|? + Au} dx
Q

and, therefore, satisfies the Euler equation
div Tu = nH,

with H = 4/n and Tu = (1 + |Du|?)""2 Du. This means that (x, u(x)) is a hypersurface of constant
mean curvature H.

Catenary or chain line. Let us now look at the equilibrium position of an inextensible heavy
thread of constant density, say, density 1. Such a thread is an idealized physical system which is
thought to be an infinitely thin thread. Another interpretation of such a thread is that of a very thin
chain with very small links. Let the chain be fixed at two points P, = (a,, b,) and P, = (a,, b,) in the
x, z-plane. If the position of the chain is described by z = u(x), a; < x < a,, this imposes the bound-
ary conditions u(a,) = b, and u(a,) = b,. Since the chain is assumed to be inextensible, its length ¢
is prescribed. Thus we have the isoperimetric side condition

J. 1+u?dx=c.

ay
A stable equilibrium position must have a center of gravity which is as low as possible. If we assume
that gravity acts in direction of the negative z-axis, this means that a stable equilibrium position will
minimize the quotient
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a; ay
J‘ u l+u’zdx/J‘ 1+ u?dx.

Since the denominator is constant, it will be a minimum of

J’ u/1 +u?dx

f 1+u?dx=c

under the subsidiary condition

and the boundary conditions u(a,) = b,, u(a,) = b,. As we know, a C2-minimum z = u(x) will be an
extremal of the variational integral

ay
J. (u+ A1 +u?dx

for some appropriate number A € IR, the Lagrange multiplier of the problem. Introducing
v(x) == u(x) + 4,

we obtain an extremal of the afore-considered variational integral

jaz v /1 + v'? dx;

X — Xg

cf. 1,2.2[7]. Thus the meridian curves v(x) = a cosh of surfaces of revolution which furnish a

stationary value of the area functional, and the equilibrium positions of a chain, the so-called?
catenaries are, up to a translation in direction of the z-axis, solutions of the same Euler equation,
that is, both problems are in some sense equivalent.

2. Mappings into Manifolds: Holonomic Constraints

In this section we shall discuss local extrema and, more generally, stationary
points (extremals) of variational integrals % (u) = {, F(x, u, Du) dx which, in ad-
dition to appropriate boundary conditions, have to satisfy a subsidiary condi-
tion of the kind )

1) G(x, u(x)) = 0,

where G(x, z) denotes a scalar or vector valued function of the variables (x, z) €
R" x R¥. Conditions of the type (1) are called holonomic constraints, whereas
subsidiary conditions of the more general form

) G(x, u(x), Du(x)) =0

2The name catenary is derived from Latin catena, chain.
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are denoted as nonholonomic (holos = integer; the meaning of holonomic is
“integrable”).

Note that every holonomic constraint (1) can, by differentiation, be transformed into the non-
holonomic constraint

G,(x, u(x)) + G(x, u(x))- Du(x) = 0
from which (1) can be regained by integration, whereas a constraint
A(x, u(x)) + B(x, u(x)): Du(x) =0

can in general not be brought to the form (1). Strictly speaking, the nonholonomic or nonintegrable
constraints are those which cannot be brought to the form (1) by integration.

If n =1 and if x is interpreted as a time parameter ¢, a time-dependent
condition (1) or (2) is called rheonomic (= flowing) whereas a time-independent
condition is said to be scleronomic (= rigid). In other words, the condition
G(u, u) = 0 is scleronomic, whereas G(t, u, u) = 0 is called rheonomic.

If we conceive u e C}(2, R¥) as a mapping from € into R¥, and if we
interpret the equations

G(z) =0

for a given function G = (G,..., G"), 1 <r < N — 1, as the defining equations
of an (N — r)-dimensional submanifold M in R¥, then the problem to minimize
& under the subsidiary condition

) Gu(x)) =0

can be seen as a minimization problem for mappings u: 2 — M. For instance,
the question of shortest distance of two points P, and P, on a sphere of radius
R leads to the problem of finding the minimum of the integral

f ? (o) de

1

Fig. 3. The curve graph u lies on a surface S = {(x, z): z € M(x)} where M(x) is a manifold in R?
given by M(x) = {ze R?: G(x,2) = 0}.
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‘M

(©)

Fig. 4. (a) The tangent space T,M of a manifold M at z. (b) The normal space T,' M of surface M in
R3. (¢) The normal space T,*M of a curve M in R3.

among all mappings u € C!([t,, t,], R®) with u(t,) = P, and u(t,) = P, which
are subject to the constraint |u(t)] = R. As it is well known, the solutions are
subarcs of great circles on S% = {z € R?: |z| = R}; cf. Example [4] below.

If the subsidiary condition is of the more general form (1),

G(x, u(x)) =0,
then we can conceive the admissible mappings u: 2 — R as functions which
map x € R into a submanifold M(x) of R" described by
M(x) = {ze R": G(x, z) = 0}.

In this case, the appropriate geometrical picture of admissible mappings is that
of sections of a suitable fibre bundle.
Another geometrical interpretation is obtained if, for a given function
G(x, z) = (G(x, z), ..., G"(x, 2)), we see the relations
G'(x,2)=0,...,G"(x,z) =0
as the defining equations of an (n + N — r)-dimensional submanifold M of

R" x R¥. Then mappings u subject to (1) can be understood as functions, the
graph of which is contained in M.
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Fig. 5. A vector field ¢ along u which is perpendicular to all vector fields ¢ along u which are
tangent to M.

Holonomic side conditions can fairly easily be treated, whereas non-
holonomic conditions are much more troublesome, even in the case n = 1. For
this reason, we shall presently restrict ourselves to the investigation of
holonomic conditions and defer the investigation of nonholonomic ones to the
next section.

Suppose now that  is a bounded domain in R” and that u € C*(2, R¥)
satisfies

G(x,u(x)) =0 forallxe Q.

For the sake of simplicity, we assume that G(x, z) is of class C3(R" x RN, R"),
1 <r < N — 1, and we also suppose that the r x N-matrix function G, = (G%)
has maximal rank r in all points of the set

M = {(x, 2): x € Q, G(x, z) = 0}.
Then, for every x € £, the set
M(x):= {ze R": G(x, z) = 0}

is an (N — r)-dimensional manifold in RY, with normal vector fields
Gl(x,z),..., Gi(x, z) of class C*.

Denote by II(x, z) the orthogonal projection of R¥ onto the tangent space
T,M(x) of M(x) at z; IT depends continuously on x and z.

Definition. For a mapping u: 2 —R" with u(x)e M(x), a function ¢ € C*(Q, R")
is said to be a tangential vector field along u if ¢(x) € T,,,M(x) holds for all
x € L.

Then we can state the following version of the fundamental lemma.

Lemma 1. Let y be a mapping of class C°(22, R") and suppose that

“ J;} Y(x): o(x)dx =0
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is satisfied for all tangential vector fields ¢ € C1(2, RY) along u. Then we obtain
II(x, u)y = 0 or, more precisely,

5 I(x,u(x)) y(x) =0 forallxe L.

Proof. Fix some x, € £2, set z, = u(x,), and introduce an orthonormal frame
Tyseees TNops V15 .-, ¥, defined for (x, z) in a sufficiently small neighbourhood A
of the point (x,, z¢) in #, where 14, ..., Ty_, are tangential to M(x). We can
assume that the vectors t,(x, z), v,(x, z) depend in a C!-way on (x, z) € A,.
Choose some ball B = Bg(x,) with {(x, u(x)): x € B} = 4}, and some arbitrary
functions @!(x), ..., @V 7"(x) of class C!(B). Then

@(x) = @' ()71 (x, u(x)) + - + " T (X)Ty_,(x, u(x))

is a tangential vector field of class C!(B, R¥) along the mapping u. Moreover,
there are functions a’(x), b*(x) of class C°(B) such that

N-r r
Yx) = Y a'()ulx, ux) + kZ,l b ()wi(x, u(x))

i=1

holds for x € B. Then we infer from (4) that
f (@' @) (x) + -+ + a* ()" "(x)} dx = 0
Q

is fulfilled for arbitrary ¢'(x)e C}(B), 1 <i< N —r. Now the fundamental
lemma yields that

a'(x)=0 onB,1<i<N-r,
which is equivalent to

H(x, u(x)) Y(x) =0

for all x € B, and in particular for x = x,. Since x, was chosen to be an arbitrary
point of £, the assertion (5) is proved. O

Consider the class ¢ of mappings ve C!(£2, R") whose 1-graph {(x, v(x),
Du(x)): x € 2} is contained in the domain of definition of F, and which satisfy
the holonomic constraint

G(x,v(x)) =0 forall xeQ.

Suppose, moreover, that u is contained in ¥ and furnishes a weak relative mini-
mum of & in &, that is,

Fu) < F(v)

for all v € € with v = u on 02 and ||v — u|¢:(5, < 6 for some & > 0.
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Let ¢ € C!(£2, R") be an arbitrary vector field which is tangential along u.
By an elementary construction, we can find a mapping ¢ : Q x [—t,, to] = R,
to > 0, of class C?, such that

V(x,t) = u(x) + to(x) + o(t) ast—-0
holds as well as
Y(x, t) =u(x) for(x,t)ed2 x [—to,to]
and
U(-,t)e®€ foreveryte[—ty, to].
Therefore, the function

D) :=FW(,1)

satisfies
D(t) = D(0)
for sufficiently small values of |¢|, whence
@'(0)=0,
that is,
O0F (u, p) =0.

Thus we have proved

Lemma 2. If u € € is a weak relative minimum of & in the class € defined by the
holonomic constraint G(x, v(x)) = 0, then the first variation & (u, ¢) vanishes for
all vector fields ¢ € C}(Q2, R") which are tangential along u.

This leads us to the following

Definition. A mapping ue C*(2, R¥) subject to some holonomic constraint
G(x, u(x)) = 0 is said to be a weak constrained extremal if 6% (u, ¢) = 0 holds
for all ¢ € C}(2, RY) which are tangential along u.

Thus we can say that every constrained weak relative minimum is a weak
constrained extremal.
If u is a weak constrained extremal of class C%(£2, R"), we obtain

0=0%u, 9) = j Li(u)- @ dx
Q

for all ¢ € C!(£2, R") which are tangential along u. By Lemma 1, we infer that
(6) II(x, u)Lg(u) = 0.

In other words, Lg(u)(x) is perpendicular to the tangent space T,,,M(x), for all
X € Q.



2. Mappings into Manifolds: Holonomic Constraints 103

Therefore Lp(u)(x) has to be a linear combination of the r normal vectors
GL(x, u(x)), ..., Gi(x, u(x)). Thus there exist functions pu,(x),..., ,(x), x € 2,
such that

M L) = 1y G} () + o GF(, w) + - + 1, G(, w)

is satisfied. If u € C**3(2, R"), and if G is of class C**', we may infer from (7)
that ;e C°(Q),j=1,...,r. Set

Ai(x) == —py(x)

and

@®) F*(x,z,p):= F(x,z,p) + ), 4(X)G(x, 2).
=1

Then equation (7) is obviously equivalent to

) Lpu)=0

orto

(9,) Dan:'(xs u(x), Du(x)) - F;(xs u(x), Du(x)) =0.

Thus we have proved:

Theorem. If u is a weak constrained extremal of & with respect to the holonomic
conditions G¥(x, u(x)) =0, 1 <j <r, and if u is of class C*(2, R"), then there
exist functions A, ..., A, € C°(Q) such that u is an extremal of the Lagrangian

F*(x,2,p)i= F(x, 2, 0) + . 4(9G/(x, 2).
=

In other words, the multiplier rule derived in Section 1 for isoperimetric
constraints also holds for holonomic constraints, with the modification that the
Lagrange multipliers 4; now are functions of x € 2 and not only constant
numbers.

In the next section we shall, under suitable assumptions, formulate the
multiplier rule as well for nonholonomic constraints. Before that we will discuss
a few examples of holonomic constraints.

Harmonic mappings into hypersurfaces of RV*!. Let
1 .
D(u) = -j [Dul®dx,  |Dul® = ugetiie,
2)a
be the Dirichlet integral of C!-mappings u : Q — R¥*1,
Then the Euler equations for u = (u, ..., u"¥*!) can be written as
Adu=0.

If we instead consider mappings subject to the constraint |u| = 1, i.e., mappings u: 2 - S¥ of 2 =
R" into the unit sphere S¥ = {z € R¥*!: |z| = 1}, then the constrained Euler equations are

—Adu = p(x)u.
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In order to determine the multiplier u(x), we first notice that |u| = 1 implies
K= —u-du.
On the other hand, by differentiating |u|? = 1 twice, it follows that
u-4u + |Du|2 =0,
whence
p=|Dul?,
and therefore
— Au = u|Dul?.

If we replace the constraint |u| = 1 by the scalar constraint G(1) = const., we arrive at the con-
strained Euler equation

Gu'u“ (u)u.‘t' u:‘

—Adu = puG,(u) with p= G

Shortest connection of two points on a surface in R3. Consider mappings u:1 — R3 of an
interval I = [a, b] into IR® which are subject to some constraint

G(u) = c,

where G is a scalar function on R3. We interpret these mappings as parametric representations of
curves that lie on a surface § described by {z € R?: G(z) = c}. The regular C2-extremals of the length
functional

L) = .r Ju()| at,

subjected to the holonomic constraints G(u) = c, are extremals of the functional

J‘b {14] + AG()} dt

for some multiplier A(t), and thus we obtain the constrained Euler equation

dfu
E{[—ai} = lG,(u).

Let us introduce the parameter of the arc length s by ds = |u] dt, and set v(s) = u(t(s)) and
dt
uis) = ).(t(s))d—. Then we arrive at
s
2

d
pr v = uG,(v).

2
By Frenet’s formula,> we have Tl_: = kv where v is the principal normal of the shortest line v(s).
s

Thus v and the surface normal G,(v) are collinear, and we obtain

Johann Bernoulli’s theorem. At each point P of a shortest line, its osculating plane intersects the
tangent plane of S perpendicularly.

3Cf. the Supplement.
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Fig. 6. (a) The osculating plane E of a curve Cat  Fig. 6. (b) Johann Bernoulli’s theorem: The
some of its points, P, is the limit of the plane E*  osculating plane E(P) of a geodesic C of S inter-
containing P and two other points P’ and P” on  sects S perpendicularly at P.

C tending to P.

A constrained extremal u(t), a < t < b, of the length functional .#(u) with regard to the subsid-
iary condition G(u) = ¢ is called a geodesic on the surface S = {z € R3: G(z) = c} if u(t) is para-
metrized in proportion to the arc length, that is, if

lu(t)] = const # 0
holds. By the same reasoning as before, we infer that
it = AG,(u)

holds for some function A(t).
Conversely, every nonconstant C2-solution u(t), a < t < b, of

(*) i =AG,(u) and G(u)=c

d
d—tlﬁlz, and

N =

is necessarily a geodesic on S, since G(u) = c implies #- G,(u) = 0, whence 0 = ti-ii =

therefore |u(t)| = const # 0 on [a, b].
On the other hand, the constrained extremals u(t) of the one-dimensional Dirichlet integral

1 b
EJ‘,, |a|2 dtv

with regard to the subsidiary condition G(u) = ¢ coincide with the solutions of (). Thus, we can also
define geodesics on S as nonconstant harmonic mappings of some interval into the surface S. Moreover,
at each point of a geodesic u, the osculating plane is perpendicular to the surface S.

The subsidiary condition |i| = const is a nonholonomic constraint which selects the geodesics
among all extremals of the length and relates them to the extremals of the one-dimensional Dirichlet
integral.

Geodesics on a hypersurface in R***. Let § = {z € R"*': G(2) = ¢} be a regular hypersurface in
R**!. Then geodesics on § are defined as S-constrained extremals of 4 [ |#|? dt, or as S-constrained
extremals of ]' || dt, subject to the holonomic constraint G(u) = c, and they can be characterized by
the equations



106 Chapter 2. Variational Problems with Subsidiary Conditions

®)

@

Fig. 7. Geodesics on (a) a cylinder, (b) a cone, (c) an ellipsoid, (d) a hyperboloid.

i = AG,(u) for suitable A(t) and G(u) = c.
We include in the definition of a geodesic u(t), a <t < b, that u(t) # const; or |u(t)] # 0. By the
reasoning of [2), it follows that |u(t)| = const, and thus we may, without loss of generality, assume
that lu(t)] = 1.
(4] Geodesics on a sphere. Let u(t), a < t < b, be a geodesic on the sphere
S={zeR"™:|z| = R}

of radius R > 0 in R™*!. We shall prove:

Every geodesic on a sphere S has to be part of a great circle on S. Conversely, every great circle
on S is a geodesic.

In fact, if u(f) is a geodesic on S, then we can assume that i(t)] = 1, ie, t is the parameter of
the arc length. Therefore, the curvature function x(t) of the geodesic u(t) is given by

() = la()|.
By [3], there exists a function 4(t) such that

i=A2
i ).R.

On the other hand, by differentiating |u|? = R? twice with respect to ¢, we obtain

du=—luf = —1.
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Thus it follows that 4 = —1/R, and therefore x(t) = 1/R. Hence u(t) is a circular arc of radius R on
S and, therefore, part of a great circle. The converse can be proved by the same formulas.

Hamilton’s principle and holonomic constraints. Consider ¢ points M,, ..., M, in IR? where the
masses m,, ..., m, are concentrated, m; > 0, and suppose that the point masses M; move in time
under the influence of forces F;. Denote by X(t) = (x;(t), y;(t), z(t)) the position vector of M; at the
time ¢ with regard to some fixed cartesian system of coordinates x, y, z in R,
We suppose that the £ forces Fy, ..., F, are time-independent and depend only on the positions
X,....,X,of My,..., M,
F; = F(X), X=(X,...,X,).

The motion of the £ point masses M; is ruled by Newton’s lex secunda (= second law) which, in
Euler’s formula, is written as*

mX, =F(X), 1<j<¢.
We assume that the forces F = (F,, ..., F,) are conservative, that is, there exists a function ¥(X) on
R3‘ such that

.= —grady, V=—(V,,V,,V,) or F=—gradyV.
J

J 3 Y T2y

We now picture the ¢ point masses in IR? as a single point in R3¢ with the position vector X, the
motion of which is given by the Newton system of ordinary differential equations.
This system can be viewed as the Euler equations of the functional

F(X) = f " Lx@, X©) dt,

1

which is called the action integral and has the variational integrand
L(X, Y):=T(Y) — V(X),
where
‘1
T(Y):=Y -m|Y*.

A2

One calls T(X) the kinetic energy, V(X) the potential energy, L = T — V the free energy, and E =
T + V the total energy of the system {M,, ..., M,} at the time ¢.
The observation that the Euler equations for #(X) coincide with Newton’s law of motion

mX; = —grady V

is called Hamilton’s principle, or principle of least action (although it rather should be denoted as
“principle of stationary action”).

It is shown in mechanics that Hamilton’s principle also gives the correct equations of motion
if the system of point masses is subject to holonomic constraints

G'(t,X)=0,...,G'(t, X) =0.
In other words, there are functions 4,(¢), ..., 4,(¢) such that the correct motion is described by

mX; = —grady V + kz Jy grady, G*.
=1

J

The second term on the right-hand side is interpreted as forces exerted by the constraints on the
mass points.

4 No summation with respect to repeated indices is assumed in this example.
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Note that the constraints G' = 0 yield r restrictions for the 3/ variables X. Thus, if the assump-
tions of the implicit function theorem are satisfied, we have exactly N = 3¢ — r degrees of freedom
and can remove r superfluous variables. Correspondingly, the variables

X=0.,X;..)=0.., X, ¥ 25...)
can — at least locally - be represented in the form

X = ¢(9),

with appropriate new variables g = (g%, ..., ¢") which are no longer subject to constraints. In other
words, the ¢, ..., q¥ are free variables. Transforming the action integral ¥ to the new functions
q(t), 4(t), we obtain

y(q)=J’A(q, g dt,

1

with a new Lagrangian A (g, 4). Hamilton’s principle then states that the Euler equations
d
E/\e‘(q, 9 —Np@,9)=0, k=1,...,N,

yield the constrained equations of motion. In mechanics, these equations are usually called the general
Lagrange equations or Lagrange equations of second kind.®

Since L(X, Y) = T(Y) — V(X) does not depend on the independent variable ¢, the law of
conservation of energy, proved in 1,2.2 7] yields that the expression

E=Y'Ly—L

is a first integral of the extremals of L. (Another proof of this fact based on E. Noether’s theorem will
be given in 3,4 [1]) A brief calculation gives

E(X, Y) = T(Y) + V(X).

Thus the total energy E(X(t), X (1)) is constant in time for every motion X (z) which is an extremal of
the action integral L dt. This fact justifies the notion “conservation of energy” introduced in
1,2.2[7]. Since also the Lagrangian A (g, 4) of the holonomically constrained system {M,, ..., M,}
does not explicitly depend on ¢, we infer as well that

qk /\q“ (‘1, q‘) - /\(q! q) = const
is satisfied for every motion g(t) governed by the Hamilton principle with the action integral

12

V@=I A(g, g) dt
t2

This remark shows that Hamilton’s principle is more than just a casual observation. First of

all, it provides us with a convenient tool to transform Newton’s equations to new coordinates which

may be better suited for the purpose of integration and which conveniently take the constraining

forces into account. This will become particularly apparent in the so-called Hamilton—Jacobi theory

5 Heinrich Hertz believed that Hamilton’s principle does not yield the correct equations of motion
in case of nonholonomic constraints. He was corrected by Otto Hélder [2] who in 1896 showed that
Hamilton’s principle can also be justified for nonholonomic side conditions, for instance for the
motion of a sled, of skates, or of a rolling ball on a plane.

For a different opinion concerning the validity of Hamilton’s principle with regard to mechani-
cal systems subjected to nonholonomic constraints, see Prange [2], pp. 564-565, 568, 585-586, and
Rund [4], pp. 352-358, in particular: p. 358. There one can also find further references to the
literature concerning Hamilton’s principle.
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Fig. 8. The pendulum: A constrained motion on a circular orbit.

which will be developed in the third and fourth part of this treatise. Moreover, Hamilton’s principle
can be carried over to continuum mechanics. As was proved by von Helmholtz, all basic equations
of classical physics can be derived from a variational principle. The same holds for general relativity
and for quantum mechanics, as was shown by Hilbert and Schrodinger respectively. Also the work
of Feynman was inspired by variational principles.

In present-day physics, Hamilton’s principle is used as a comfortable tool to formulate the
Jfundamental equations of motion for general field theories that are constructed as models of the
physical reality. In this context Emmy Noether’s theorem (see 3,4) yields conservation laws implied
by the symmetries of the field.

(6] Pendulum equation. In order to demonstrate Hamilton’s principle for a simple constrained
system, we consider a particle M which is forced to lie on a fixed circle of radius R in a vertical
plane, where the z-axis is directed vertically and is pqinting in the direction opposite to the gravita-
tion. Introducing polar coordinates r, 8 around the center of the circle, we obtain r(t) = R for the
motion of M constrained to the circle. In order to derive the equation governing the motion 8 = 6(t)
we note that, on account of x = R sin 6, z = R(1 — cos 6), we obtain

1 .
T=3 mR?§?
for the kinetic energy of M, and
V = mgz = mgR(1 — cos 0)
for its potential energy. Thus the action integral is given by

t2 l .
I {immez — mgR(1 — cos e)} dt,
t

1
whence we arrive at the “pendulum equation”
Ri+gsinf=0

as Lagrangian equation of motion. The associated linearized equation about the stable equilibrium
solution 8 =0 is

RO +g0=0,
which formally coincides with the equation of a harmonic oscillator:

mx + kx = 0.
This is the equation of motion for a particle constrained to lie on a given straight line, say, the x-axis,
and subject to a force with the potential energy V(x) = tkx?, k some positive constant. A spring

which, according to Hooke’s law, exerts a force F(x) = —kx provides an example of a simple
mechanical system with the potential energy V(x) = +kx2.
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3. Nonholonomic Constraints

Now we shall discuss necessary conditions for local extrema of variational inte-
grals #(u) = jg F(x, u, Du) dx which, besides boundary conditions, are subject
to nonholonomic constraints

(1) G(x, u(x), Du(x)) = 0.

We note that every variational problem of higher order can be reduced to a
variational problem of first order with some linear nonholonomic constraint.
For instance, a second order variational integral

j‘ F(x, u, Du, D*u) dx
Q2
can be written as
f F(x, u, Du, Dv) dx
Q2

if we introduce v(x) by the equation
v(x) — Du(x) =0,

which is then to be considered as a nonholonomic constraint G(w, Dw) = 0 for
the function w(x) := (u(x), v(x)).
If n = 1 and Q = (a, b), we can also subordinate an isoperimetric condition

) J ' H(x, u(x), Du(x)) dx = c

by introducing the supplementary function

v(x) ;= I ) H(t, u(t), Du(t)) dt,

which has to satisfy the boundary conditions

v(a@) =0, v(b) =c,
and is linked to u(x) by the constraint
3) Dyu(x) — H(x, u(x), Du(x)) = 0.

Then we consider [%F(x,u, Du)dx as variational integral for the function
w(x) = (u(x), v(x)) subject to the constraint (3). The special feature of this varia-
tional problem is that the component v of w does not explicitly appear in the
variational integral.

Consider a Lagrangian F(x, z, p) and a function G(x, z, p) = (G!(x, z, p); - .-,
G'(x, z, p)) of class C' on R" x RY x R"™. Moreover, let 2 be a bounded
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domain in R”, u € C!(2, R¥), and assume that (1) holds on £ and that u is a
weak minimizer of

F) = J' F(x, v, Dv) dx

in the class ¢ of admissible functions v € C!(22, R¥) which satisfy v|, = s
as well as

“) G(x, v(x), Dv(x)) = 0.
Hence there is a number 6 > 0 such that

Fu) < F(v)
for all v € € with |lv — ullcyg) < 6.

A mapping ¥(x, &) of Q x [—&o, £, & > 0, into RY of class C* is said to
be an admissible variation of u(x) if the following three conditions are satisfied:

(i) ¥(x,0)=u(x) forxeQ;
(i) the infinitesimal variation ¢(x) := %—f(x, 0) is of class C}(22, RY),
(iil) Y(',e)e ¥ forallee[—eg, 0]
We infer from (i) and (ii) that
5) W(x, &) = u(x) + 60(x) + 0() as&— 0

holds.

However, not every minimizer u possesses an admissible variation. For
instance, the integral #(u) = [§(Ju*|* + |4* — 1|?) dt has uy(t) = (0, ¢) as mini-
mizer in the set € of functions u(t) = (u'(t), u*(t)) which are of class C*([0, 1],
R2) and satisfy u*(0) = u?(0) = u'(1) = 0, u>(1) = 1, and 4% — /1 + |[4}|2 = 0.
It can easily be seen that there is no admissible variation of u, in the class €. In
fact, the slope y/? of the second component 2 of an admissible variation y is at
least one. As we have to satisfy the boundary conditions ¥2(0) = 0, y2(1) = 1,
we obtain y2(t) = 1 which implies Y(t) = u(t).

Extremizers of this type are called rigid. It is plausible that no conditions
can be derived for rigid extremizers.

The phenomenon of rigid extremizers shows that it is not a trivial matter to
construct admissible variations. If this is possible we define the “linearization” A
of the differential operator G at u by forming a variation (5) and setting

6 (Ao)(x) = aiG(x, Y(x, &), Dy(x, e))| .
€ =0

Then we obtain

@) Aep = a(x)Do + b(x)e,

with
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a(x) := G,(x, u(x), Du(x)), b(x) := G,(x, u(x), Du(x))

and obviously, we have the following

Lemma 1. If Y(x, €) is an admissible variation of u(x), then the infinitesimal
variation ¢ = (-, 0) satisfies

®) Ap=0
and
&) 0F (u, ) =0.

One can try to use this Lemma for obtaining a generalization of the multi-
plier theorem to nonholonomic constraints,® which roughly states the following:

Under suitable assumptions on u and € which involve the linearization A of
the constraining operator G, there exist Lagrange multipliers 1,(x), ..., A,(x) with
A=(44,...,4,) € L1(2, R") such that

(10) J.Q{(Fz+l-Gz)-<p+(F,+l'G,)'D(p}dx=0
holds for all ¢ € C}(, R¥). Here we have set
-G, = 21 4G,  A-G,=Y AG
=
where the arguments of F,, G, etc., are to be taken as (x, u(x), Du(x)).

Under suitable smoothness assumptions on u and 4, one then could infer
from (10) the Euler equations

(11) Dy(Fy + A-G,)) — (F + 4G,) =0, 1<i<N.

We remark, however, that it appears to be difficult to verify Klotzler’s
assumptions for the existence of multipliers in concrete situations.

One-dimensional variational problems with differential equations as sub-
sidiary conditions are often called Lagrange problems. It seems appropriate to
use the same notation for multidimensional variational problems with non-
holonomic constraints.

The theory of one-dimensional Lagrange problems is well developed, and optimal control
theory can be considered as its natural extension. Parts of it may be formulated in the C'-framework
and are, at least in principle, as elementary as the previous discussion of isoperimetric or holonomic
side conditions. It is, in fact, customary to reduce one-dimensional isoperimetric variational
problems to Lagrange problems and to consider these as the general class of variational problems
which have to be treated, compare the Scholia. We shall now briefly discuss one-dimensional
Lagrange-problems. For a more detailed account we refer to Bolza [3], Bliss [5], Carathéodory
[10], [16], Prange [2], Funk [1], L.C. Young [1], Hestenes [5], Rund [4], Sagan [1] and Cesari [1].

$ For such an approach compare e.g. Kl6tzler [4], pp. 72-78.
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For multiple integrals the investigation of Lagrange problems is much less complete. In partic-
ular there is no elementary theory that guarantees the existence of multipliers within the C*-setting
in such a simple way as in the case of isoperimetric or holonomic constraints.

Let us now verify Lagrange’s multiplier rule for minimizers of single integrals. To this end we
consider a mapping u € C?([4, b], R¥) which minimizes the variational integral

Fu) = J‘b F(x, u(x), u'(x)) dx

under the nonholonomic constraints
(12) G(x, u(x), w'(x)) =0, f=1,...,r,

where r < N. We assume that the Lagrangian F(x, z, p) and the constraints G#(x, z, p) are of class
C3, and that the r functions G’ are independent, i.e. that the Jacobian matrix (G#) has rank r.
Without loss of generality we can then assume that

G, ..., G)
(13 om,....,p") ’
Set
v(x) = ('(x), ..., 0"(x)), v*(x):=u*x), 1<a<r,
w(x) = (W (x),..., w"(x)), w(x):=u"t(x),1<i<m,

where m := N — r. By (12) and (13) we can express v’(x) in terms of x, v(x), w(x) and w’(x). Now we
define an (r + 1)-parameter variation #(x, t, €) of w(x) by

W(x, 1,8 :=wXx)+ 10(x) + e'n,(x) + - + £, (x),

where teR, e=(¢,...,e")eR’, and ¢, 1,,...,n, are arbitrarily chosen functions of class
C?*([a, b], R™) vanishing for x = a and x = b. Obviously we have

#(x,0,0) =w(x) foralla<x<b;

(14) W(a, 1, ¢) = w(a), W(b,1,8) = w(b) forall,zg;
9 W = 0 W =
T G T

Now we fix the parameters 7, ¢ and consider the system of r ordinary differential equations
(15) G'x,y,#,y,#")=0, 1<B<r,

in the r unknown functions y(x) = (y,(x), ..., ¥,(x)). For (z, &) = (0, 0) we have the solution y = v.
Then we infer from well-known results on ordinary differential equations that there is a number
& > 0 such that for every pair (z, &) with |z}, |¢!], ..., |¢"] < & there is a solution y(x) = ¥"(x, 1, &) of
(15) which is continuous in (x, 7, €) together with its first derivatives and its second derivatives of the
form ¥, and ¥.., and which satisfies the “initial conditions”

(16) ¥(a,t,¢=uv(a for|t|e!,...,|e"| <¥..

Moreover the unique solvability of the Cauchy problem for (15) implies

17 ¥(x, 0, 0) = v(x).

In order to obtain an “admissible variation” #(x, ) of u(x) satisfying the boundary conditions
(18) U(a, ) = u(a), (b, T) = u(b),

we try to solve the equation

19) ¥(b, 1, &) = v(b)
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in terms of &. Note that (19) furnishes a system of r scalar equations for the unknowns ¢, ..., " If
& = ¢(t) were a solution of (19), then we obtain from (14,), (16) and (19) that

(20) U(x, 7) := (¥ (x, 1), #(x, 1))
satisfies (18), and (14,) and (17) imply
21 U(x,0)=u(x) fora<x<b

since &(t),=o = 0.
Let us now discuss equation (19). At this stage we only know that the function &(z, ¢), defined by

b
D(1, )= J F(x, Z(x, 7, €), Z'(x, 1, §)) dx,
2) ‘

Z(x,1,8) = (¥(x, 7, ¢), #(x, 1, 8)
has a minimum at (z, €) = (0, 0) with respect to the constraint (19). Then, by the standard multiplier
rule, there are real numbers 4, ¢, ..., Z,, not all vanishing, such that (z, &) = (0, 0) is a critical point
of the function

(23) Yz, €) := Lo P(t, €) + i £,¥%b, 1, ¢),
a=1

i.e. we have

(24) ¥.(0,0)=0, ¥40,00=0, 1<B<r.

The constants ¢, ¢, ..., /, are only determined up to a common factor (different from zero). We
distinguish between the principal case £, # 0 and the exceptional case ¢, = 0. In the principal case we
are allowed to assume £, = 1. If we have

(25) det ¥,(b,0,0) % 0,
then it follows that
(26) rank(¥;(b, 0, 0), ¥,:(b, 0,0), ¥.-(b,0,0)) = r

and we, therefore, are in the principal case £, # 0. Now we note that equations (24) can be written as

60,0+ 3 £,97%(b,0,0) =0,

@7 'j‘
£oP,(0,0) + Z £, ¥5b,0,0)=0.

a=1

Recall now that the variation Z(x, 7, &) = (¥'(x, 1, €), #(x, 1, €)) of u(x) = (v(x), w(x)) is a solu-
tion of

(28) G*(x, Z(x,t,¢€), Z'(x,7,8)) =0, 1<a<r,

where ' = di Differentiating these relations with respect to t and &” respectively and evaluating the
x
resulting equations at (t, &) = (0, 0), we obtain
G {+Gl=0, a,f=1,...,r,
29) — ~
Bty + Gy vp = 0,

where we have set

Gi(x):= Gi(x,u(x), w'(x)),  G3(x):= Gi(x, u(x), u'(x)),
(30) {(x) = Z(x, 0,0) = (¥(x, 0, 0), p(x)),

Yp(x) = Zyp(x, 0, 0) = (¥(x, 0, 0), n4(x)).
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Furthermore we infer from (14) and (16) that

{@=0, ¥,(@=0,...,4,(a) =0,
') =0, yYid)=0,....,y7b) =0 fora=r+1,...,N.

Now we turn to the construction of the Lagrange multiplier functions 4,(x), ..., 4,(x). The idea
is to use arbitrary displacements ¢(x) and suitably chosen fixed displacements 7,(x), ..., n,(x). Let
us first investigate how the numbers /,, ¢, ..., £, depend on the choice of ¢, 1,, ..., 1,. We infer from
(29)—(31) that the function ({!(x), ..., {"(x)) vanishes for x = a and satisfies an inhomogeneous linear
system of the kind

€2))

Xy G =, 1<asr,

dx

since (13) holds true. The functions f*(x) are completely determined by u(x) and ¢(x) and do not
depend on the choice of ,, ..., n,. Therefore { is determined by the choice of ¢ and is independent
of the selection of 1, ..., #,. Similarly one verifies that ¥, depends only on the choice of 7, and not
on ¢ and 7,, « # B. This implies that also @,(0, 0) is independent of ¢ and 7,, « # B, but is solely
depending on the choice of n,. Furthermore, equation (27,) is equivalent to

) lo®5(0,0)+ 3 LUs(b) =0, 1<p<r.

a=1
Introducing the functions y*(x) by
(33) Vi) = Y1), ..., 97 (X)) = Z(x, 0,0), a=1,...,r,
equation (32) can be written as
34) le®, + LY b) + - + LY () =0, b, = 9,(0,0).
Set

B= B("l: cees "r) = (éu 'lll(b): ceey 'llr(b)):

39)
k := rank B(n,,...,n,).

Case I. Suppose that there is a system of C>-functions #,, 1, ..., 1, : [a, b] = R™ vanishing at
the endpoints x = a, b such that k = r.

(Ia) Suppose that det(y'(b), ..., Y"(b)) # 0, i.e. that (25) holds true. Then we are in the prin-
cipal case whence £, = 1, and (£, ..., £,) is the uniquely determined solution of

S, + 4, Yi(b) + - + LY (b) = 0.
Then 4, ..., ¢, depend only on the choice of n,, ..., , and are independent of the choice of ¢.

(Ib) Let det(y*(d), ..., ¥"(b)) = 0. Then we can assume that y"(b) is a linear combination of
Vi), ..., ¥ "' (b) and det(d,, Y1(b), ..., ¥""1(b)) # 0. Equation (34) now implies that £, = 0, i.e. we
are in the exceptional case. Now we can choose 7, = 1, and then ¢, ..., 4,_, can uniquely be deter-
mined from (34). Thus we may again assume that ¢, ¢,, ..., ¢, are independent of the choice of ¢.

Case 11. Suppose that k <r for all admissible #,,...,n, and let s be the maximum of
k(ny, ...,n,), s <r. Then we choose a system of admissible #,, ..., n, for which k = 5. Then we can
assume that

rank(®,, Yg), ..., Vi) cpes = S,

and consequently we can express s of the numbers £, ..., 4, in terms of r + 1 — s of the other ¢, by
resolving the first s equations of (32). Since Y is independent of ¢ and , for y # B, we infer that the
coefficients of the linear functions which express the first kind of #’s in terms of the remaining /’s are
independent of ¢, 1,44, ..., n,. We use this observation to pass to a better choice of the numbers
o» - - -» ¢,. First we choose an admissible ¢, and then we replace all the functions 1., :.., , by ¢.
Since we obtain k(n,, ..., 7,, @, ..., @) = s, we can apply the above reasoning to the new n-system
Nis -3 N @ ..., @. Next we choose all s of the second kind as one. Then we obtain #’s of the first
kind which depend on 7,, ..., , but are independent of ¢, and such that (¢, ¢, ..., £,) satisfies
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(32). However, for § = s + 1, ..., r these equations are the same as (27,) on account of our special
choice of #,.,, ..., n,. Hence we have proved that there is a vector (4, /3, ..., Z,) # 0 in R"*! which
is a solution of (27) and does not depend on the special choice of ¢. We finally note that in case II we
can even choose the Z, in such a way that /4, =0 and (¢,, 4,,...,4,) # 0.

As the upshot of our discussion we can state:

Lemma 2. One can always find functions n,, ..., n, of class C*([a, b], R™), vanishing at x = a and
x =b, and a constant vector ({y, £y, ..., {,)e R"*' — {0} such that for any ¢ € C*([a, b], R™), ¢(a)=0,
@(b) = 0, equations (27) are satisfied, i.e.

£o®,0,0)+ ¥ 4,0%(b) =
(36) ¢’=1
6e@4(0,0) + Y 4s(b)=0, 1<p<r.
a=1

Moreover, if det(Y5(b)); <q,5<r = 0, we can assume that ¢, = 0 whereas det(Y5(b)); <4,p<, #* O implies
that £, # 0.

Now we choose arbitrary C!-functions 4,(x), ..., 4,(x) and set
(37) F*(xa Z, p) = ZOF(x’ Z, P) + Z j.,G'(x, Z, P)
a=1

Multiplying (29,) by 4,, summing with respect to « from 1 to r, integrating with respect to x, and
adding the result to (36,), we arrive at the relation

v b _ r
(38) _[ [(Fr-0+Fr-{lde+ Y 40°0b) =
a a=1
Here the functions F* and F; are defined as

39) Frx):= Froxu(x), w'(x),  F(x):= F}x, u(x), w(x)).
An integration of (38) by parts implies that

b r
(40) f [F} - d—dgf:]{ dx + Z‘; {(b)- {tu + F(b, u(b), u'(b))} =0

if we take (31) into account.
Now we want to fix the functions 4,, ..., 4,. We are going to choose them as solution of the
Cauchy problem

N -
@1) F3—7F3=0, 4+F3b)=0, 1<fs<r.

Note that the differential equations in (41) are a system of linear ordinary differential equations of
first order for 4,, ..., 4,, given by

d r d LA
@) fo< = ——F,,,> 2 A ( 2 — 3‘@) 2 4Gy =0,
a=1 a=1
and the matrix of the coefficients of 4, in (42) is invertible since (13) implies that
43) det(Gj) # 0.
Furthermore, the initial conditions (41) are just
@4) — Y. 4(b)G(b) = 45 + Lo F(b).
a=1

Since (G;‘(b)) is invertible, we can first determine the initial values A,(b), ..., 4,(b) from (44) and then
the functions 4,(x), ..., 4,(x), a < x < b, from (42).



3. Nonholonomic Constraints 117

Thus the Cauchy problem (41) has a C'-solution (1,, 4,, ..., 4,) which is independent of the

choice of ¢ since the numbers 4, 7,, ..., £, are independent of the choice of ¢ as we have noted
before.
If the functions 4,, ..., 4,(x) satisfy (41), equation (38) becomes
b N - d _
45) I Yy ¢ [F,‘; - —F,,*,] dx =0.
a B=r+1 dx

Since {#*"(x) = @?(x), l < B <m, m=N —r, it follows that for all ¢ € C*([a, b], R™), ¢(a) =
@(b) = 0, we have

bom - d _

(46) j Y of [F,'ﬁ+, - ——F,,‘u,] dx =0.
a B=1 dx

The fundamental lemma yields

- d -
@7 F3-Fp=0, r+1<p<N.
X

Combining equations (41) and (47), we arrive at
48) -
Thus we have proved

Theorem 1 (Lagrange multiplier rule I). Let u € C%([a, b], R") be a minimizer of the functional
b
Fu) = J‘ F(x,u,u')dx

under the nonholonomic constraints
G¥(x,u,u')=0, 1<B<r, (r<N),

satisfying (13) in a neighbourhood of 1-graph(u), and suppose that F, G', ..., G" are of class C*. Then
there exist a constant £, (which can be taken as zero or one) and functions A,(x), ..., A,(x) of class
C'([a, b]) such that u is an extremal of the unconstrained variational integral

b
F*u) = f F*(x,u, u')dx,

with the Lagrangian
F¥(x,z,p) = loF(x,2,p) + 3, 4(¥)G*(x, z, p).
a=1

Clearly the principal case ¢, # 0 is of particular importance since for £, = 0 the Lagrangian F
does not appear in the Euler equation (48). Let us now discuss how the exceptional case /, = 0 can
be excluded.

If £, = 0, equation (48) reduces to

r - d - .
(49) u;l {'{ﬂ 2t E(l’c")} = 0, l <i< N

Since (¢;, 43, - .., £,) # 0, we deduce from (43) and (44) that not all 4,(b) are zero. Then it follows from
(42) that not all A,(x) are identically zero, and we obtain

Lemma 3. If ¢, =0, then the homogeneous system (42) has a nontrivial solution A(x):=

(}'l(x)r A4 '{r(x))‘
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This result motivates the following terminology due to Hahn.

Definition. A minimizer of # under the constraints G#(x,u,u’) =0, B = 1, ..., r, is said to be abnor-
mal if there is a nontrivial C'-solution A = (4,, ..., 4,) of (49); otherwise u is called normal.

Then we can state Lemma 3 as follows.
Lemma 3'. If £, = O, then u is an abnormal minimizer.
Moreover we obtain the following important result due to Hahn and Bolza.

Theorem 2. If u is a normal minimizer, then we can choose a system of functions n,,...,n, €
C%([a, b], R™), vanishing at x = a and x = b, such that

(50) det(Y5(b)s <a,p<r # 0.

Then the corresponding constants £y, ¢y, ..., £, satisfy £, # 0, i.e. we are in the principal case.

Proof. From the preceding discussion of the cases (Ia), (Ib), (II) and from Lemma 3’ we infer that for
a normal minimizer u there must exist an admissible system #,, ..., , such that (50) holds true, and
that £, # 0. O

From Theorems 1 and 2 we derive

Theorem 3 (Lagrange multiplier rule II). If u is a normal C%-minimizer of & under the constraints
G*(x,u,u')=0,B=1,...,r,(r < N), then u is an F*-extremal for the Lagrangian

F*(x, z, p) = F(x,z, p) + Z 4,G%(x, z, p)
a=1
and the multipliers A,, ..., A, are uniquely determined by u.

Proof. It remains to be seen that 4,, ..., 4, are uniquely determined by u. In fact, suppose that

Z,..., A, were a second set of multipliers. Then u were an extremal of both F + Y'7_, 1,G* and
F +Y*_, 7,G* Subtracting the corresponding Euler equations we would obtain

r — d _
% —— 2)r =0, 1<i<N.
; {#,G, 4G )} 0, Igix<
Since u is normal, we would obtain (uy, ..., #,) =0,ie 4, = iy tty = . ]

In the following examples, we give some “formal applications” of the
multiplier rule to nonholonomic constraints, without actually proving that the
rule can rightfully be used. Neither we shall investigate whether the multipliers
are smooth functions. Concerning these questions, we refer the reader to the
literature quoted before.

(1] Let F(x, z, p, q) be the integrand of the second order variation integral
Fu) = J F(x, u, Du, D*u) dx,
Q2
which, by introducing v := Du, will be transformed into

Fu) = J F(x, u, Du, Dv) dx,
Q
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where (i, v) is subject to the nonholonomic constraint
v—Du=0.

Then the multiplier rule requires to form the Euler equations of the functional
f{F(x, u, Du, Dv) + A[v — Du]} dx,

which amount to
F,— DF,+ DA =0, A—DF,=0,
whence the well-known equations
F,— DF,+ D*F,=0
can be inferred.
Equilibrium conditions for a heavy thread which lies on a given surface.” Let P; and P, be two
points on a regular surface M in R3 described by
G(z) = 0.

Consider an (infinitely thin and inextensible) thread of length £ whose endpoints are attached to P;
and P,, and which is constrained to lie on M. We assume that the virtual positions of the thread are
given by a parameter representation

z = u(s) = u'(s), W (s) ¥’(s), 0<s<?,
by means of the arc length s, that is,
la@)? =1.
Then u has to satisfy
Gu@) =0, u0=Pr, u(f)=P,.

In equilibrium, the center of gravity of the thread has the lowest possible position above the ground.
That is, if the 3-axis points in the opposite direction of gravity, then the integral

'3
J' ud dx
1)

will be minimized by the equilibrium position. Applying the multiplier rule, we find that the first
variation of

J: {u + uGu) + A[[4)> — 11} ds
has to vanish in equilibrium whence we obtain the Euler equations
ey + pG,(u) — 244 — 24 =0, e5:=(0,0,1).
Moreover, the conditions |i}> = 1 and G(u) = 0 imply
ui=0 and G,u)u=0,
whence, multiplying the Euler equation by # and S respectively, we obtain

B —21=0

7Cf. also 1[5], where the unconstrained problem is treated.
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and
§3—2%i-§ =0,
where S := 2 A A is the side normal of u(s) and A" := % is the surface normal of M along the
curve u(s). The first equation yields the first integral ’
w—2A=c,

with some constant c.
Furthermore, we have

il = kv,
where « is the curvature of u, while v denotes its principal normal. As usual,
g =Kkv:S=1i-§

stands for the geodesic curvature of the curve u(s), and we infer from the second equation the
relation

§$* -2k, =0,
and therefore
' Gp(w) — 452G, (w) = [4® — ]IG,W)|x,
is another relation for u.
The principle of least action as stated by Lagrange. We consider £ point masses m;, 1 <j </,

with the position vectors X (t) and the potential energy V(X), X = (Xj, ..., X,). The kinetic energy
of the motion X (t) is given by

m

£y u-s

j*

Ml\

T=

The virtual (or possible) motions X(t), t; <t < t,, from an initial point P, to an endpoint P, are
subject to the following conditions:

@ X(t,)=P, and X(t;)=P,;
(1) T(X ) + V(X) = h, where h denotes some fixed number;
(i1d) GI(X)=0, 1<j<r<N:=3.

The numbers t; and t,, however, are not kept fixed; that is, we are allowed to vary the dependent
variables X = (X,, ..., X,) as well as the independent variable t. Condition (ii) is suggested by the
fact that, for conservative systems, the total energy E = T + V is a first integral of the Euler equa-
tions, cf. 2[5]. Then we can state

Maupertuis’s principle of least action in the formulation of Lagrange: The actual motion of a system
of ¢ points masses is a minimizer (or at least a stationary point) of the action integral

A(X) = r T(X) dt

in the class of admissible functions defined by (1)-(iii).

By means of the multiplier rule we can now see that Hamilton’s principle and Maupertuis
principle (as formulated by Lagrange) are equivalent.
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In fact, applying the multiplier rule to the Lagrangian
F=T+A[T+V—-Hh+ Y 4G,
k=1
we obtain the Euler equations
d . r
d—f{(l + Ym;X;} = Agrady V + k; 4y grady, G*.

By the “energy theorem” stated in 1,2.2(7]3,4.1 (1] and 3,44 [1] we obtain that F — Y 4., ¥ Fy,isa
first integral of the actual motion X(t). Because of ijl Y Fy, =2(1+ A)T and of the constraints (ii)
and (iii), we obtain that

(1 +2)TX)=c¢
for some constant ¢ which, by the boundary condition (6) of 3,2, has to be zero:
(1 +2)T(X)=0.

(Note that this boundary condition is a consequence of the assumption that ¢, and ¢, can be varied.
Ift, and t, are not allowed to change, then c can be any number.)

If X # 0, we have T(X) > 0, and therefore 1 + 24 = 0, or A = —1/2. Then the Euler equations
become

mX; = —grady V + kgl 2}, grady, G*

and, according to 2 | 5] these are the correct equations describing the constrained motion.

Since we clearly may reverse this reasoning, the equivalence of Hamilton’s and Maupertuis’s
principles is proved.

We have, however, to admit that this equivalence has only formally been verified, that is, we
have not checked whether the multiplier rule can really be used; this is left to the reader.

[4] Solenoidal vector fields. Consider a variational integral
Fu) = f F(x, u, Du) dx
Q
for vector fields u € C(2, R"), 2 = R", which are subject to the constraint

divu =0.

Such vector fields are called solenoidal (or tubular). Applying the Lagrange multiplier rule to the
integrand

F(x, u, Du) + A div u,

we obtain the Euler equation

Lp(u) = grad 4.
If n = 3, and Q is simply connected, we have the equivalent equation
curl Ly(u) = 0.
For
F(u) = }|ul?,

the Euler equation reduces to
u=gradA withdi=0

since 0 = div u = 4. That is, extremals are gradients of harmonic functions.



122 Chapter 2. Variational Problems with Subsidiary Conditions

4. Constraints at the Boundary. Transversality

In this section we shall derive free boundary conditions for weak extrema of
variational integrals

Fu) = f F(x, u, Du) dx,
o
which on 0Q are subject to nonlinear constraints. We restrict ourselves to
holonomic constraints
G(x,u(x)) =0 for x e dQ.

Suppose that 2 is a bounded domain in R" with 6Q € C, and let G(x, z) =
(G*(x, 2),...,G"(x,2)), ] <r <N — 1, be of class C> on R" x R¥. We also as-
sume that G, = (G) has maximal rank r at all points of the set {(x, z): x € 022,
G(x, z) = 0}. Then, for every x € 02, the set

M(x) = {z e R": G(x, z) = 0}

is an (N — r)-dimensional manifold in R¥ with the normal vector fields G¥(x, z),
1 < k <r,of class C'. As in Section 2, I(x, z) denotes the orthogonal projection
of R¥ onto the tangent space T,M(x) of M(x) at z. For the following we assume
that u is at least of class C*(©2, RY).

Definition. A mapping ¢ € C*(Q, IR¥) is said to be a tangential vector field along
ul0 if ¢(x) € T,y M(x) holds for all x € 022

Similarly to the corresponding result in Section 2, we can prove:

Lemma 1. Let y € C°(02, RY) satisfy

f Y(x) o(x) dot"(x) = 0
an

for all € C*(R2, R") which are tangential along u|;q. Then it follows that
H(x, u(x))y(x) =0 forall x € 09.
Consider the class ¢ of mappings v € C!(Q, RY) such that F is defined on
{(x, v(x), Dv(x)): x € 2}, and which satisfy
G(x,v(x)) =0 forall xedf.
Assume that u is a weak minimizer of & in %, that is,
Fu<F(v)

holds for all v € ¥ with ||u — v|l¢15, < 6, where J is some sufficiently small posi-
tive constant. Then we prove as in Section 2 that
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(1) 6F(u, ) =0 forall ¢ e C(2, R") which are tangential along u/,g.

We call u e C}(@2, R¥) a stationary point of % in € if (1) is satisfied. Then it
follows that every weak minimizer u of & in¥ also is a stationary point of ¥ in %.
If u is a stationary point of class C2(2, R¥), we in particular have

0F (u, 9) =0 forall p € C°(2, RY),
and therefore
Le(uw)=0 onQ.

Then by the same reasoning as in the proof of the Proposition in 1,2.4, we infer
from (1) that

@ f Vo(X)Fpi(x, u(x), Du(x))@'(x) d#"~'(x) = 0
I}

holds for all ¢ € C!(2, R¥) that are tangential along u|;g, and Lemma 1 yields
(©) H(x, u(x))v(x) " F(x, u(x), Du(x)) = 0,

where v F, = (v,F, ..., v,Fn) is the product of the exterior normal v =
(vis--.» v,) On 02 with F, = (F,). Collecting these results, we arrive at the
following

Theorem 1. If ue CY(2, R")n C*(R2, R¥) is a stationary point of F with re-
spect to the subsidiary condition
G(x,u(x)) =0 or u(x)e M(x) for xe 02,

then u satisfies the Euler equation

Le(uy=0 onQ
as well as the nonlinear boundary condition
)] (v-F,)(x) L T,,,M(x) on oS,

that is, the (co-)vector Z(x) = (Z,(x), ..., Zy(x)) with the components
Zi(x) = a(x)Fp:(x, u(x), Du(x))

is perpendicular to the surface M(x) for every x € 022.

The boundary condition (4) will be refered to as the transversality condition,
or we shall say that the stationary point u intersects M (x) transversally at every
x € 0Q.

It is not difficult to see that the reasoning can be reversed, and we obtain the
following

Theorem 1'. An extremal of ¥ is a stationary point of & in the class € =
{ve CHQ,RY): G(x,v(x)) =0 on Q} if and only if u intersects M(x):=
{z € R": G(x, z) = 0} transversally at every x € 09Q.
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If r = 1, then M(x) = {z € R": G(x, z) = 0} describes a hypersurface in R¥
with the normal G,(x, z). Thus transversality of u implies the existence of a
function A(x), x € 09, such that

V(X)Fyi(x, u(x), Du(x)) = A(x)Gyi(x, u(x))
holds, or briefly
V. F,, = AG,.
If n = N — 1, this is equivalent to
det(F,, F,,..., F, ,G,) =0.

In most applications, the constraint will be scleronomic, that is, of the type
G(u(x)) = 0 on 0%. In this case we call

M := {ze R": G(z) = 0},
the supporting surface of the boundary values of the admissible functions.
Theorem 1. An extremal of & will be a stationary point of & in the class € of

admissible functions with boundary values on the supporting surface M if and only
if it is intersecting M transversally at all points of 0.

For n =1 and Q = (a, b), transversality of u with respect to M means that
the covector F,(x, u(x), u’(x)) is orthogonal to M for x = a and x = b. More
precisely,

Fy(x, u(x), u'(x)) L T xwM forx=a,b.

If u(x) is kept fixed at x = a but can freely move on M at x = b, we obtain
that F,(b, u(b), u'(b)) is orthogonal to M at the point u(b).

M(a) /
M(b)

A

(x, u(x))
/ Mé‘r’ -
—aeO b / e

a
P
E(a) E®b)

Fig. 9. The vector field f(x) := v(x)- F,(x, u(x), Du(x)) is perpendicular to M(x) at u(x) for x = a, b.
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We consider some examples.

Shortest distance in an isotropic medium. Let w(z) > 0 be of class C*(RY), it will be considered
as weight function (or “density”) for measuring the weighted length £(u) of some path

z=u(t), t,<t<t,,
of class C!. We set

L) = r ()| dt.

1

The Euler equations are equivalent to

d u X
E{w(u)M} = o,(u)]4l.

d
If the extremal u is parametrized by the arc length, i.e., if || = 1, then we set e " and obtain

{owv'} = o.(u)
as equations equivalent to the Euler equations. From

F(z, p) = w(@)|pl,
we infer that
P
Ipl

Hence transversality is in this case equivalent to orthogonality. In particular, the shortest connection
u between some fixed point P of RN and some manifold M in R" has to meet M at a right angle

Fy(z, p) = 0(2)

(@) o)

Fig. 10. (a) Free transversality of extremals with endpoints on a surface and a curve. (b) Locally
shortest (or largest) connections of two manifolds M; and M, meet these manifolds perpendicularly.
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whatever the choice of @ may be. Similarly the shortest connection between two submanifolds M,
and M, hits both M; and M, perpendicularly. The same results hold for “stationary curves” of the
length functional £ whose endpoints are constrained to lie on certain supporting surfaces in R".

Dirichlet integral. Consider the Lagrangian

F(p) = $IpI*.
The associated variational functional is the Dirichlet integral

D(u) = %J; |Dul|? dx.
Since F, = p,, we obtain
v F, (Du) = v,D,u = 6_u
¢ ov
Transversality of u € C!(2) on 82 with respect to some supporting surface M of the boundary

ou . . .
values u|,, therefore means that a—(x) is perpendicular to all tangent vectors a of M at the point
v

u(x). Hence u is transversal to M for all points of J2 if it intersects M in its boundary values u(x),
x € 022, at a right angle.

Generalized Dirichlet integral. In the previous example, the Dirichlet integral is defined with
respect to the Euclidean line element
ds? = §,, dz* dz*,
where J;, denotes the Kronecker symbol. Now we want to define a similar integral corresponding to
a general Riemannian line element
ds? = g, (2) dz* dz*,

where G(z) = (g(2)) denotes a symmetric, positive definite N x N-matrix function on R” which is
of class C2. The generalized Dirichlet integral 2(u) with respect to the Riemannian line element ds®
is, for u € C1(2, R¥), defined by

1 ;
D(u) = —J‘ gu(W)D,u' D u* dx
2)a
or, equivalently, by
1
D(u) = —J G(u)D,u-Du dx.
2)a

As we shall see in 3,5, the ordinary Dirichlet integral from |2 | will be transformed into this general-
ized Dirichlet integral if we subject the cartesian coordinates of RY to a nonlinear coordinate
transformation, since such a change of coordinates transforms the line element ds? = &, dz’ dz*
(with respect to the old cartesian coordinates z', ..., z¥) into a line element ds? = g,,(z) dz*' dz* (with
respect to the new curvilinear coordinates which are again denoted by z%, ..., zV).

More generally, the generalized Dirichlet integral 2(u) = 4 {5 g, (4)D,u'D,u* dx can even be
defined for an arbitrary symmetric N x N-matrix function G(z) = (g,(2)) on R" which is of class C.

Here G may even be indefinite as in the case of the so-called Lorentz metric

ds? = (dz')? + (dz?)? + (d23)* — (dz*)?,

where
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This metric plays an important role in the theory of special relativity. Similarly, the metrics in the
theory of general relativity are indefinite.
The Euler equations of the generalized Dirichlet integral can be brought into the form

Da{gik(u)Duui} - %gij,k(u)DauiDuuj = Oa

where we have set

a
gij,k(z) = 52_"y"(z)

Equivalently we may write
ga(W)Au’ + {gy. () — 39,W)}D,u'D,u’ = 0.
If we introduce the Christoffel symbols of the first kind®
L2) = Houi — Gijx + 9.3 2),
we can also write
galwdu' + Iw)D,u'D,u’ = 0.

We can transform these equations into a more elegant form if the matrix (g,) is invertible.
Denote by (g™*) the inverse matrix to (g;), that is,

G=(ga), G'=(g"),
and let us introduce the expressions
E;(Z) = g"‘(z)rikj(z)a

which are denoted as Christoffel symbols of the second kind. The Euler equations can then be
transformed into the equivalent form

4u* + r¥wDu'Du' =0, 1<k<N.
Moreover, we derive from
F(z, p) = 394(2)P.P:
that
Fi(u, Du) = g (u)uka.

If v = (v,, ..., v,) denotes the exterior normal on £, we arrive at

ou*
van:(ua Du) = gik(u)E' .
Suppose now that the extremal u is transversal to the supporting manifold M at x € 2. Then, for
every tangent vector a € T,,)M, we have that a L v- F,(u, Du), or equivalently, if a = (a', ..., a"),
that :

a'v,F,i(u, Du) = 0

or

- ou*
g.’k(“)a"a— =0.
v

8Note that the definition of I;,; slightly varies in the literature. Some authors write I}, for the
expression which we have denoted by I;.
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We now want to show that this relation can be interpreted as a generalized orthogonality
condition. To this end we introduce the “generalized inner product”

<a,b) := G(u(x)) a-b = gu(u(x)) a'b*

for two vectors a, b € RY. If x € 99, then transversality of the extremal u and the supporting mani-
fold M can be written as

2
<a, a—:(x)> =0 forallae T,,M.

In other words, transverality means orthogonality with respect to the “scalar product” (-, - ) on the
tangent space T,,,JRY which is to be identified with R". In the case of a positive definite matrix G(z),
this scalar product defines the so-called Riemannian metric.

For n = 1, the Euler equations reduce to

dz du’ du’
—_ ) —— =0
a" + 15 dt dt

if the independent variable is written as t (instead of x). The solutions of these equations are denoted
as geodesics with respect to the line element ds? = g,,(z) dz* dz*.

There is a second kind of transversality condition which was introduced by
Kneser; we shall call it free transversality, because this condition is suggested by
integrals

Fu, Q)= J. F(x, u(x), Du(x)) dx
2

for which the parameter domain £ is not fixed but is left free. To put it in other
words, free transversality is a natural boundary condition resulting for map-
pings u: 2 —» RY which are stationary for #(u, ), where the boundary of Q
may freely move.

Methodically, free transversality is a topic that should be treated in Chapter
3, because there we shall consider changes of the parameter domain as well as
“variations of the independent variables”. However, it may be helpful to imme-
diately compare the two notions of transversality.

We shall restrict our consideration to single integrals

b
J‘ F(x, u(x), u'(x)) dx
and to mappings u : [a, b] - R with fixed right endpoint P, = (b, u(b)), whereas
the left endpoint P, = (a, u(a)) may freely move on a C'-submanifold .# of
R x IR¥, given by some scalar equation

G(x,z)=0.

Note that this viewpoint differs very much from the one previously assumed. There the con-
straint G(x, z) = 0 was interpreted as condition for z, keeping the boundary point x of 0f2 fixed. The
set M(x) = {z € R¥: G(x, z) = 0} was viewed as (N — 1)-dimensional manifold in R describing the
set of permitted boundary values u(x) for some x € 02 and any admissible function u. Presently the
left endpoint a of Q2 = (a, b) is allowed to move, and therefore the endpoint (a, u(a)) = P, of the curve
z = u(x), a < x < b, can slide on the N-dimensional manifold .# in R¥*!,
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Definition. We say that the curve z = u(x), a < x < b, and the hypersurface # =
{(x, z) e RN*': G(x, z) = 0} are freely transversal to each other at P = (a, u(a))
with respect to the Lagrangian F if the following holds:
(i) G(a,u(a)) =0, that is: P € M,
4)  (ii) the vector A(a):=(F — u'*F,, F,)|;=, is orthogonal to the tangent
space T, # of # at P.
(Here the arguments of F and F, are (x, u(x), u'(x)).)

More general, let (x, z, p) e R x RN x RY be some line element in RN*!
with the supporting point (x, z) and the direction (1, p), and let (x, z, v) e R x
R¥ x R¥*! be some hypersurface element with the same supporting point (x, z)
and the normal direction v describing the position of the element in R¥**. Then
(x, z, p) and (x, z, v) are said to be freely transversal to each other if and only if v
and A" are collinear, where A" is defined by

N = (F(x,z,p) — pFy(x, 2, p), F,x,zp)).

The notion of free transversality is justified by the following

Theorem 2. If F € C?, and if u e C*([a, b], R¥) is a minimizer (or a stationary
point) of

F(u) = Jb F(x, u(x), u'(x)) dx,

where b and u(b) are fixed, whereas (a, u(a)) can freely move on a regular hyper-
surface M of R"*! defined by some scalar equation G(x, z) = O then the curve
z = u(x) and the hypersurface # are freely transversal to each other at the left
endpoint P, = (a, u(a)) of the curve.

Proof. First we embed z = u(x), a < x < b, into a smooth family of curves
z=yY(x, &), ale)<x<b, l¢g|<g,
satisfying
x0) =a, Yx0)=ux), V(0 =0(k),
G(x(e), Y(x(e), ) = 0, Y(b, &) = u(b).
Set
#(e) := Jw F(x, Y(x, &), ¥'(x, &) dx,

a(e)
where ' denotes the partial derivative with respect to x. Since u is assumed to be
a minimizer or at least a stationary point of # with respect to the boundary
conditions described in the theorem, we have

d¢

%(0) =0.
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On the other hand, we infer

dé
de

0) = —F(a, u(a), u'(a)" ,(0)

rb
+ | {F(x,uu) ¢+ F,(x,u,u') ¢'}dx
= _F(aa u(a)’ ul(a)) ' ae(o)

rb

+ | L)@ dx + [¢-F,(x,u,u")]}.

Ja

Moreover, we have Ly(u) = 0 and ¢(b) = 0, whence
0=F-2,(0) + F," ¢(a);

here the arguments of F and F, are to be taken as a, u(a), u’(a). This equation
can be rewritten as

0 =(F — u'(a) F,)  ¢,(0) + F,* (t'(a),(0) + ¢(a)).
Moreover, the relation
G(a(e), Y(a(e), &) = 0
yields
0 = Gi(a, u(a))a,(0) + G,(a, u@) ('(@)2.(0) + ¢(a),

that is, («,(0), u'(a)a,(0) + ¢(a)) € T,.#, P = (a, u(a)). By a reasoning that has
repeatedly been used, we can assume that («,(0), u’(a)a,(0) + @(a)) is an arbi-
trarily given tangent vector to M at P, and thus we infer that (F — u’(a)- F,, F,)
is orthogonal to T,.#. ]

Remark 1. From the second “proof” of Theorem 2 sketched below we shall see that transversality
and free transversality are very closely related to each other.

Remark 2. If F is of the type F(x, z, p) = w(x, 2)/1 + |p|?, @ > O, then free transversality of z =
u(x) and M at x = a means that the curve z = u(x) meets the hypersurface .# perpendicularly at
Py = (g, u(a)).

In fact,

(F—p-F,F,)= o)

17 3
T oF 1, p)

from where the statement follows at once.

Remark 3. Similarly we can define free transversality for multiple integrals. This concept plays a
particular role in Carathéodory’s field theory. We refer the reader to Funk [1], pp. 382-401, and to
our presentation in 7,4.2.
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We sketch a second proof of Theorem 2 which, although being not quite complete, is rather
interesting and can be made perfectly rigorous. The idea is to free the variable x from its distin-
guished role and to give all variables x, z!, ..., z" equal rights, which corresponds to the situation
that .# is a submanifold in the x,z-space. Then one can play back free transversality to ordinary
transverality. More precisely, introducing a parametric integral #(c) coinciding with the nonpara-
metric integral % (c) on nonparametric curves c(x) = (x, u(x)) we see that free transversality for ¥ is
Jjust the transversality condition with respect to K.

To carry out this idea, we introduce new variables

E=(%¢8,...,&Y), n=@%xl,...,=")
and a function
H=H(,n),
which will be connected with x, z, p, and F(x, z, p) by the relations
E=x, =z, ,¥=2",
pi=n'/n® forl <i<N,
H( n):=a°F(°, &, ..., &N ni/n° ..., n%/=n0).

Let us introduce the new functional

H(c) = J“z H(c, ¢) dt

for parametric curves c(t), t; <t < t,,in R¥*!. This integral is invariant with respect to orientation
preserving parameter transformations o, ie. #(c) = #(c o ¢), and the integrand H(¢, ) of #
does not depend of the independent variable ¢. Moreover, for every nonparametric curve z = u(x),
a < x < b, we have

F(u) = H(c)
if we set
t=x, c(t)=/(x,u(x)), t, =a, t,=b
or more precisely,

b 2
j F(x, u(x), u'(x)) dx = J H(c(2), ¢(2)) dt.

a t,

Suppose now that, for the given minimizing or stationary nonparametric curve u of &, the corre-
sponding curve c(t) = (t, u(t)) is minimizing or stationary for »# among all C!-curves &(1), t, <t <

d
t,, such that Zf(t) # 0and

P, =¢é(t))e A, P, = é(t,) = fixed.

Since s is parameter-invariant, we can equivalently interpret this property as minimality or sta-
tionary of J# with respect to curves for which the endpoints of the parameter interval [t,, t,] are
fixed. According to Theorem 1, this is equivalent to the property that c(t) intersects .# transversally
in the ordinary sense at ¢t = t; with respect to the Lagrangian H. In other words, we obtain that

H,(c(t,), ¢(¢,)) L Tp A, Py=clt,)e A
holds. On the other hand, we infer from the defining relations that
H,o(¢, @) = F(x, z, p) — p F, (%, 2, p),
Hu(¢, m) = Fu(x,2,p), 1<i<N,

is satisfied. Then we conclude from H,(c(t,), é(t;)) L Tp,# that the nonparametric curve z = u(x)
and the hypersurface .# are freely transversal to each other.
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'We have not proved that ¢(z) is a minimizer or a stationary point for J, if u(x) is one for #. We
shall discuss this question in some detail in 8,1.2. In particular we shall prove that c(t) = (t, u(t)) is
an extremal of 5 if u is an extremal of #. However, we shall see in 8,1.2 that nonparametric
minimizers need not be parametric ones.’

5. Scholia

1. Already in his two papers on isoperimetric problems from 1732 and 1736, respectively, Euler
introduced multipliers (which are nowadays called Lagrange multipliers).'® But these publications
contain several serious mistakes and erroneous methods, which show that Euler had not yet mastered
these questions.!! Only in his Methodus inveniendi (E65) from 1744, he obtained a basically sound
theory (apart from the fact that Euler did not think of extremals which neither are maximizers nor
minimizers). In Chapter 6 of this treatise, he developed the multiplier theory for isoperimetric side
conditions, proving the existence of a constant multiplier, and in Chapter 5, he treated problems
with several subsidiary conditions of isoperimetric type. For instance, he proved that, for two
variational integrals #, 4 and two constants 4, y, the functional A# + u% yields the same extremals
as the isoperimetric problem where # is to be given an extremum, keeping ¥ fixed.

In Chapter 3 of the Methodus inveniendi, Euler dealt with variational integrals

b
J. F(x,u,0,0,...,0™) dx
a

subject to nonholonomic constraints of the kind
u —G(x,u,v,0,...,0%) =0,

and he proved the existence of a multiplier function. Although Euler did not advance to the most
general type of Lagrange problem, his analysis of the constraint problem is an achievement of first
class that Carathéodory called “eine Spitzenleistung, wie sie auch einem Euler nicht allzu oft gegliickt
ist.”12

Later on, Lagrange has applied his 6-method to variational problems with nonholonomic
constraints, thus obtaining a new approach to the multiplier rule. His name became attached to the
multiplier rule by the applications to mechanics that he derived in his Méchanique analitique'® in
1788 (see Lagrange [1], Sect. 4, §1). Moreover, he treated general nonholonomic conditions; yet his
proof contained two serious gaps which were only filled by A. Mayer (1886), A. Kneser (1900), and
Hilbert (1906). For a brief historical account, we refer to Bolza [3], pp. 566—569, and to Goldstine
[1], pp. 148-150.

The general Lagrange problem for simple integrals is carefully treated in: Bolza [3], Chapters
11 and 12; Carathéodory [10], Chapter 18; Hestenes [5], Chapter 6; Rund [4], Chapter 5; L.C.
Young [1], Vol. 2; Cesari [1]. The last three monographs also contain a detailed bibliography and

9 See also Bolza [3], pp. 198-201.

19(E27) Problematis isoperimetrici in latissimo sensu accepti solutio generalis, Comm. acad. sci.
Petrop. 6 (1732/3), 1738, 123-155; (ES6) Curvarum maximi minimive proprietate gaudentium inventio
nova et facilis, Comm. acad. sci. Petrop. 8 (1736), 1741, 147-158; cf. also: Opera omnia, Ser. I. vol. 25.
1 Carathéodory, Schriften [16], Vol. 5, pp. 130-135.

12¢q major accomplishment that even an Euler did not achieve too often”.

13 This is no orthographic error; only the second edition was called Mécanique analytique. The first
volume of this edition appeared in 1811, the second one in 1815, two years after Lagrange’s death.
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describe the relations to optimization theory. Our treatment of the multiplier rule for the Lagrange
problem is essentially taken from Bolza [3].

For multiple integrals, the state of art is much less satisfactory; some results can be found in
Klétzler [4] and in Bittner [1].

2. The first proof of the isoperimetric property of the circle appears in the commentary of
Theon to Ptolemy’s Almagest and in the collected works of Pappus. The author of the proof is
Zenodoros, who must have lived sometime between Archimedes (died 212 B.C.) and Pappus (about
A.D. 340), since he quotes Archimedes and is cited by Pappus. Concerning the history of the
isoperimetric problem, we refer to Gericke [1] and Blaschke [2]. The first complete proof of the
isoperimetric property of the circle was provided by Weierstrass in his lectures at Berlin University.

3. The problem of the vibrating string was already considered by the Pythagoreans. In modern
times, experimental results were found by Mersenne (1625) and Galileo (1638). Theoretical results
were obtained by Taylor (1713), Johann Bernoulli (1727), Daniel Bernoulli, Euler, d’Alembert, and
Lagrange. We refer to Truesdell [1], [2]. The variational approach to eigenvalue problems was
particularly stressed in the treatise of Courant—Hilbert [1-4], which had great influence on the
development of mathematical physics and quantum mechanics. Also Rayleigh’s celebrated treatise
[1] on The theory of sound and the papers by W. Ritz [1] were very influential.

4. Hypersurfaces of constant mean curvature not only appear as soap bubbles, but also as
capillary surfaces without gravity in equilibrium; cf. Finn [1], in particular Chapter 6.

5. The problem to determine the shape of a freely hanging rope (or chain) was posed by Jacob
Bernoulli in 1690; the solution was found by Leibniz, Huygens, and Johann Bernoulli in 1691.
Earlier, this problem had been considered by Galileo who wrote that the equilibrium configuration
of a rope has the shape of a parabola. The notation catenary (Latin: catenaria) seems to be due to
Leibniz. The treatment of the equilibrium configuration of a chain as an isoperimetric problem is
due to Euler (cf. Methodus inveniendi, Chapter 5, nrs. 47, 73, 74).

Recently it was disputed whether or not Galileo thought the catenary to be a parabola. The
matter seems clear if we hear what Salviati says in the second day of Galileo’s Discorsi:!*

“Fix two nails at a wall at equal height above the horizontal, and at a distance from each other
which is twice the length of the rectangle where the semiparabola is to be constructed. At both nails a
fine chain is suspended which is so long that its lowest point is at a distance equal to the length of the
rectangle below the horizontal through the nails: This chain has the shape of a parabola. If we puncture
the line formed by the chain onto the wall, we have described a complete parabola.”

However, the historian M. Fierz [1], p. 63, pointed out that, on the fourth day of the Discorsi,
Salviati gives a somewhat different description of the catenary:

“We feel amazement and joy, if the little or tightly stretched rope approaches the parabolic form,
and the similarity is such that if, in a plane, you draw a parabola, and you consider it invertedly, the
vertex below and the base parallel to the horizontal, and you suspend a chain at the endpoints of the
base of the parabola, then the chain is more or less curving and will attach itself to the said parabola,

14 Discorsi e dimostrazioni matematiche, Elsevir, Leiden, 1638; cf. giornata seconda, p. 146: Ferminsi
ad alto due chiodi in un parete equidistanti all’ Orizonte, e tra di loro lontani il doppio della larghezza
del rettangolo, su’l quale vogliamo notare la semiparabola, e da questi due chiodi penda una catenella
sottile, e tanto lunga, che la sua sacca si stenda quanta é la lunghezza del Prisma: questa catenella si
piega in figura Parabolica. Si che andando punteggiando sopra ’l muro la strada, che vi fa essa
catenella, haremo descritto un’ intera Parabola.
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and the attachment is the more precise, the less the parabola is curved, that is, the more it is stretched; in
parabolas with an elevation [slope] of 45 degrees, the chain covers the parabola almost perfectly.”*®

In the opinion of Fierz, this second statement of Galileo shows clearly, that he was well aware
of the fact that the parabola is merely an approximation for the catenary. Fierz goes even further by
pointing out that, for |x| < 1, the parabola y = 1 + 4x? is a good approximation to y = cosh x. He
could be right, but at least this reasoning seems a bit farfetched; in any case it does not explain why,
in the second dialogue, Galileo described the chain as a “complete parabola” (“intera parabola”). Of
course, he could have discovered later that the parabola is merely an approximation to the true
catenary and he might have forgotten to erase what he had written in the first place. This, in fact, is
the speculation of A. Herzig and L. Szab6 [1], pp. 53-54. As the present authors are no historians
of mathematics, they have to ask the reader to form his own opinion.

6. The notion of a harmonic mapping was introduced by S. Bochner [1] in 1940, and in full
generality by Fuller [1]. Three surveys of the development till 1988 were given by Eells and Lemaire
[1], [2], [3]. Harmonic mappings have become an important tool in differential geometry.

7. The first published paper on shortest lines on a surface is due to Euler.!® However, it now
seems to be certain that Johann Bernoulli possessed the “law of the osculating plane” in 1698.}7

8. The modern theory of geodesics in Riemannian manifolds began with Riemann’s lecture on
occasion of his Habilitationskolloquium June 10, 1854: “Uber die Hypothesen, welche der Geometrie
zugrunde liegen.”*8

9. The history of the principle of least action has often been described. Yet the matter is still
controversial, and there seems to be no general agreement who invented the principle, Leibniz,
Euler, or Maupertuis. A popular account of the controversy between Maupertuis and Euler on the
one hand, and S. Konig/Voltaire on the other is given in Hildebrandt—-Tromba [1]. A more pro-
found discussion can be found in Carathéodory [16], Vol. 5, pp. 160-165, Fleckenstein [1], and F.
Klein [3], Vol. 1, pp. 191-207; see also Puite [1]. We mention that the first mathematical treatment
of the action principle was given by Euler (1744) in the Additamentum II of his Methodus invendiendi.

Moreover, there are different mathematical versions of the least action principle which some-
times are emphatically distinguished from each other. We do not want to participate in these
controversies and just refer the reader to Klein’s opinion ([3], Vol. 1, pp. 192-193),'° and to Prange
[2], pp. 565—566 and footnote 153 on p. 607.

15 «“Recandovi insieme maraviglia, e diletto, che la corda cosi tesa, e poco, 0 molto tirata, si piega in
linee, le quali assai si avvicinano alle paraboliche, e la similitudine é tanta che se voi segnerete in una
superficie piana, & eretta all’ Orizonte una linea parabolica, e tenendola inversa, cioé col vertice in giu,
e con la base parallela all’ Orizonte, facendo pendere una catenella sostenuta nelle estremita della base
della segnata parabola, vedrete allentando pit, 6 meno la detta catenuzza incurvarsi, e adattarsi alla
medesima parabola; e tale adattemento tanto piti esser preciso, quanto la segnata parabola sar & men’
curva, cioé piu distesa; si che nelle parabole descritte con elevazioni sotto a i grad. 45 la catenella
camina quasi ad unguem sopra la parabola”. Cf. Discorsi, giornata quarta, p. 284.

16(E9) De linea brevissima in superficie quacunque duo quaelibet puncta jungente, Comm. acad. sci.
Petrop. 3 (1728) 1732, 110-124; cf. also: Opera omnia, Ser. I, Vol. 25, 1-12.

17 Johann Bernoulli’s Opera omnia, Vol. 4, p. 108, Nr. 166.

18 Werke [3], second ed., nr. 13, p. 272.

19“The Lagrange equations arise immediately from the variational problem 6 j' Ldt = 0 (the limits of
the integral kept fixed). Remarkably, this idea appears in Lagrange only between the lines; therefore
we find the strange fact that this relation — mainly by the influence of Jacobi — is generally known in
Germany, and therefore also in France, as “Hamilton’s principle”, whereas in England no one will
understand this terminology. There one denotes this equation by the correct though unintuitive name
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We only mention that there are essentially three different versions of the action principle:

(i) Hamilton’s form, as described in 2 [5]. Here one has to consider a variational problem on
a fixed time interval.

(ii) Lagrange’s form, as presented in 3 [3]. This is a variational problem on a time interval with
free endpoints, with the nonholonomic constraint T + V = h. Here a variation of the independent
variable is required in order to prove the desired result; cf. 3,2 [1].

(iii) Jacobi’s geometrical version. A special case of it is discussed in 3, [2]. It leads to a first
order differential equation due to Gauss, describing the geometrical shape of the orbits. The general
form of Jacobi’s geometrical action principle will be considered in Chapter 8.

of the “principle of stationary action”. ... The widely-known “principle of least action” is another, by
Lagrange preferred concept which he found at the beginning of his studies in 1759. In the 18th century
this principle drew great interest, in particular from philosophical quarters. ... Here Maupertuis is
especially to be mentioned.

The form of this principle follows from the first one by a combination of the equations

L=T-%

2T=L+h.
h=T+%} *

Hence we obtain

JL dt = fZT dt — h(t, —t,)

and the resulting variational problem becomes 3 [2T dt =0 .... But the integral [ 2T dt is what has
long been called the action whence the name of the principle is derived .... Recently the principle
obtained another, important form by Jacobi who altogether eliminated the time t. He wrote T =
h— % = ./T(h — %) and attained

é '[,/(h —¥)Y a5 dg,dgz = 0.

In this form the principle, of course, determines solely the trajectory and not the time in which it is
traversed.

If in this “Jacobi principle” one wishes just as Riemann to view ./ E Gy dq, dqp = \/ds* = ds as
the line element in some n-dimensional space, then one finally arrives at

o [./h—%ds=6‘[vds=0,

where v now means the speed of a moving point in an n-dimensional space, which represents a lucid
geometric counterpart to the mechanical problem.
The original remarks of Klein read as follows:

Die Lagrangesche Gleichungen erwachsen unmittelbar aus dem Variationsproblem 6_[L dt =0 (bei
festgehaltenen Grenzen). Merkwiirdigerweise steht dieser Ansatz bei Lagrange nur zwischen den
Zeilen; es konnte sich daher die merkwiirdige Tatsache entwickeln, daB diese Beziehung in Deutschland
~ hauptsdchlich durch Jacobis Wirken — und dadurch auch in Frankreich allgemein als “Hamil-
tonsches Prinzip” bezeichnet wird, wihrend in England niemand diese Ausdrucksweise versteht; dort
benennt man die Gleichung vielmehr mit einem korrekten aber unanschaulichen Namen als “Prinzip der
stationdren Wirkung”. ... Das vielverbreitete “Prinzip der kleinsten Wirkung” ist eine andere, von
Lagrange bevorzugte Fassung, die er bei Beginn seiner Studien 1759 vorfand. Im 18. Jahrhundert
wandte man diesem Prinzip besonders von philosophischer Seite lebhaftes Interesse zu. ... Besonders
Maupertuis wdre hier zu nennen. Die Form des Prinzips ergibt sich aus der ersten durch Kombination
der Gleichungen
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10. The name “solenoidal vector field” was coined by Maxwell.

11. The notion of transversality (in our terminology: free transversality) was introduced by
A. Kneser [3]. It is, of course, very dangerous to change a well established terminology. On the other
hand, it seemed to be useful to have a name for the property 2,4, (4). We chose the compromise to
denote both relations 2,4, (4) and (4') as transversality relations. Only if some confusion is possible,
we will remind the reader which kind of transversality relation is meant.

12. The problems of Lagrange, Mayer, and Bolza. The problem of Bolza with variable end-
points is usually considered as the most general variational problem that involves only simple
integrals. Any Lagrange problem and any Mayer problem can be reduced to a Bolza problem; in
fact, all three problems are equivalent. During the first half of this century, a quite complete theory
of necessary and sufficient conditions was developed for such questions.

A slightly more special form of these problems is the optimal control problem which during
the fifties moved into the center of interest when engineers tried to solve the problem of controlling
a system, governed by a set of differential equations, in such a way that a given performance index
is to be minimized or maximized. The main difference to Bolza’s problem is that, in optimal control
problems, the differential equations usually appear in a normal form and that the competing func-
tions lie in a closed set instead of an open one. The theory of optimal control soon went off on a
different road, and the necessary conditions for such problems were eventually formulated by means
of the Pontryagin maximum principle; see 7,4.4 for a brief discussion.

Basically we shall not deal with optimal control problems in our treatise; we refer the reader
to the extensive literature on this field, e.g. Bliss [5], Young [1], Hestenes [5], Cesari [1] and
Fleming-Rishel [1] (not quoting any of the engineering-type books). Here we shall content ourselves
to just formulate Bolza, Mayer and Lagrange problems.

L=T-%

2T =L + h.
h=T+%} *

Es wird also

de:=J37uz—ha,—:d,

und als Variationsproblem ergibt sich 6j2T dt =0.... Das Integral _[2T dt ist nun das, was man seit
alters her als “actio” = Wirkung bezeichnet, woher sich der Name des Prinzips ... erklart.... In
neuerer Zeit gewann das Prinzip wiederum eine andere, bedeutungsvolle Gestalt durch Jacobi, der die
Zeit t vollends eliminierte. Er schrieb T = h — % = ./ T(h — %) und erhielt

é j./(h — )Y a,3dq,dgs =0.

In dieser Form legt das Prinzip natiirlich nur die Bahnkurve fest, nicht die Zeit, in der sie durchlaufen
wird.

Will man in diesem “Jacobischen Prinzip” nach Riemannscher Weise ./ E a,5 dg, dqy = \/ds* =
ds als Bogenelement auffassen in einem n-dimensionalen Raum, so ergibt sich schlieBlich

éf h—‘llds=6fvds=0,

wo v nun die Geschwindigkeit eines im n-dimensionalen Raum bewegten Punktes bedeutet, der fiir das
mechanische Problem ein iibersichtliches geometrisches Gegenbild darstelit.
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In the problem of Bolza, one has to minimize a functional of the kind

X;

Flxy, xz, ) 1= Gxy, u(x,y), x5, u(x,)) + J ' F(x,u,u’) dx

among all curves u: [x,, x,] — R" satisfying both a set of differential equations
Gulx, u(x), ' (x)) =0, a=1,...,m,
and a set of boundary conditions of the form
Vplxy, u(xy), x5, u(x)) =0, B=1,...,p,

where m < Nand p < 2N + 2.

The special case F = 0 is denoted as a Mayer problem, whereas the case G = 0 is a Lagrange
problem with variable endpoints.

By definition, Mayer and Lagrange problems are special cases of Bolza problems, but it is easy
to see that any Bolza problem can be reduced to either a Mayer problem or a Lagrange problem.
In fact, the Bolza problem considered above is equivalent to the task to find the minimizer of the
functional

M(xy, X3, U) 1= G(xy, u(xy), X,, u(x;)) + v(x,)
among all curves U(x) = (u(x), v(x)), x, < x < x,, satisfying
G(x, u,u’)=0, v'— F(x,u,u’)=0,
and
Yplxy, ulxy), X5, u(x;)) =0, v(x,) =0,

and this is a Mayer problem.
Furthermore, the Bolza problem above is also equivalent to the Lagrange problem which
consists in minimizing the functional

f ™ [oe) + Flx, u(x), w'(9)] dx

among all curves U = (u, v) satisfying

G(x, u,u’)=0, v'(x)=0,

Yp(xy, u(xy), X3, u(x,)) =0,

v(x,)(x3 — x;) — G(xy, u(xy), x5, u(x;)) = 0.
13. Optimal control problems. Suppose that x(t) = (x*(?), ..., x"(t)) characterizes the state of a physi-
cal system described by a system of differential equations
) = fix(®), u@®), 1<i<N,
or equivalently
x(t) = f(x(8), u(t),

where u(f) = (u'(t), ..., u*(t)) are parameter functions. We interpret u(t) as control functions. The
class of admissible controls will be specified in advance. For every initial value x, = x(t,) and any
control function u(t), the system % = f(x, u) has a unique solution which is called trajectory. The
quadruple

U:= {u, to, ty, xo}

is called a control process. We fix a function F(x, u); to every control process U with the corre-
sponding trajectory x(t), t; <t < t,, we assign the number
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FU) = [ F(x(t), u(0)) dt.

Jio

Then the control process U is said to be optimal if
FU)< #(U™

holds true for any other control process U* = {u*, t,, t, X,} satisfying x*(t,) = x(t,), where x*(t)
denotes the trajectory corresponding to u*.

Actually, one is usually interested in a somewhat more general situation. One allows processes
U* = {u*, t,, t1, Xo} where t} may vary but the trajectory x*(t) is subject to x*(t}) = x(t,), in
addition to x*(t,) = x,. An important special case is F = 1 where the functional #(U) reduces to

i dt = t; — to which represents the time between the two positions xo = x(to) and x, = x(t,). In

this particular case, optimality means minimal time to go from x, to x;.

Note that every minimizing problem for the functional { F(t, x(z), %(t)) dt can be viewed as an
optimal control problem: Minimize j' F(t, x(t), u(t)) dt for all controls u(t) and the corresponding
trajectories x(t) given by

X(2) = u(r).
Further information and references to optimal control problems can be found in L.C. Young
[1] and L. Cesari [1].

14. Geodesics on a surface of revolution. The classical theorem of Clairaut states: Let € be a
geodesic on a smooth regular surface of revolution S. Then at any point P of € the radius r(P) of the
circle of latitude at P multiplied by the sine of the inclination angle a(P) of € with respect to the
meridian through P is a constant.

In fact, a surface of revolution, S, can locally be described either by the parametric representa-
tion
1) x=rcos®, y=rsinf, z=f(r), r<r<r, 0<0<2n,
where f(r) is a smooth function of r and 0 < r; < r, < o0, or by
1) x=g(z)cos 0, y=g(z)sinb, z=2, z;,<z<z,,0<0<27,

where g(z) is a smooth function of z such that g(z) > 0.
In the first case the arc length of curves € on S described by r = r(6), 6, < 0 < 6,, is given by

(21
@ L(®) = J r? +[1+ f'(r)*17 49,
LA

while in the second case the length of curves € on S described by z = z(f), 6; < 0 < 6, is to be
computed from

(£}
@) L(®) = J V9@ +[1 + ¢'(2)12* 9,

0,
where - = d/df, f* = df/dr, ¢’ = dg/dz. According to 2.2 7], the extremals of (2) of the form r = r(6)
satisfy

r?

(©)) = const,
\/rz +[1 + f(r)*]r?
whereas the extremals r = z(6) of (2') are solutions of
2
3) 96) = const.
V9GP +[1+9'@*12

In the first case we introduce the arc-length function s(6) by

@ §=r*+ 1+ f(M*]?, s6,)=0,
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and then we write the extremal r = r(), 0, < 6 < 0,, as

0=206(s), r=r(s), 0<s<L,
which leads to the representation

X (s) = (r(s) cos 0(s), r(s) sin 0(s), f(r(s))).
Its unit tangent vector X is given by
di: = (cos 6, sin 6, f’(r))(;—: + (—sin 6, cos 6, O)r%.

A circle of latitude c¢(8) = (r cos 6, r sin 6, f(r)) satisfies

¢=(—rsinf,rcos0,0), |¢|=r.

Hence we obtain

X _dc do
® K(s) : d—é(ﬂ) =r (S)g(S)

if 8 = 6(s) and r = r(s). On the other hand we have
dX _ dc
© ﬁ(s) '@(0) = r(s) cos (6),

where B(6) denotes the inclination angle of the geodesic € with respect to the circle of latitude c.
Furthermore, on account of (4) the conservation law (3) can be written as

de
W) r2— = const.
ds

Then we infer from (5)—(7) that each extremal r = r(f) with the inclination angle (6) with respect to
its circle of latitude satisfies

®8) rcos f =const (:=k).

The corresponding inclination angle a = a(6) of X (s) for s = s(6) with respect to its meridian
m@)=(rcos6,rsin6, f(r)), r,<r<r,,

at r = r(f) is related to B(0) by a = n/2 — B, whence relation (8) becomes

) rsina =k.

In case 2 we derive the same relation for all extremals of the form z = z(6) on account of the
conservation law (3'), introducing s(6) by

@) $=9@? +[1 +¢' (2?12, s(6,) =0.
Now the radius r in (9) is to be taken as g(z(6)), and the meridians are described by

m(z) = (g(z) cos 0, g(z) sin 0, 2), z, <z<z,.

As we have noted in 2.2[7], the conservation laws (3) and (3') respectively may have more
solutions than the Euler equations of (2) or (2). Hence Clairaut’s equation (9) is a necessary but
not sufficient condition for the extremals of (2) or (2’). A straight-forward computation shows the
following:

(i) A solution r =r(6), 6, < 6 < 8,, of r() sin a(6) = const defines a geodesic arc on a part (1) of S
provided that 7(6) # 0 on any open subinterval of [0, 6,]. However, no circle (i.e. no solution
r(6) = const) can be a geodesic on a part (1) of S.

(i)) Consider a smooth function z = z(f), 6, < 8 < 6,, such that r() := g(z(f)) is a solution of
r(6) sin a(6) = const. Then z(0) defines a geodesic on a part (1) of S if 2(6) # 0 on any open sub-
interval of [0, 6,]. A circle defined by z() = z,, i.e. () = g(z,), is a geodesic on a part (1') of S if
and only if g'(zo) = 0.



140 Chapter 2. Variational Problems with Subsidiary Conditions

The latter result means that all latitude circles of extremal radius are closed geodesics on S.

Because of r > 0 on S we infer that the constant k = 0 in (9) corresponds to the meridians. Thus
we infer that all meridians of S are geodesics. Suppose now that k # 0, say, k > 0. Then (7) implies
df/ds > 0, and (9) yields r > k > 0 on the entire geodesic.

These observations allow us to discuss the global behaviour of geodesics on S. To simplify
matters we consider a geodesic X(s) = (x(s), y(s), z(s)) which is defined for all s > s, and dives into
the halfspace #, := {z > z,} for s = s, i.€. z(S) = 2o and (dz/ds)(se) > 0. We assume that S N i,
can be represented in the form

x=g(z)cos 0, y=g(z)sinf, z=z, zp<z<z< o0, 0<0<2n,
where g(z) is a smooth function satisfying g(z) > 0, and lim,_;_¢g(z) = o if Z < c0. Denote the
polar coordinates of X (s) by r(s), 0(s), z(s), 7(s) = g(z(s)), and let
k = inf{r(s) sin a(s): 5o < s < 00} > 0.
Then we distinguish two cases:
(i) If r(s) > k for all s > s,, then 0 < sin a(s) < 1 and therefore 0 < a(s) < n/2 for all s > 5o, which

means that dz/ds > 0 on [sy, ), i.e. z(s) is strictly increasing. Thus the geodesic “never turns back”.
Let

z, = lim z(s).

s

If z, = Z, the geodesic disappears towards infinity. On the other hand, if z, < Z and r, := g(z,), it
follows that z(s) -z, and r(s) - r, as s —» 00, and z(s) < z(s’) < z, for all s, s’ € (54, 00) satisfying
s < s'. That is, the geodesic X(s) is a spiralling curve tending to limit circle C(r,) := {(x, y, 2):
x2 + y? = r},r = z,} as s —» oo without ever reaching it. More precisely we infer from |dX/ds| = 1
that

2 2
(10) (%) =[1+4'@71" '{1 -r <Z_(:) }

and r? df/ds = k yields

do k
-—(s)—>— ass— oo, wherer, 2k.
1

ds

o

Fig. 11. Geodesics on a surface of revolution.

V
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Thus we obtain
im = [0
e ds NI+ g@P

d
Since z; =lim,, z(s) < o0 it follows that lim,ﬂ,zz(s)=0, and therefore k=r, and

. a0 \?
lim,, | —(s)] = 1/r2.
ds
(i) Suppose now that there is some s, € (5o, ) such that r(s,) = k and r(s) > k for s, < s <s,.
Then we infer from r? df/ds = k that (d6/ds)(s) — 1/k as s — s,. On account of (10) we then obtain

d d
lim ()= 0 and lim —(s) =0,

s-s, 4S s—s, GS
and r sin « = k implies

lim a(s) = n/2,

i.e. the geodesic X (s) is tangent to the latitude circle C of S passing through the point P, := X(s,).
Note that C cannot be a closed geodesic of S because in this case C and X(s) have to coincide, which
is impossible. Consequently we have g'(z) # 0 for z, := z(s, ), according to our previous discussion.
Furthermore, since r(s) = g(z(s)) > k for s, < s <5, and r(s) —» k as s —» s, we infer that g'(z,) <0
whence k = g(z,) > g(z)forz; <z <z, + eand 0 < & « 1. Since k = inf{r(s): s > s, } we see that the
geodesic cannot cross the circle C but has to bend back, i.e. X(s) is reflected and returns to the region
at the left of C. Then X (s) may either disappear towards infinity in direction of the negative z-axis,
or else it will be reflected by another circle C', etc. If X(s), —o0 < s < 0, is a nonclosed geodesic
oscillating between two latitude circles C and C’, it can be proved that X(s) lies dense in the part of
S bounded by C and C'. It is quite remarkable that one can obtain so much information on the
global behaviour of geodesics on a surface of revolution without any detailed computation, just by
inspecting Clairaut’s equation (9) or its equivalent (7). It seems that (9) was essentially already
known to Jacob Bernoulli.

15. Geodesics on a cylinder or a cone. If S is a circular cylinder, then the discussion of nr. 14
shows that the latitude circles are the closed geodesics on S, and that the meridians (i.e. the generat-
ing lines of S) are geodesics. All the other geodesics have a constant angle of inclination a with
respect to the meridians, 0 < |a| < n/2. These curves are the helices on S, which may be right- or
left-handed.

\
1
]
It S

Fig. 12. Geodesics on a cylinder and Clairaut’s  Fig. 13. Geodesics on a cone and Clairaut’s
theorem. theorem.
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On a circular cone S there are no closed geodesics, but all meridians (= generating lines of S)
are geodesics. Any other geodesic comes from infinity, reaches some latitude circle C of radius r, > 0
where it turns back and returns to infinity.

16. Euler’s treatment of the elastic line. The study of elastic materials started with Galilei
(Discorsi, 1638) and Hooke (Lectures de potentia restitutiva, or of spring explaining the power of
springing bodies, 1678), and the latter formulated the basic law of linear elasticity: ut tensio sic vis.
The bending of elastic beams was treated by Mariotte (Traité du mouvement des eaux et des autres
fluides, 1686) and Leibniz (Acta Eruditorum, 1684), and Jacob Bernoulli was the first to describe the
form of a clamped elastic strip in equilibrium (Acta Eruditorum, 1694). For a penetrating historical
survey we refer to Truesdell, The rational mechanics of flexible or elastic bodies (in: Euler, Opera
omnia, ser. I, Vol. 11,). Following a suggestion by Daniel Bernoulli, Euler gave the first treatment
of elastic lines by means of the calculus of variations in the Additamentum I to his Methodus
inveniendi (1744, pp. 245-310), which carries the title De curvis elasticis. Euler characterized the
equilibrium position of an elastic line by the following variational principle: Among all curves of
equal length, joining two points where they have prescribed tangents, to determine that which minimizes
the value of the expression | ds/p®.

In other words, Euler interpreted an ideal elastic line as an inextensible curve € with a “poten-
tial energy” of [ k2 ds, k being the curvature function of %, whose positions of (stable) equilibrium
are characterized by the minima of the potential energy, i.e. by Johann Bernoulli’s principle of virtual
work.2° Thus the problem of the elastic line leads to the isoperimetric problem

J‘ k2 ds — min with'[ ds=1L,
<€ <€

where any representation c : [a, b] - R? of € has to satisfy the boundary conditions

@ _ o« _,
le@ vl

By using a (constant) multiplier A we are led to the task to determine the extremals of the functional

c@=P, cb)=Pr,

I (x? + A) ds.
1

This problem we have treated in 1,5[5], and in 1,6. Euler approached the problem by writing the
integral |k ds in the nonparametric form

”2
y
Jityaas

where ¥ is described by y = y(x) and the subsidiary condition [ds = L becomes

I 1+y?dx=L.

He described the solutions in terms of elliptic integrals which he computed by series expansions.
This way Euler found nine species of elastic lines in the plane, four of which are depicted in Fig. 14.
There is an extensive literature on the linea elastica. We only mention the thesis of Born [1],
Géttingen 1909, where the stability of the elastic line is investigated. Further references can be found
in Funk’s treatise [1] and in the literature on elasticity theory. In R? and, more generally, in spaces
of constant curvature the extremals of the integral j'g(xz + A) ds were in detail discussed by Bryant—
Griffiths [1] and by Langer—Singer [1, 2]. The latter authors proved that there exist infinitely many

20This principle was apparently first stated in a letter by Johann Bernoulli to Varignon, written
January 26, 1717. It was published in Varignon’s Nouvelle Mécanique, Vol. 2, p. 174, in 1725.
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Fig. 14. Elasticae as depicted by Euler, Methodus inveniendi, table IV.

closed embedded elasticae in IR* which are knotted and lie on embedded tori of revolution; the
knot types are torus knots.

Another approach to the Euler equation of the elastic line is to formulate the variational
principle as a Lagrange problem (cf. Section 3, and also nr. 12 of these Scholia). Introducing the
angle w(s) by

ws) =a +j’xds,

4]
the elastic energy of a line c(s) = (x(s), y(s)), |¢é(s)| = 1, becomes

L
f a(s)? ds,

0
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and the coordinate functions of c(s) are related to w(s) by the two nonholonomic subsidiary
conditions

%x(s) — cos w(s) =0, y(s) — sin w(s) = 0.

Thus we are led to the variational problem
L
f {@? + A,(% — cos w) + A,(y — sin w)} ds - stat.
o

for the unknown functions w(s), x(s), y(s), and the Euler equations of this functional are

@ —2Asinw+21,cosw=0,
ii=0, i,=0.
Hence the multiplier functions 4,(s) and A,(s) are constants, and by a suitable rotation of the
coordinate system we can achieve that 1, = 0. Introducing a := —24,, the Euler equation becomes

@+ a’sinw=0,
which is just the pendulum equation. We obtain

(s)

sin -5 = k sn(as)

where k = sin% and y is the maximum of w(s) and sn u is Jacobi’s doubly periodic function sin am .

Introducing ¢ := L/2, we have

n/2 d
K:= J‘ _L =al
0 1 —k?sin? ¢
Then we can express c(s) in terms of sn and of Jacobi’s theta-function $,(v), c.f. e.g. Dorrie [1],
pp. 521-522.

17. Delaunay’s variational problem from 1842 is the task to connect two given line elements of
R? by a longest or shortest space curve of constant curvature. This very interesting problem is
another Lagrange problem whose Euler equations were first integrated by Weierstrass in 1884 in
terms of elliptic functions (cf. Werke [1], Vol. 3, pp. 183-218). The true minimum or maximum
problem was studied by H.A. Schwarz (unpublished results) and Venske [1] in a thesis inspired by
Schwarz (G6ttingen, 1891). A careful discussion of these results and a historical survey can be found
in Carathéodory [16], Vol. 2, pp. 12-39. Moreover, in his book [10] Carathéodory presented a
treatment of Delaunay’s problem via Hamiltonian formalism (cf. pp. 382—388 and 400) which had
been found by Josepha v. Schwarz [1].

The more general problem of finding extrema of the length functional among curves of bounded
curvature was studied by H.A. Schwarz, E. Schmidt, and Carathéodory; cf. Blaschke [5], Vol. 1,
Sections 31-32, and Carathéodory [16], Vol. 2, pp. 65-92.



Chapter 3. General Variational Formulas

In the first two chapters we have investigated the rate of change of variational
integrals & with respect to variations of the dependent variables. In particular,
we have derived the necessary conditions

8Fu, ) =0 for all p € C*(Q, RY)
and
LF(“) =0

for extremizers u of %, and suitable modifications of these conditions were
shown to hold for constrained extremizers.

There are as good reasons to consider the variation of & with respect
to changes of the independent variables. In Section 1, we shall consider one-
parameter families of diffeomorphisms y — x = &£(y, ¢) from Q onto itself which
reduce to the identity on € for ¢ = 0. For a minimizer u of

Fu) = j F(x, u(x), Du(x)) dx,
Q
we infer that

=0.

e=0

adz f F(y, u(€(y, &), Dyu(E(y, &) dy
02

This leads to a new type of necessary conditions for extremizers which, in inte-
grated form, are written as
0Fu,2)=0,

A being the velocity field of £(-, €) at ¢ = 0, that is,

0
20) = =049

=0

Since every vector field 1 € C(£2, R") generates a family of diffeomorphisms
E(y, &) :=y + €A(y) from Q onto itself, it follows that

1) 0Fu, 1) =0 forall e C*(2,R").
The linear functional 6% is called the inner variation of &; it is to be seen as

M. Giaquinta et al., Calculus of Variations I
© Springer-Verlag Berlin Heidelberg 2004
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the counterpart of the first variation 6#. Correspondingly we define the inner
extremals of & as counterparts to the extremals by requiring (1). Applying a
partial integration to (1), we infer by means of the fundamental lemma the
system of partial differential equations

2) DyTP + F.=0
for u, denoted as Noether equations. Here
Tf = Fp;u,",. — Féf

is the so-called Hamilton tensor (or: energy—momentum tensor). The Noether
equations (2) are the counterpart to the Euler equations Lg(u) = 0 that follow
from

3) 0F(u, @) =0 forall p e C*(22, RY).

In Section 2 we shall consider variations of & with respect to general
changes &(-,¢):Q,— Q of the independent variables. The corresponding
“extremals” will be called strong inner extremals. As we shall see, they are solu-
tions to the Noether equations (2) satisfying the free boundary conditions

4 T/vy=0 ondR2, 1 <a<n,

where v = (v,, ..., v,) is the exterior normal to dQ2. This corresponds to the
natural boundary condition

(5) Fiv,=0 ondQ2, 1<i<N,
that was derived from
0F (u, ¢) =0 forall p € C*(2, RY).

We shall also see how the property of being a strong inner extremal is related
for n =2 to the so-called conformality relations which form the basis for the
study of two-dimensional minimal surfaces by means of harmonic functions.

In Section 3 we investigate the variational behaviour of integrals % (u, £2) if
both the mapping u and the independent variables are varied. In particular, also
the domain of integration Q will be modified. The resulting variational formula
for # has various interesting applications, the most important of which is
Emmy Noether’s theorem which is discussed in Section 4. It states that the
extremals of some variational integral will satisfy certain conservation laws if
the integral remains invariant under the action of a continuous transformation
group. In fact, infinitesimal invariance suffices to establish such conservation
laws, and it is irrelevant that the variation is generated by a group; the reasoning
works in the same way for very general types of variations.

Finally, in Section 5, we shall investigate the transformation behaviour of
the Euler operator if both the dependent and the independent variables are
transformed in a general way. In particular we obtain that the Euler expression
L¢(u) can be viewed as a covector field along the mapping u: Q2 — R".
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1. Inner Variations and Inner Extremals.
Noether Equations

Consider a variational integral
Fu) = J F(x, u(x), Du(x)) dx,
Q

the Lagrangian F(x, z, p) of which is supposed to be of class C! on 2 x R¥ x
R"™, Q = R". In Chapter 1 we have seen that for every weak minimizer u €
C'(2, R") of # (with respect to fixed boundary conditions), the first variation
of # at u in direction of every C*-function with compact support in £ has to
vanish, i.e.,

) 6Fw, ) =0 forall g e CQ2, RY).

This was proved by embedding the minimizer u(x) into a family of comparison
functions ¥(x, &) with

Y(x, 0) = u(x), Z—f(x, 0) = o(x) forx e Q,

V(x, &) =u(x) forxedQand|e]| < ¢,

and by noticing that the function ®(¢) := F (Y (¢)) satisfies P(c) > P(0) for |¢| <
&9, whence @’(0) = 0 follows; but this is equivalent to relation (1). In other
words, condition (1) follows from a suitable variation of the dependent variables.

We now want to show that a similar relation can be obtained from varia-
tions of the independent variables. To make this precise, we choose an arbitrary
vector field A € C2(22, R") with components A',..., A". Then we construct a
family &(g): Q - Q of diffeomorphisms x = £(y, ¢) of 2 onto itself depending
smoothly on the parameter ¢ € (—¢,, &), &, > 0, which satisfy

&(x, 0) = x, ggé(x,O):l(x) forxe Q,
2

E(x,e) =x forxedQand || < ¢,

or, equivalently,

€)) &y, e) =y +eA(y)+o(e) foryeQ, &(y,e)=yforyedQ.
Such a family is, for example, given by
3) £(,8) =y +ed(y), yeQ, le|<e,

if ¢, > 0is a sufficiently small number. In fact, there is a number K > 0 such that

|A(y1) — A(y2)l < K|y, — y,| forally,,y,e@Q,

whence



148 Chapter 3. General Variational Formulas

1€(y15 &) — E(¥2s &) 2 |y1 — yal — lel|A(y1) — A(y2)I
> (1 — eK)ly; — y2l 2 3ly1 — yal

for all y,, y, € Q, provided that |¢| < &, < (2K)™*. In conjunction with the im-
plicit function theorem we infer that £(-, ¢) is a C*-diffeomorphism if |¢| < g,
and 1€ C?(22,IR") implies that £(y,¢) =y for all y sufficiently close to 49Q.
Therefore we have

£(Q,e) =2 forleg|« 1

and we infer that (-, ¢) furnishes a C*-diffeomorphism of Q onto itself. The
inverse mapping #(e) of (3) or (3') can be written as

@ n(x, &) = x — eA(x) + o(e),
whence

nx(x’ 8) =1I- £ix(x) + 0(8),

that is
a a
6—:1c—"(x’ g) = 05 — eAge(x) + 0(e),
and in particular
0 (611“) .
—det{ — = — AL = —divi.
e ox*f/|,—o =

Actually, this result can be rephrased as follows: If A(t) is a square-matrix
valued function of class C* such that A(ty) = I, then

(det AY(t,) = (trace A')(t,), where' = % .

Now we consider the family of comparison functions v(e) := u o £(g) which
are given by
) v(y, &) = u(&(y, &) = u(y + €A(y) + o(e))
for y € Q and |¢| < ;. Then we define

D) .= F(v(e)) = L F(y, o(, €), Dv(y, €)) dy.

If u(x) is a weak minimizer of # (with respect to fixed boundary values), it
follows that
D(e) = D(0) forle| < gq
and therefore
?'(0) = 0.
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Definition 1. The expression

4 g &e)

0F (u, 1) := &'(0) = p
=0

will be called the ( first) inner variation of the functional & at u in direction of the
vector field 1 € C*(£2, R").

Since we shall not consider any inner variations of higher order, we will
simply speak of the inner variation of %.

Lemma 1. For uc C(2, R") and A € C*(R, R"), the inner variation of F is
given by

6) 0F (u, A) = J (Fp;ui./l;, — Fi% — F.A%) dx,
Q
where the arguments of F, F.., F; are to be taken as (x, u(x), Du(x)).

Proof. Because of v,(y, &) = u,(((y, €))- ,(y, &) (or vj. = uls(£)EL), we obtain
that

D(e) = L F(y, u(Z(y, &), Du(S(, ) DE(y, €)) dy.

Note that det Dn(x, ¢) is close to 1 for |¢| « 1. The transformation theorem for
multiple integrals yields

D(e) = f F(n(x, €), u(x), Du(x)- &,(n(x, ¢), €)) det Dn(x, ) dx.
Q

On account of

on _ d .
5% 0 =—ix), o detn, T A%,
0
&(x,0)=1, a—{fy(r/(x, 8,8} =DA(x),
€ =0

we infer that
®'0) = f {Fu' (=A%) + Fp;ui‘l;‘, + F+(—A%)} dx,
Q
where F.., F,; and F have the argument (x, u(x), Du(x)). O

In analogy to formulas (3) and (4) of 1,2.1 we introduce the expression
0F (u, 4) by

™ OF (u, A)(x) := Fpura(x)Ags(x) — FAZ(x) — FA*(x),
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where the arguments of F, F.. and Fy; are to be taken as (x, u(x), Du(x)). Then
we can write

0F (u, 4) = f OF (u, 2) dx.
Q

Let us introduce the Hamilton tensor (or energy—momentum tensor)
T(x, z, p) = (TA(x, z, p))
by
® T! = piF,, — 8¢F,

where the arguments of T, F,; and F are to be taken as (x, z, p) € Q x RY x
R"N. Then we can write formulas (6) and (7) as

6") 0F (u, ) = J [TA(x, u, Du)A% — F..(x, u, Du)A*] dx
Q

and

) OF(u, 2) = TP(-, u, Du)A% — Fu(-, u, D).

Definition 2. 4 mapping u € C*(2, R") is said to be an inner extremal of & if
)] 0Fu,A)=0
holds for all vector fields 4 € C(22, R").

Obviously, the notion of an inner extremal of # is analogously coined to
that of a weak extremal which, by definition, is a mapping u of class C!(Q2, R")
satisfying

©) 5Fu, ¢)=0 forall peC(Q, RY),

whereas extremals u of # are, by definition, of class C!(2, R") n C*(2, R") and
satisfy (9') or, equivalently, Lg(#) = 0in Q.

An inspection shows that the notions 0% and 0% are quite differently
defined. For instance, the derivatives F,. appear in 0 but not in 6%, whereas
the derivatives F,; arise in & but not in d%. Hence  and 0 will have different
ranges of applicability if we try to lower the regularity assumptions on F.
Correspondingly, weak extremals and inner extremals are very different objects
which, nevertheless, are closely connected. Before we discuss this connection, we
want to derive from (9) a system of partial differential equations characterizing
every inner extremal of class C2.

Theorem 1. Suppose that F € C? (or at least F, € C*). Then every inner extremal
u e C%(2, RY) of the functional F satisfies the equations

(10) Dy TP (x, u, Du) + F,.(x, u, Du) =0,
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which will be called “Noether equations™.* Conversely, every C?-solution u of (10)
is an inner extremal of F.

Proof. Any inner extremal u of & satisfies
J (TP(x, u, Du)DgA® — Fou(x, u, Du)A*) dx = 0
o]

for all A € C*(R2, R™). If u is of class C%(£2, R"), we obtain by a partial integra-
tion that

—f [Ds T/ (x, u, Du) + Fuu(x, u, Du)]A* dx =0,
Q

and the fundamental lemma yields (10). The converse is proved by reversing the
reasoning. (]

The Noether equations (10) are the counterpart to the Euler equations
D,F,i(x, u, Du) — F(x,u,Du) =0, 1<i<N,

which follow from (9'), whereas the Noether equations are a consequence of (9).
We can give the Noether equations a different form using the following
lemma.

Lemma 2. If F € C?(or at least F, e C') and u € C*(2, R"), then
0F (u, A) = —J {Lg(u)-Du} -4 dx
Q
holds for all A € CX(R2, R") or, in coordinates

0F (u, A) = —f {DpFp; — FyijusaA® dx.
Q

Proof. Integrating by parts, we conclude that
—0F (u, 2) = | {Ful®+ FAL — Fjuid%} dx
JQ

r»

= o {F«— D,F + Dp(Fpgu;)}la dx
o

= {DﬂFp; - in}u;la dx. D
Q

o

By the fundamental lemma, we infer:

!In honour of Emmy Noether; cf. 3, 3 and 3, 4.
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Proposition 1. A mapping u of class C*(2, R¥) n C*(, R") is an inner extremal
of % if and only if it satisfies in Q2 the equations

(11) Lew)-D,u=0, 1<a<n,
which are equivalent to
(11) {DgF,, — Fu}ui=0, 1<a<n.
It follows from Theorem 1 and Proposition 1 that the Noether equations
DT+ F.=0, 1<a<n,
can be written in the equivalent form
Leu) - Du=0, 1<a<n.

Hence the Noether equations mean that the Euler expression L(u) is perpendic-
ular to the vectors w1, u,2, ..., U If 1 < n < N, we obtain by z = u(x) a para-
meter representation of some n-dimensional surface & in R¥. Then, if u is an
inner extremal of class C%, Noether’s equations express the fact that Lp(u) is a
vector field orthogonal to %, i.e., Ly(w) L T, %.

Another consequence of Lemma 2 is the following result

Proposition 2. Every extremal is also an inner extremal.

The preceding result does not imply that any weak extremal is necessarily an inner extremal.
The problem is caused by the fact that, for the proof of Lemma 2, one needs u to be of class C2. There
are, however, weak extremals which are not of class C2 (see, for instance, 1,3.7 [2] and [3]). In this
case it is not clear what can be done, and one has to expect difficulties as we can already see from
the following example concerning Lipschitz continuous solutions u of the two relations

() 6F (u, ) =0 for all p € C*(2, RY)
and
(*%) 0Fu, ) =0 forallie C?(2, R")

for the variational integral
1
Fu) =j w? — 1)? dt,
(4]

with the Lagrangian
F(p)=(p* - 1)
According to Du Bois—Reymond’s lemma (see 1,2.3, Lemma 4), the first equation () is equivalent to
(4? — )i = constae. on[0,1].

Consequently every Lipschitz function u with the property that # only takes the values 1,0, or —1
is a solution of (+). On the other hand, equation (*#) is equivalent to

(1?2 — 1) — 4(u® — 1)u® = const a.e. on [0, 1]
or to

(u? — 1)(3u% + 1) = const a.e. on [0, 1].
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Hence (*#) has only those Lipschitz functions u with u(f) = + 1 or 0 as solutions which satisfy either
u(t) = 0 or u(t) = + 1. That is, there are Lipschitz continuous solutions of (*) which do not satisfy
(*#).

Now we want to show that, indeed, weak extremals need not be inner extremals. This can be
seen from the following example suggested by K. Steffen.

[0] Setn=1and N > 2. According to H. Whitney [1] there is a C!-function F(p) on R and a
continuous nonconstant curve t —v(t) € RY,0 < t < 1, such that F,(v(t)) = 0 but F(u(t)) # const.
Let us define the functional # by

Fu) = J‘l F(u'(x)) dx.
1)

Then
u(x) := const + jx v(t) dt, 0<x<1,
]
is a weak extremal of # since
jl F,(u'(x)) o(x)dx =0 for all ¢ € C*((0, 1), R"),
0

but u is not an inner extremal since the integral
1

1
0F (u, 1) = J [F,(v) v — F@)]4 dx = —j F(o)X dx
(1)

o
does not vanish for all A € C((0, 1)), as F(v(t)) # const.

Yet one can show that every weak? extremal u satisfying the strict Legendre-Hadamard
condition
$Fpps(x, u(x), Du(x)E & nang 2 41812 Il

for x € 2 and some constant A > 0, must necessarily be of class C*(22, R") if F(x, z, p) is smooth, say,
of class C3. That is, every weak extremal is an extremal and, therefore, also an inner extremal if it
satisfies the strict Legendre-Hadamard condition.

The “regularity theorem” used in this context is not easy to prove. Thus we wish to note that
there is a much simpler way to verify that every weak extremal satisfying the strict Legendre—
Hadamard condition is necessarily an inner extremal. It is, in fact, a fairly easy matter to show that
any weak extremal fulfilling the Legendre-Hadamard condition is a locally weak minimizer, cf. 5,1.3,
Theorem 4. Then the assertion follows from the linearity of 6% (u, -), a suitable decomposition
A=Ay + "+ A4, and from

Proposition 3. Any weak minimizer u € C*(§2, R¥) is both a weak extremal and an
inner extremal.

Proof. This result is a consequence of what we have said at the beginning of this
section. O

Analogously we have: Weak minimizers of a minimum problem with holono-
mic constraints are inner extremals. The same is true for weak minimizers of
isoperimetric problems if the constraining side conditions are parameter-invariant.

2Note that, by definition, weak extremals are of class C'. Later we shall admit weak extremals
which are much less regular. Then the regularity theorem does not always hold.
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Leaving the question undecided whether any weak extremal of # will necessarily be an inner
extremal, we consider the converse problem: Is an inner extremal of & also a weak extremal? This
is easily seen to be false. For instance, every constant function u will be an inner extremal of the

functional
J‘ G(u) dx,
Q

whereas u = const will in general not be a weak extremal. More generally, any function u e
CY(@, R"), n < N, is always an inner extremal of jn G(u, Du) dx if the integrand G(z, p) is positive
for p # 0 and statisfies G(z, p- a) = det aG(z, p) for all a with det a > 0; cf. Propositions 3 and 4 of
this section.

A somewhat more interesting counterexample is obtained in the following way: Consider a
variational integral of the kind

b
F () =J F(u, 1) dt,

where n =1, N > 1. By Du Bois—Reymond’s lemma, any inner extremal of # is characterized by
the “conservation of energy”-law

- F,(u, u) — F(u, 4) = const

(see 1,2.2[7], and the [1] below). If N > 1, this single first order equation will clearly not be equiva-
lent to the N Euler equations if F is a general Lagrangian. However, even for N = 1, this conserva-

. . . d
tion law may have more solutions than the Euler equation EF,,(u, u) — F,(u, u) = 0 as we have seen
in 1,2.2[7].
Let us now discuss some more examples.

(1] One-dimensional problems: Erdmann’s equation and conservation of energy. Let n=1, 2 =
d

(@ b)<=R,ue C!'([a,b], R),and u’ = i Then u is an inner extremal of #(u) = [ F(x, u, u’) dx if

and only if

b
f {Fo A+ (F—w-F)¥}dx=0

holds for all A € C®((a, b)). Set f(x) := F,(x, u(x), u’(x)) and write f(x) = ‘—id; J' : f(t) dt. Then (cf. 1,3.1)

b b d x b x
J F,-Adx:f <d—xj f(t)dt)).(x)dx= —J (j f(t)dt)).’(x)dx,

b x
j {— [ fyde +(F — u'«F,,)}A' dx =0.

On account of Du Bois—Reymond’s lemma (cf. 1,2.3, Lemma 4), there is a constant ¢ such that
Erdmann’s equation

whence

(12) F—u F)x)=c+ ‘[x F, dx

is satisfied for every inner extremal u.
If F does not depend on x, ie., if F = F(z, p), then F, = 0, and we obtain the energy theorem:

(13) F(x,u,u’) —u'-Fy(x,u,u’) =c on(a,b).
This was already proved in 1,2.2[7]; see also 1,3.3.
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Parameter-invariant line integrals. Let n = 1 and consider Lagrangians of type F(z, p) which are
positively homogeneous of first degree with respect to p, i.e.,

(14) F(z,kp) = k- F(z,p) fork > 0.

We assume that F(z, p) is continuous on R" x R¥, and of class c? for p # 0. A simple example of
such an integrand is provided by

F(z, p) = o(2)|p|.

If z = c(t), t, <t < t,, denotes a curve in R of class C!([t,, t,], R¥) which is regular (i.e., |¢| # 0),
then the integral

F()= J'tz F(c, ¢) dt

1

is parameter-invariant. That is, if ¢t = o(z) describes a diffeomorphism of [¢,, t,] onto itself with

d
—dg(‘t) > 0, then it follows that
T

F(coo)=F(c).
Thus every regular C2-curve c(t) has to be an inner extremal of # and will, therefore, satisfy
Noether’s equation
é-Le(c) =0.
Hence, for every C*-curve c(t), the Euler expression L(c) is always orthogonal to the tangent vector ¢.
Therefore the Euler system
Le(c)=0
of a parameter-invariant integral consists of at most N — 1 (instead of N) independent equations,
or in other words, we can reduce the system of Euler equations to be satisfied by an extremal
c:[ty, t,]+R¥, to a system of N — 1 equations. If, in particular, N = 2, an extremal of a parameter-
invariant line integral is characterized by a single equation. This equation will now be computed.

We write c(t) = (x(2), y(2)), t; <t < t,, for curves in R?, and F(x, , p, q) for the Lagrangian of
which we suppose that

(14) F(x, y, kp, kq) = kF(x, y, p,q) fork > 0.
Suppose that c(t) is of class C? and regular, i.e.,
x(t)2 + y(2)* # 0.
Then Lg(c) is orthogonal to ¢ = (%, y), or, equivalently, collinear with the normal (y, —x). Hence
there is a function Tx(x, y, %, y, %, j) such that

(15) Fx—%F,= Tey, F,—%Fq= ~Tpx.
Thus the Euler equations are equivalent to the single equation
(16) T, =0.
Let us compute the expression T;. First we note that (15) can be written as
an F,— {Fpux + F,,y + Fpp % + Fo .} = Tep,
F, — {FiX + Fy + F % + Fu 5} = — Tix.

Note that F,, F, and F,, F, are positively homogeneous of order 1 or 0, respectively, with regard to

P, g whence

. F,=F,%+Fy,y, F,=F,x+F,j,
0=F,%+F,y, 0=F,%+F,).
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The two equations in the second line of (17*) yield

(Fpp’ qu’ qu) ~ (}"2) —X‘}", -iz)
Hence there exists a function F;, = F,(x, y, p, q) such that, for p = X, ¢ = y, we have
(18) F,, = y*F,, F,, = —XyFy, Fpo=x*F,.

Now we replace F, and F, in (17) according to the two equations in the first line of (17*), and apply
(18).
Then it follows that

19) Ty = F,, — F,, + F, {%j — y%}.
We conclude that the Euler equations
F, d F,=0 F, d F,=0

=% bghe
are equivalent to the single equation
(20) Foo— F,, + Fi{xy — yi} =0,
which, by introducing the curvature

_ Xp—yx
k= 2 + }o,2)3/z ’

can also be written as
@y Fl""(’ez"')"z)}/z:pr_qu'

This equation was derived by Weierstrass.?
If F is a two-dimensional Riemann line element, i.e.,

F(x, y, p, @) = \/e(x, )P* + 2f(x, Y)pq + 9(x, N4,
with eg — f2 > 0, then a straight-forward computation yields* that
@2 T, &, &) = Kk, /e(0)glc) — £3(c),
where k, denotes the geodesic curvature of the curve c(f) with respect to the line element
ds? = edx?® + 2f dx dy + g dy®.

Hence geodesics are curves of geodesic curvature zero. For geodesics on a curved surface, this is also
an immediate consequence of Johann Bernoulli’s theorem (cf. 2,2 [2]).
Let us consider the particular example

F(x, 5, p, 9) = @(x, y)\/p* + 4%,

with w(x, y) > 0. The Euler equations to be satisfied by an extremal c(t) = (x(z), y(t)) are

4} o) 5} — grad w(@)1¢ = 0
—<w(c)—p — grad w(c)[¢| = 0.
ar | P9 T ERee
. ()
Introducing the tangent vector t(t) = I?(—t—)-l, the normal n(t), the curvature «(t), and the curvature
radius p(t) along c(), we have
1 dt |é
k=— and —= mn,
P dt

31t is throughout used in his celebrated lecture notes [1] Vol. 7; cf,, in particular, pp. 107-108.
4See the Supplement for the definition of x,. Compare also Bolza [3], p. 210.
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and the normal part of the Euler equation can be written as

w(c)

a
29 _ grad o) n = 2(0).
p on

Thus equation (16) can be written in the equivalent form

1 0
(16) L (_ log w) O

p \On
due to Gauss, and the expression Ty is given by

. 0w
Te(c, ¢, &) = kw(c) — 5;(0).
Consider now an arbitrary C2-motion c(t) with speed v(f) := |é(f)} > 0. From
i=2n, &=ty =ot+of,
p

we conclude that
- o vz
¢=0vt+—n.
p

If ¢(¢) describes the motion of a point mass m in some conservative field with the potential energy
V(x, y), Newton’s equations state

¢ = (0= Pt ot n ©
mé grad V(c : c on,
which is equivalent to the system of equations

(*) my = _—6_!(0)’ 3 = _%(Cl

Introduce the arc-length function s = s(t) along c(t) by s = v. Then the first of the two equations (*)
yields
av(o)

dt

v
mss§ = —a—t(c)s’ = —grad V(c)-¢ = —

and this implies the conservation of total energy:
ims2 + V()=nh

for some constant h. Conversely, by differentiating this equation, we can return to the first equation
of (*) if § 0. In other words, the differential equation

N
§= ;{h_V(C)}

describes the motion in time along the orbit of the point mass, provided that s > 0.
The orbit of the point mass, i.e., its trace in R? described during the motion, is characterized
by the second equation of (*). Introducing the function

o(x, y) = /2{h — V(x, y)},

we can equivalently write this equation as

1 2
- = —log w(c),
p oOn

which is the Euler equation of the parameter-invariant integral
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F) = Jllz w(c)|é| dt.

1

Thus we infer the following result:

Let c(t) be some motion in R? with |é(¢)| > O which is ruled by Newton’s equations
mé = —grad V(c).

This motion can equivalently be described by the following procedure:

Determine an extremal of the variational integral j' w(c)|¢| dt, w(c) = \/2(h — V(c)), which starts at the
same point as the actual motion c. Clearly this extremal will in general not be the actual motion; only
its trace will coincide with that of c. Next we choose a representation y(s) of the extremal by the arc

d
length parameter s, ie., 'Ey‘ = 1. Then the correct motion c(t) is obtained from y(s) by the formula

c(t) = y(s(t)) where the inverse t(s) of the function s(t) is to be determined from the formula

dt _J/m

ds  w(y)
together with the proper initial condition for t(s).
This is Jacobi’s geometric version of the least action principle. There is an analogue for the
motion of £ point masses in R which we shall prove later.

If the graph of ¢(¢) is a nonparametric curve over the x-axis described by the function z = u(x),
we can introduce the representation

(%) = (x, u(x)),

and the function x(t) is determined as inverse of ¢(x) which is solution of the differential equation

dt  /m(l +u?)

dx o(y)

Then the actual motion is obtained as c(t) = y(x(z)).

Parameter invariant double integrals. Minimal surfaces. Suppose thatn = 2 and N = 3, and set
z=(,2%2%), p=0,0%P), a=("4%2).

We consider Lagrangians F(z, p, g) which are independent of the two independent variables x, y and
have the special form

(23 F(z,p,q) = G(z,p A 9),
where
pA4=0p'¢ - P, ¢ —p'e ' — p?q')
is the vector product of p, g, and G(z, X) is continuous on R*® x R3, of class C? for X # 0, and
positively homogeneous of first degree with respect to X = (X!, X2, X3)e R3, ie,

(24) G(z, k- X) =k-G(z, X) fork>0.

Consider smooth mappings u: Q - R3, @ = R?, which are viewed as parameter representations of
surfaces

{ze Rz =u(x,y), (x,y) e 2},
in R3. Then we define the integral

(25) F(u) = j F(u,u.,u,)dx dy = I G(u, u, A uy)dxdy,
2 Q
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which is parameter invariant. In fact, for every diffeomorphism o : 2 — 2 of 2 onto itself with
positive Jacobian, we have

Fuod)=Fu).

Consequently, every mapping u of class C? is an inner extremal and must, therefore, satisfy the two
Noether equations

L@ u, =0,  Ly(w)u=0.

In other words, the two vectors Lg(u) and u, A u, are collinear. Hence there exists a real-valued
function Tj(u, Du, D?u) such that

(26) Lg(u) = Te(u, Du, D*u)(u, A u,)
holds for every u € C%(22, R3), and we infer that the system
Lyuw)=0
consisting of three scalar Euler equations is equivalent to the single scalar equation
27 Ty (u, Du, D*u) = 0.

The function T; can be computed by a similar reasoning as in [2]. We shall, however, restrict
ourselves to the special case of the Lagrangian

F(p,9)=G(p A @) =1p A ql = /IpI*l9]* — (p-9)*,

whose variational integral is the area functional
oA (u) =J |u, A uy|dxdy.
Q
We compute that

F(p,dd=qrGx(pnrq), Ffp,q=—pnAGxlpnrg, Gx(X)= X
Introducing the surface normal
&= lue A w7 (u, A wy),
we obtain
Lp(u) = —D.F, — D,F; = (u, A §), — (u, A &)y,
whence
Le)=u, A&, —u, A ¢,.

Comparing this expression with u, A u,, we see that both terms transform in the same way if we
change variables. In fact, substituting x, y by the new independent variables a, # such that the
corresponding Jacobian

_9xy)
A(a, B)

is positive, both Lg(u) and u, A u, are multiplied by #. Thus the expression T is invariant with
respect to admissible changes of the independent variables, and hence we can simplify the computa-
tion of Ty introducing suitable variables, and this can be done locally.

Since u is a regular surface, we can assume that it is locally the graph of some smooth function,

s

say,
u(x, y) = (x, y, ¥(x, y)).

Then a straight-forward computation shows that
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T. = _(1 + ’l’yz)wxx - 2'#:'#;'#:; + (l + '/’3)"’”
F s

1+y2+y
whence it follows that — T} is twice the mean curvature H of the surface u:
(28) T, = —2H.
Therefore, (26) takes the form
(26) L) = —2H (u, A u,).

In other words, the three Euler equations Lg(u) = 0 are equivalent to the single scalar equation
H=0.

That is, the extremals of the area functional o/ (u) are given by surfaces of zero mean curvature. These
surfaces are called minimal surfaces. (Cf. also 1,2.2 [5]) Note that here “minimal” does not mean
“minimal area”, but only “stationary area”.

[4] Parameter invariant multiple integrals. Let us briefly consider the generalization of [2]and [3]to
higher dimensions. To this end, we assume that 1 < n < N, and consider Lagrangians of the form

29 F(z,p) = G(z,py A2 A" A D),

. N
ze R¥, p = (p!) e R™, where G(z, P) is a continuous function of (z, P)e RY x R™,m = ( ), which
n
is of class C2 for P # 0 and positively homogeneous of the first degree, i.e.,
(30) G(z,k-P)=k-G(z, P) forallk>0,

and p, A p, A" A p, denotes the exterior product P of the vectors py, ..., p,€ R", p, = (p)),
which is given by

P=(P)), J=(iy,---s0p), iy <iy <+ <i,,
P’ = det(py) = det(p™, p™%, ..., p™), P’ = (p).
Then, for any u € C!(£2, R¥) which is regular (i.e., rank Du = n), the integral

31 F(u) =J F(u, Du) dx =J G(u, Dyu A Dyu A -+ A Dyu) dx
a Q

is invariant with respect to diffeomorphisms ¢ : 2 — £ of £ onto itself with positive Jacobian
J = det Do, that is, #(u o 0) = F(u).
Let G(z) = (gi(2)) be a positive definite, symmetric matrix function on R¥. Then

ds? = g,(z) dz* dz*
defines a Riemannian line element on R, and the variational integral
(32) Fu) = J det{g,(u)D,u’ Dyu*} dx
Q2
is the area of the n-dimensional surface in R¥, given by a parametric representation z = u(x), x € 2,

with respect to this line element. The variational integrand

F(z, p) = /det{gu(2)pep}}

furnishes an example of a Lagrangian that can be expressed in the form (29).
From the relation #(u o ) = % (u) we infer that each C2-mapping u(x) is an inner extremal
and will, therefore, satisfy the n Noether equations

Le(u)u.=0, a=1,...,n.

Let X;: 2 >RM I=1,..., N — n, be independent vector fields along u which satisfy
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X,-Du=0 and X, Xg=0 forl #K

(@=1,...,n;I, K =1,..., N — n). Then there exist functions T, ..., T, " such that

33) Leu) = T¢ - X,
holds. Therefore, the system of Euler equations is equivalent to the system of N — n equations
(39 TE=0,...,T¥"=0.
Since we can construct the X; solely in terms of u,i, ..., u,», we can achieve that the functions T
only depend on u, Du, and D*u.

Let us set
35) Fu, Q)= J. F(u, Du) dx.

2

Then conditions (29) and (30) imply that

(36) F(u, Q) = F(uoo, 2%

holds for every Q = R”, u € C'(2, R"), and each diffeomorphism ¢ of 2* onto Q.

Proposition 4. The integral % (u, ) possesses the general invariance property (36) if and only if its
integrand F satisfies

(37 F(z, p-a) = (det a)- F(z, p)

Jorallze RM pe R™, and every n x n-matrix a = (ag) with det a > 0.

Proof. Suppose that (36) holds, that is,
f F(u, Du)dx = J F(v, Dv) dy,
Q a*

where v = u o ¢. For given z, p, and a, we choose u, g, x, and L in such a way that x, € 2, u(x,) = z,
Du(x,) = p, and Do(y,) = a, where y, = 67 1(x,) and Q* = ¢7(Q). Applying the transformation
theorem to the left-hand side of the last equation and substituting v = u(c), Dv = Du(c)- Do on the
right, we arrive at

f F(u(o), Du(0))- det Do dy = J F(u(0), Du(c) Do) dy.

o+ o

Now we choose 2* to be a ball B,(y,), divide by meas B,(y,), and let r tend to zero. Then we
conclude that (37) holds.

Conversely, we may derive (36) from (37) by reversing the previous reasoning. O

Corollary. The homogeneity relation (14) is both necessary and sufficient that F is the Lagrangian of
a one-dimensional variational integral which is invariant in the sense of (36).

Finally we shall derive a condition which is equivalent to (37) and generalizes Euler’s well-
known relation for homogeneous functions.

Proposition 5. Suppose that F(z, p) > 0 holds if p # 0. Then the identity (37) is satisfied if and only if
(38) Fy(z, )pa = 0/ F(z, p)
is true for all (z, p) € RN x R"™™ withp # 0.

Proof. (i) We note that, for a = (ag),

0
—deta = A2,
dag
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where Af is the algebraic cofactor in det a. By differentiating the identity (37) with respect to aj, we
obtain that

Fyy(z, a p)pi = F(z, )AL

provided that p # 0 and det a > 0. This implies (38) if we choose aj = 5.

(i) Conversely, let (38) be satisfied. We choose p = q-4, ¢ = (¢), @ = (a§), that is, p; = giaj,
and assume g # 0, det a > 0, and for the moment also q- a s O (this is, as we shall see, a consequence
of ¢ # 0 and det a > 0). Then (38) yields

F,,;(z, q-a)gial = F(z,q- a)df.
If we multiply both sides by 45 and take the equation a] A3 = 4] - det a into account, it follows that
Fy(z, q-a)gideta = F(z,q-a)A®.
Introducing
G(a):= F(z,q-a), H(a):=det a,
we infer that
39) Gy(a)H(a) = G(a)H,(a).
The functions G(a) and H(a) will be considered on the open set # := {a: det a > 0}, where H(a) is a
polynomial and therefore of class C*, while G(a) is of class C! only on the open set # — &,
Py = {ae P Ga)=0}.

Let p#0, e =(5), and a =(aj) €2 Since 2 is connected, there exists some C'-path
¢ : [0, 1] = & such that 6(0) = e and o(1) = a holds. Let us first assume that o(t) € # — #, for all
t € [0, 1]. Then, replacing a in (39) by ¢(¢) and multiplying by ¢5(t), we obtain for

¢():=Gl(®), Y():=H(®),
the equation
oY) = o) (1),
whence
e/ = 0(0)/¥(0).
Since ¥(0) = H(e) = det e = 1, we arrive at
o(t) = ¥ (0)0(0),
which for ¢t = 1 yields the desired equation
F(z,q-a)=deta" F(z, q).
Finally, if there would exist a parameter value ¢ € [0, 1] such that o(t) € £, then there had to be a

smallest value t € [0, 1] such that a(t) € #,. Since 6(0) = e ¢ %, we infer that 7 > 0 and that a(t) ¢
2, for 0 < t < 1. Consequently, we obtain

o) =y(t)- o0 for0<t<rt,
and, by continuity, it follows that
o) = Y(7) 9(0).

From ¢(t) = 0 and ¢(0) = F(z, q) # 0, we would obtain that y(t) = H(a(z)) = 0, which would be a
contradiction to o(r)e 2 and H > 0 on # This completes the proof of the second part of the
proposition. O

Note that condition (38) is equivalent to the identity
(38") Tf(z,p) =0 forall(z, p)e RY x R"™ with p # 0.
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2. Strong Inner Variations, and Strong Inner Extremals

In this section we want to consider variations of the independent variables
which vary the domain of definition Q of the mappings u : Q — R in consider-
ation. This will lead us to the notion of strong inner extremals. Any such
extremal that is of class C? will not only satisfy the Noether equations but also
a free boundary condition. The most interesting example of this section concerns
the strong inner extremals of the (generalized) Dirichlet integral which are seen
to satisfy the so-called conformality relations.

For the sake of simplicity we shall throughout assume that F(x, u, p) is a
Lagrangian of class C2 on R" x R x RV,

In the previous section we have considered variations x = &(y, ¢) of the
independent variables x by families of diffeomorphisms defined on the same
parameter domain 2 as x. Now we want to admit that the domains of definition
of £(e) may change as ¢ varies.

As in Section 1, we start with a prescribed vector field 1: 2 > R”, Q c R,
which now is assumed to be of class C!. Then we want to construct a family
() : Q* —» Q of diffeomorphisms of Q* onto @, depending smoothly on the
parameter ¢ € (—¢&g, &), & > 0, which satisfy

(1) Q¥ =0, &x0)=x, %ﬁ(x, g =Ax) forxe®.
e=0

Corresponding to Section 1, (3), we want to write £(y, €) in the form
2) E(y, &)=y + €A(y) + o(e) for ye Q*.

There is a conceptual difficulty caused by the fact that A(y) originally is only
defined on €, whereas in (2) A(y) should be defined on Q*. This difficulty will
be overcome by interpreting the assumption “A € C'(2, R")” in the following
sense: There exists a function 1 € C}(R", R") such that A = 3.

In other words, we shall operate with vector fields A of class C!(R" R"),
the support of which is not necessarily contained in 2. We shall assume that
int @ = Q and 92 € C* to ensure that the class C*(22, R") comprises all func-
tions 4 € C*(2, R") such that A and DA can continuously be extended to .

Also, if we take A as starting point, it is not a priori clear how the domains
§2* are to be chosen. Thus, in order to construct &(y, ¢) satisfying (2), we begin
by defining the inverse mappings 7(¢) = £ *(¢). We choose mappings 7(e) : 2 —
R” of the type

n(x, &) = x — eA(x) + o(e), xe€Q,
and set

QF =n(Q,¢).
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m

N

Fig. 1. The mappings £(c) and (e). Fig. 2. A contraction £(g): 2*-Q
by a radial vector field.

For instance, we can simply take
n(x, &) := x — eA(x), xeQ,

if A is an arbitrarily given function of class C!(2, R").
We claim that the family 7(g), |¢| < &4, can be chosen in such a way that the
following holds:

Lemma. For any 4 € C}(R", R"), there is a number ¢, > 0 and a function n(x, €)
defined on R x (— &, &) such that the following is satisfied:

(i) The function n(x, €) is of class C* and satisfies
n(x, &) = x — €eA(x) + o(e)

for any x € Q; in particular
on
Eg(x, 0) = —A(x) foranyxeRR".

(ii) For any & € (—&, &), the mapping (-, €) furnishes a C*-diffeomorphism
of R” onto itself.

(iii) The inverse (-, €) of n(-, €) defines a mapping &(y, €) of class C* on
R" x (— &, &) Which satisfies

E(y, &) =y + €A(y) + o(e)

forany y e R".

(iv) Restricting the region of definition of n(e) = n(-, €) and £(e) = &(-, €) to
Q and QF, respectively, where Q¥ .= n(, ¢), the mapping n(e) is a C'-diffeo-
morphism of Q onto Q¥ with the inverse &(g), and we have
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QF =0, &x,0)=x, —a—f(x, €) = A(x) forxeQ.
as =0

We shall call such a mapping &(y, €) a strong variation of the independent
variables with the infinitesimal generator A. We also speak of an admissible family
of parameter transformations.

Proof. It suffices to consider the mappings
n(x, &) = x — eA(x) for x e Q,,

and, without loss of generality, we can assume that the vector field e
C!(R", R") satisfies a uniform Lipschitz condition on R", that is,

|4(x1) — Alx2)l < K|x; — x5
holds for some K > 0 and all x,, x, € R". Then we conclude that
In(xy, &) — n(xz, )l = (1 — || K)|xy — x5| = Flx; — X,

holds for all x,, x, € R" and for |e| < ¢, where ¢, is a sufficiently small number
satisfying 0 < &, < (2K)™'. Thus the mapping (-, ¢) : R” — IR" is injective pro-
vided that |¢| < ¢y, and the inverse-mapping theorem implies that #(-, ) is a
C'-diffeomorphism of IR" onto itself. It is easy to see that the inverse mapping
&(-, €) can be written as

E(r, &)=y + eA(y) + o(e)

for any y € IR" whence the other assertions follow without difficulty. O

For a given u € C*(2, R¥) we now consider a family of comparison func-
tions v(g) := u o &(¢) which are defined by

v(y, &) = u((y,¢)) forye Q¥ and e < é.

Here &(y,¢) is a strong variation of the independent variables with the
infinitesimal generator A. We call v(y, ¢), y € Q%, |¢| < &4, a strong inner variation
of the function u(x), x € Q, in direction of A.

Correspondingly, we form

D(e) := F(v(e), ) = L- F(y, v(y, &), Do(y, €)) dy

for |e| < &y, D = D,
As in Section 1, the expression

3) 0F (u, )= d'(0) = %37 (v(e), 2F)

e=0
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will be called the inner variation of & at u in direction of the vector field A €
C(2, R™). The only difference to the previous section is that, instead of 1 e
C*(2, R"), we now allow variations 4 of class C!(2, R™).

As in Lemma 1 of Section 1 we see that @'(0) exists and that 0% (u, 1) is
given by

)] 0F (u, A) = j {TA(x, u, Du)A% — F(x, u, Du)A®} dx.
2

where T = (Tf) denotes the Hamilton tensor which was defined as
rI;ﬂ(xa z, P) = paiszg(x9 z, P) - 60?F(x9 z, p)

In analogy to Section 1 we formulate

Definition 1. 4 mapping u: 2 — RY of class C! is called a strong inner extremal
of F if it satisfies

(5 0Fu,2)=0 forall e C!(Q, R").
According to our discussion, the following definition is equivalent:

Definition 1’. A function u € C'(2, R") is a strong inner extremal of % if and
only if, for every strong inner variation v(€) = u o (), defined by an admissible
family of parameter transformations &(g): Q¥ — Q, and for d(e) := F(v(e), 2¥),
the condition ®@'(0) = 0 is satisfied.

Clearly, every strong inner extremal is also an inner extremal, but the con-
verse is not true.

Proposition 1. Any strong inner extremal u of class C'(2, R) n C*(Q, R")
satisfies both the Noether equations.

(6) Dy TP(x, u, Du) + Fu(x,u,Du) =0, 1<a<n,
on Q as well as the boundary conditions
(6’) vﬂ’If(x7 u, Du) =07 1 <a Sn:

on 0Q where v = (vy, ..., v,) is the exterior normal to 0%.

Proof. By (4) and (5), we have
0=0%u, )= j (TPA% — F.A%) dx
Q

for any A € C!(2, R"). Applying a partial integration, we infer that
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_J. (Dﬂ'I;ﬂ + an)l" dx + J. vﬂ’]’;ﬂia d#" 1 =0
Q aQ

for all e C'(2, R"). By means of the fundamental lemma, we arrive at the
equations (6) and (6'). a

We now discuss some examples.

Let us once again consider 1-dimensional integrals

b

F(u) = f F(x,u,u')dx.

As we know from 1 [1], any inner extremal u of # satisfies Erdmann’s equation
(F-u"F)x)=c +I F, dx

for some constant c. If u is a strong inner extremal of &, it also satisfies the boundary condition (6)
which reduces to

(F—u'-F,)(x)=0 forx=aandforx=)b.

Thus Erdmann’s equation obtains the special form

x

@) (F—u'-F)(x) = f F, dx.

If F, = 0, we arrive at the special form
8) F(x,u,u’) —u' - Fy(x,u,u’) =0 on/[a,b]

of the energy theorem.

This already follows if (F — u’- F,)(x) = 0 is satisfied for only one of the two points x = a, b
which, in turn, is a consequence of “0#(u, ) = 0 for all 1 € C*([a, b]) with A(b) = 0, or else A(a) =
0.

Let #(u) = j' o F(u, Du) dx be an invariant n-dimensional integral with
F(z,p)>0 ifp#0.
In Proposition 5 of Section 1, we have proved the identity
08F(z, p) — Fpi’(z, ppi=0 forp #0.

Thus the boundary condition (6') is trivially satisfied for every u € C!(£2, R"). This expresses the fact
that every smooth u is not only an inner extremal, but even a strong inner extremal of an arbitrary
invariant integral |, F(u, Du) dx; see 1, (36).

Inner extremals of the generalized Dirichlet integral. For n =2 and N > 2, we consider the
integrand

F(z, p) = gu(2)psps ,

where the coefficients g, are assumed to be symmetric: g,(z) = g,(z). Then the corresponding
functional
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) Fu) = I gu(wDu'D,u* dx
Q

is called the generalized Dirichlet integral® of some function u € C'(&2, R¥) (with respect to the
possibly indefinite matrix g;).
We set

Pa(®) = uu(x), Pe=(Pas---, P), <Pus Pp) = Gu(W)P;P}-
Since ‘
Fu=0, Fy(u Du) = 25,(p},

it follows that

Fyy(u, Du)uze = 2<pas 1y -
Thus the Hamilton tensor T(x, u, Du) with the components
(10) T? = Fyuia — 62F
is of the form
& % =0 %)
where we have set

(1) a:={py,P1> —<P2 P20, b:=2{ps,p2>.

Then it follows from (4) that

(12) oF (u, 4) = I TP A% dx
el

for every A € C!(£2, R") whence
13) oF(u, 3) = j {a[AL — A%] + b[AL + A%} dx.
P

From this formula, we infer the following results:

Proposition 2. If ue C1(2, R"), @ = R?, is an inner extremal of the generalized Dirichlet integral (9),
then

J©) = a(x*, x*) — ib(x*, x?)
is a holomorphic function of the complex variable { = x' + ix>e€ Q = C.

Proof. Assume first that u € C*(Q2, R"). Then it follows from (13) that, for A € C(R2, R?), we have
(14) 0= J {a[AL — 22 + b[AL: + A%.]} dx,
Q

and a partial integration yields

5 Often, one adds the factor 1, cf. 2,4 [3]. We have dropped it to simplify the following formulas.
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0= f {—l‘(a,. + bxz) + llz(axz - bxl)} dx.
Q

On account of the fundamental lemma, we obtain the Cauchy—Riemann equations
Axy = —0ya, A2 = bxl s

and therefore f({) is holomorphic in Q.

If we drop the additional assumption u € C* we can still proceed in this way by choosing an
arbitrary u € C2(2, R?) and a mollifier S, with 0 < & « 1, and by inserting A = S,u as test function
in (14). Then we get instead of the upper equation the relation

0= J‘ {_”l[(sza)x‘ + (S,b),z] + ”2 [(Sza)xl - (szb)x‘]} dx,
Q2

from which we conclude that the function
S.f = S,a—iS,b

is holomorphic in ; := {{ € Q: dist({, Q) > &}. Since S, f converges uniformly to f, the representa-
tion formula of holomorphic functions by the Cauchy integral implies that also f is holomorphic in
Q. O

Proposition 3. If ue C'(2, RY), @ « R?, is a strong inner extremal of the generalized Dirichlet
integral (9), then u satisfies the conformality relations

(15) gulWunus = guWupuls,  galWuiiul =0

on .

Proof. Ifu e C*(2, R"), we infer from (6') that v; T/ = 0 holds on 992. Consider some x, € Q2 where
v(xo) = (1, 0). Then we get T} (x,) = 0and T;'(x,) = 0, or a(x,) = 0 and b(x,) = 0. Since the integral
(9) is invariant with respect to rotations ¢ of the x, x2-plane, also u o ¢ are strong inner extremals
of (9). Thus we can conclude a = 0 and b = 0 on 0%2. Since a = Re f and b = Im f are harmonic on
Q and continuous on @, the maximum principle® for harmonic functions implies that a(x) = 0 and
b(x) = 0 on £2, and (15) is proved.

If we drop the additional assumption u € C2, Proposition 1 is no longer applicable. Then we
proceed in a completely different way:

Choose arbitrary functions p, 0 € C(£2), and determine functions h, k € C2(£2) with

(16) 4dh =p, dk =0 onf.
This is certainly possible if 912 is sufficiently smooth, say, 2 € C3. Choosing
Ali=ha+ka, A2i=—ha+k,,
we obtain
Aa—ih=p, Autih=o,

and therefore

17 f {ap + be} dx =0 forall p, o € C2(R2).
o

SCf. e.g. Courant—Hilbert [1-4].
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By virtue of the fundamental lemma, we infer that

a=0andb=0 on@.
This reasoning also works if only 82 € C* holds. In this case, we still can find solutions h, k of (16)
which are of class C%(Q2) and satisfy

J. |Dh|? dx < o and J.|Dk|2 dx < 0.
2

By an approximation argument, we can again verify relation (17), and the assertion is proved in full
generality. d

If g = (gu) is positive definite, we can interpret
Pas Ppds = Gul2)PaPf
as a scalar product on the tangent space T,IR¥ to RN at z (which is isomorphic to R¥), and
ol == (Ipsll7 + 2052,
with
IPillg:=<P1 1%, WP2llg = <Pz, P2 2"

can be interpreted as “norms”. Accordingly, the generalized Dirichlet integral can be written as

J‘ 1Dul7 dx,
Q

and the conformality relations (15) take the form
(15) 1Pl = lp2l;,  <P1s P22 =0.

Remark 1. We can consider a third type of variations given by x = £(y, &), y € 2, |¢| < &,. Here all
transformations £(g) are defined on the same region &, but we do no longer assume that £(y, &) = y
holds for y € 62 and |¢| < &;. In other words, the functions £(y, €) will be of the type

Eye)=y+ed(y) + o), yel,

and &(g) = &(-, ¢) is assumed to be a diffeomorphism of £ onto itself, if |¢| < &o.

Clearly these transformations are stronger than those of Section 1 because they do not reduce
to the identity on 32 but they are weaker than the variations of Section 2 since £ is mapped onto
itself. For this intermediate type of variations, the infinitesimal generators A(y) are tangent fields
along 09. Hence, by introducing

T =(Tn1-'z)’ Tq = vﬂnﬂ=vﬂ{Fp“ui‘—6apF}y

we infer from

d
—Fuot@) =0
& =

o

for all “medium type” variations £(¢) that the Noether equations Ly(u)-u,« = 0 hold and that 7 is
normal along 0%, ie.,

(18) T=Rv
holds along 4€2 for some scalar function R, or equivalently

(18) wIf =Ry, a=12.



2. Strong Inner Variations, and Strong Inner Extremals 171

Suppose that €2 contains a straight arc 2 parallel to the x?-axis. Then we have v = (+1,0) on
X whence T;! =0 or b =0 on Z, where b = {p,, p, ). Although this does not suffice to conclude
b = 0 on £, we can make this idea effective if Q2 is the unit disk centered at the origin by using polar
coordinates.

First we note that f({) = {u;, u;» and g({) := {3f(¢) are holomorphic on £, and that

7D, = iD, = {-(D, —iD;) = U 7.
where r, 8 are polar coordinates on £ defined by { = re®. Introducing #(r, 6) := u(r cos 6, r sin 6),
we obtain
Uy Uy > — Uy, Up)> — 2irKUy, Uy
=40 Qu, u) = (0 = 9(0)-

Moreover, the boundary condition (18) yields {#,, %,» = 0 on 022, whence Im g({) = 0 on 6£2, and
therefore g(¢) = const on &. It follows that f({) = 0 on 2.

Since the generalized Dirichlet integral is invariant with respect to conformal mappings of the
{-plane the same conclusion holds for every simply connected bounded domain £ of R?, if we take
the Riemann mapping theorem into account. Thus we have found:

d

Proposition 3'. If d—.?" (o &) =0 holds for all medium type variations &(g) of the independent
€ e=0

variables, and if 2 is a simply connected bounded domain of R? with 0Q € C*, then the conformality

conditions (15) are satisfied in Q.

Remark 2. This result is not anymore true for multiply connected domains as we have used that all
simply connected domains are of the same conformal type. Our reasoning actually shows that the
conformality relations (15) in the simply connected domain £ are equivalent to the nonlinear
boundary condition {#,, %,) = 0 on 0.

Inner extremals and, even more so, strong inner extremals play an important role in the theory
of conformal mappings and in differential geometry. To give some idea, we consider surfaces

u(x) = (u!(x), u*(x), ¥(x)), xe®,

in R? which are defined on bounded parameter domains 2 = R?, x = (x!, x2).

We want to investigate variational integrals

19) Fu) = f {IDu|? + Q(u)* (uz1 A u2)} dx! dx?,
2

with the Lagrangians
F(z,p) = |1l + |P2l* + Q(2)(Py A P2),

where Q =(Q',0% Q% is a function of class C'(R3R3. If Q(u)=3%u, then [,0Q(u)
(U1 A u) dx! dx? is the algebraic volume of the cone from the vertex zero to the surface u(x).
A simple computation yields

Fo(z0)=2p, — Q@) A P2y  Fp(z,0) =2p, + Q(2) A py.
Let us introduce the function H € C°(R3) by
(20) H =1div Q = 1Q%.
Then the Euler equation

F,—D,F, — D,F, =0
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turns out to be equivalent to

(21) Au =2H(u)u, A u,:.

By Proposition 2, the function

(22 JQ) = lual® = Jupl® — 2i vy -uy

is holomorphic in { = x* + ix? for every inner extremal u of |5 |Du|* dx, and f({) = 0 if u is a strong
inner extremal of the Dirichlet integral. On the other hand, [, Q)" (4,1 A u,2) dx is an invariant
integral (cf. 1 [3]). Thus u € C!(2, R3) is a (strong) inner extremal of # (u) if and only if it is a (strong)
inner extremal of the Dirichlet integral, and we can draw the following two conclusions:

(i) If ue CH@, R3) N C*R, R3) is both an extremal and a strong inner extremal of &, then it
satisfies the Euler equations (21) as well as the conformality relations
Jugs|? = luga|?, g up=0.

Moreover, the surface z = u(x) has mean curvature X#(x) = H(u(x)) at all regular points x € Q.
In fact, if we set

e= qullz) f= Uyt Uy2, g= |ux2|2a
=X uu,, m=X - u,., n=X u.,.,

where X = |ug A U] ! (4 A u,2) is the surface normal of u at a regular point x € ©, we obtain
for #(x) := H(u(x)) that

_ du X Xuaa+Xuae en—2Ym+gl
up Aual 2 Jeg— /7 2eg— 1)

(ii) If u is an inner extremal of F, then f({) defined by (22) is a holomorphic function of {.
On the other hand, if u is a C2-solution of the equation

Au = 2H(wu,s A uy2,

where H(z) is a function of class C*, we can determine some C!-vector field Q = (Q*, 92, @3) such
that Q%, = 4H. It follows u is an extremal of (19) and, therefore, u is an inner extremal. Consequently
f(¢) is a holomorphic function. Thus we have found:

(iti) For every C*-solution u of (21), H € C*, the associated function f({) = ju,|? — |u,|® —
2iu,. - U, is holomorphic.

3. A General Variational Formula

So far we have considered various kinds of (first) variations of a multiple inte-
gral which led us to the notions of extremals, inner extremals, and strong inner
extremals. In these variations, either the dependent or the independent variables
were altered. Now one might wish to unify these two variational aspects by both
varying the dependent and the independent variables simultaneously, and to
derive a corresponding variational formula. This idea will be carried out in the
next Section. Presently we want to take a different point of view. Instead of
fixing a domain £ and a mapping u : 2 — R" which then both will be varied, we
consider a family of functions and a family of domains as well as a family of
Lagrangians depending on the same parameter. To see the right picture, the
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reader should think of this parameter as a time parameter; thus we shall
temporarily write t instead of ¢. Considering functions u(x, t) we now can inter-
pret them as functions of space x and time t instead of viewing them as families
of mappings u(-, t). Correspondingly we consider a given family of domains Q*
varying smoothly in time ¢, and the Lagrangian F(x, z, p, t) might be time-
dependent. We then want to investigate how the function

D(t) = J F(x, u(x, t), u(x, t), t) dt
Qt
changes in time t. For instance, in fluid mechanics one is led to study the total
mass M(t) or the total energy E(t) of a moving fluid contained in varying do-
mains Q*. (Two instructive examples can be found in[1]and[2] below). We shall
compute an expression for @(0) which will be called general variational formula;
it is described in the Proposition below. In the next section this formula will be
used to derive the variation of the usual variational integral

Fu) = J F(x, u, Du) dx,
Q

with respect to simultaneous variations of the dependent and the independent
variables. This result will in turn be used to derive Emmy Noether’s conserva-
tion laws which are to be satisfied by minimizers or stationary points of inte-
grals that are invariant (or at least infinitesimally invariant) with respect to
continuous transformation groups. In the next section we shall state these
conservation laws as Emmy Noether’s theorem.

From now on we shall return to our previous notation in order to be able
to compare the results of this section with those of Sections 1 and 2; that is, we
shall denote the variational parameter once again by ¢ instead by .

Since the emphasis will rest on the formal aspects, we shall assume here and
in the next section that all appearing functions are as smooth as necessary. We
shall refrain from formulating precise differentiability conditions.

Let us begin by considering a family of domains Q¥, |¢| < g,, which are
“slight variations” of a fixed domain Q in R". More precisely, we consider a
smooth family of diffeomorphisms #(-, &) : 2 — 2%, |¢| < &,, given by

y=n(x,e), xef, l|e|<eo,

where 2 and Q* = (£, ¢) are domains in IR". We assume that n(x, 0) is the
identity map, that 2% = Q. By introducing the infinitesimal generator

0
(1) Hix) =510, 0), xed,

of the family 7(x, &), we can write
@ n(x, &) = x + eu(x) + o(e) ase—0.
Let, secondly, F(y, z, p, ¢) be a family of Lagrangians which are defined for
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(».2,p,e) e R" x RY x R™ x (—¢&o, &). Then, for any smooth map z = v(y),
y € 2%, |¢| < g, the integral

€) Fv, 6 Q)= f F(y, o(y), Dv(y), ¢) dy
Qr
is defined.
Next we choose a smooth family of mappings z = v(y, ¢), y € Q¥ |¢| < &,
with values in R¥, and set

4 u(x) := v(x, 0), o(x) = g(x, 0)
as well as
5) D(e) ;== F(v(e), &, 2F).

In particular, we have

®(0) = F(u,0,2) = f F(x, u(x), Du(x), 0) dx.
Q

Lemma. We have

6 &0 = L (F(...) + Fu(..)0" + Fyu(...)0k + D,[F(...)p*1} dx,

0

where (. ..) stands for (x, u(x), Du(x), 0), and D, = et

Proof. Formula (2) implies that
Nxe(x, €) = 05 + euss(x) + o(e).
Hence det(n%(x, 0)) = 1, and therefore
det(n%(x,6)) >0 for xe Qand |e| « 1.
In addition we get

= pzlx) = div p(x).

e=0

0
2-det(n5(x, €))
O
On account of the transformation rule, we obtain
P(e) = J F(n(x, &), v(n(x, &), &), D,v(n(x, ¢), ¢), &) det D,n(x, ¢) dx.
Q2
Denote the integrand of the right-hand side by f(x, €). Then it follows that

®(e) = f f(x, ¢) dx
Q
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and
J
D'(e) = —f(x, g dx.
Q 68

The chain rule yields

gi;(x, 0) = Fyu(...)0'(x) + Fy(...)0k(x) + F(...)

+ {D,F(...)}u*(x) + F(... )%,
where (...) = (x, u(x), Du(x), 0). Noticing that
{D,F}p* + Fp& = D,[Fu°] = div[Fp],

the desired formula follows at once. O

We now restrict our attention to the special case of a Lagrangian F that is
independent of the parameter ¢, i.e., F = F(x, z, p). Then we have

™ D(e) = F(v(e), &) = J F(y, v(y, &), Dyv(y, ¢)) dy

and in particular

D0)=F(u, Q) = f F(x, u(x), Du(x)) dx.
Q

Definition. The general variation *#(u; @, ) of the functional F(u)=
o F(x, u, Du) dx in direction of (¢, p) is defined by

@®) O*F(u; @, p) = P'(0).

Here ¢, u are the infinitesimal generators of the families v(y, €) and n(x, ¢), de-
fined by

on L —
p) =26 0), o(x):=7(x0), xef.
By means of the expression
0F (u, @) = J {F.i(x, u, Du)@' + F,i(x, u, Du)ol} dx
Q2

the result of the lemma can be stated in the following way, where the second
formula follows from the first:

Proposition. The general variation 6* (u; ¢, p), defined by (8), is given by

© O*F (u; @, p) = 6F (u, 9) + J div[F(x, u, Du)u] dx
o]
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or by

(10) *F(u; 0, p) = JL) Lp(u) ¢ dx + .[a div[F(x, u, Du)u
+ F,(x, u, Du)- ¢] dx.

Equivalently, we can write

©) O*F(u; 9, p) = 0F u, 9) + f D,[Fp*] dx
Q

(10) *Fu, o, )= [ Lp(u) ¢ dx + f D,[Fp* + F,¢'] dx.
Q 2

(Y

Remark 1. If n(x, &) = x for |¢| < g, i.e,, if 7(¢) is the identity map from Q onto
Q = QX for all ¢ with |¢| < g, then u(x) = 0, and we see that

O*F(u; @, 0) = 0F (u, ¢).
Remark 2. On the other hand, if the family v(y, £), y € 2, has been obtained

from a given function u(x), x € Q, _by setting v(y, &) := u({(y, €)), where &(y, ¢),
* describes the inverse £(g) : Q* — Q of the mapping n(e) : @ — Q¥, then

H= _la
o0&

where A(y) := a(y, 0) denotes the infinitesimal generator of the family &(s).

From this we conclude that
90 = 2(x,0) = Dutx)- 40) = (9GO,
and the Proposition yields
*F(u; o, 1) =0F (u, Du-2) — J'a div[FA] dx
or
O*F(u; o, ) = J'n [Lp(u):(Du-2) — div{FA — F,-(Du-2)}] dx.
We notice that

5F (u, Du-2) — j div[FA] dx
Q

- j ) {Fauld® + FyDy(uli®) — FA% — (D,F)A*} dx
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[ (Fytthad® + Fpyulend® + Fubidly — FA% — FoA®
J 2

— Fuutld® — Fpitiia,sA%) dx

I (—Fud® — FA% + Fpuidy) dx.
0

In other words, the inner variation of & at u in direction of 4 is given by
(11) 0F (u, A) = 6*F (u; Du- A, —1).

We could use this formula as an alternative for defining 6 for C>-functions
via 6*#, and an approximation procedure would then allow us to define 0% for
C!-functions, and to establish the original formula

0F (u, ) = f (—F2% + [Fyui. — 68F12°) dx.
fo]

Remark 3. Often one uses symbols’ like 6u, 6x, 6*u which are defined by
bu=¢, dx=p, 6% =0u+ Du ox.

Then formula (10’) can be written as
(12) O*F(u; ou, 6x) = J Lg(u)-6udx + j div{F éx + F, du} dx.
Q Q
Remark 4. Let us carry over the general variational formulas (9) and (10) to variational integrals

Fu,) = J. F(x, u, Du, D*u, ..., D™u) dx
Q

of m-th order, with Lagrangians
F(x,z,p,q,...,9),
where z = (z'), p = (pi), 4 = (@), - .., 5 = (s, ). As before, we consider families n(¢): 2 — 2} and

v(e) : @ — R" with Q = QF, n(0) = idg, v(0) = u, p(x) = Z—Z(x, 0), ¢(x) = %(x, 0), and set

S*F(u; @, p) = 9'(0),
where @(¢) is defined by

D(e) = F(v(e), ) = f F(y, o(y, &), Do(y, 8), ..., D™u(y, &) dy.
at

7To spare the reader any confusion, we have to remark that in the literature one often finds the
notations du = ¢ or 8*u = ¢ for the “variation of u with respect to fixed arguments”, and éu =
Su + Du-6x or du = 6*u + Du-&x for the “total” variation of u. Similarly, one finds 6F = @’'(0)
instead of the notation (8). Our notation has the advantage that it integrates the previous definition
of 6F.
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It is easy to see that formula (9) remains unaltered:
(13) *F(u; @, ) = 6F (u, ¢) + j div[Fp] dx,
Q

with F = F(x, u, Du, ..., D™u).
The analogue of (10) will be more complicated. We note that 6F(u, ¢) can be written as

(14 6F(u, ) = Le(u) ¢ + div S¢(u, ¢),

where Sp = (S%) is an R"-valued differential operator with components S}, ..., Sp. The operator
Se(u, @) can easily be computed by a symbolic computation. Recall that

15) 6Fu,9)=F,-¢ + F,Do + F,"D*¢ + -+ + F,-D"o,
where the arguments of F,, F,,, ..., F; have to be taken as (x, u, D, ..., D™u). Consider the term
F,-D*¢ = Fr&,....,‘Da,Daz"'Dak‘/’i
involving the k-th order derivatives of ¢. We shall prove that
(16) F, D¢ =(—1fD*F-¢o +divT,, 1<k<m,
for some differential expression T;(u, ¢). In fact
F,-D*¢ = D[F,-D*'¢] — DF,-D*'¢
= D[F,-D*'¢ — DF,-D*"?¢] + D*F,-D*"2¢
= D[F,-D*"'¢ — DF,-D*"2¢ + D*F,-D*3¢] + D3F,-D* 3¢
and finally
F,-D*¢ = (= 1'D*F,-¢ + D[F,"D*"'¢ — DF,-D* "¢ + - + (=1} "' D*'F,- 9],
and (16) is established. From
Lg(y) = F, — DF, + D*F, — --- + (- 1)"D"F,
and from the relations (15) and (16) we then infer that (14) holds if we choose
Ss=T1+T+ -+ T,.

We also observe that Sg(u, ¢) depends on x, u, Dy, ..., D*™ 'y, ¢, Do, ..., D"~ @; moreover, Sg(u, ¢)
depends linearly on ¢, i.e.,

Spu, 4,01 + 4,0,) = 4, S, ¢;) + 4,5¢(u, @3)

for 1,, A, € R and two generators ¢, @,.
The formulas (13) and (14) then imply the following analogue of (10):

a7 S F (s o, 1) = f {Le(w) @ + div[Fp + ¢, 9)]} dx.
Q

Note that
div[Fp + Sg(u, )] = D,[F(x, u, Du, ..., D™u)pu* + S(u, ¢)].

Clearly, the operator Sy(u, ¢) appearing in (14) is not uniquely defined because we can always add a
null divergence to Sy without violating equation (14).
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The principal application of our variational formulas (10) will be Emmy
Noether’s theorem treated in the next section. Before we turn to this topic we
shall discuss two examples from the theory of fluid motion, the continuity
equation, and the equations describing the flow of a compressible, stationary,
irrotational fluid. In particular the continuity equation, expressing the “conser-
vation of mass”, is the prototype of a variety of conservation laws which play an
important role in continuum physics. However, the following examples are not
essential for the understanding of the next section. Thus the reader may as well
immediately turn to Section 4 and skip the rest of this section.

[1] Fluid flow and continuity equation. Let G be a domain in IR and I be an open interval in R.
We consider a smooth vector field v(x, t) as a function of the space variable x € G and of the time
tel

This vector field v = (v!, v?, v°) is interpreted as the velocity field of a fluid flow in G. Such a
flow is given by a mapping y = f(x, ¢) which describes the position y of a particle at the time ¢ that,
at the time t,, was at the locus x. This mapping is determined as the unique solution of the initial
value problem
(*) y=vyt, ylto)=x.

That is, f must satisfy the relations
of
E(X’ t) = v(f(x,t), t), f(x, to) = x.

For some time ¢, € I, we fix a domain 2 cc G and consider its images £, = f(£, t) under the
mappings y = f(x, t), x € £, with varying time.

Furthermore we assume the existence of a smooth real-valued function p(x, t) on G x I which
is describing the mass density of the flow. Then the function

M) := j p(y, 1) dy
2,

describes the total mass of the fluid which, at the time ¢, is contained in Q,.
One of the basic assumptions of continuum mechanics is the law of conservation of mass
stating that, for arbitrary choice of €2, the mass M(t) is preserved with varying ¢, i.e.,

M(t) = const.
We want to show that this integral condition is equivalent to a differential condition:
The law of conservation of mass is equivalent to the partial differential equation of first order

0
-a—: + div{pv} = 0.

This relation is called continuity equation.
In fact, M(t) = const implies M(t) = 0. If we set e =t —to, F(y, &) = p(y, to + €), (x, €) =
Sflx,ty + ¢€), and QF = Q, ,,, then

#(X) = 'le(xv O) = f;(xs to) = v(f(x, to)’ tO) = U(X, tO)!
and we can identify M (t,) with &'(0), where &(e) is given by (5). Since F, = 0, F, = 0, it follows that

M
d—(to) = J‘ Lo, + div{pv}],-,, dx.
t 2

Because of M(t,) = 0, the integral vanishes for arbitrary choice of £2 whence
[p. + diV{pU}],=,o =0 onG.
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If we change t,, only the initial condition in (#) varies, and we obtain a different representation of
the flow to which the same reasoning can be applied. Hence the continuity equation must hold for
alltyel.

Conversely, the continuity equation yields M(t) = 0 for any choice of 2 cc G, and therefore
M(t) = const.

D
Following Stokes, we define the material derivative Dr of the flow determined by the velocity
field v(x, t) as

D_9 et =2 vy D
E—-a X, é;—a X, .

Then the continuity equation can be written as

Dp .
— +pdivy=0.
Dt pdivey

A volume preserving flow is called incompressible. For such a flow, the volume V(2) = [, dy is
time-invariant for any choice of Q. Therefore, incompressible flows are characterized by the equation

divey =0.

In other words, a fluid motion is incompressible if and only if its velocity field v(x, t) is divergence free.
The continuity equation of an incompressible fluid motion then reduces to

D
Zp=0
D’
or, equivalently, to
p+v-gradp=0.
Stationary, irrotational, isentropic flow of a compressible fluid. Consider a fluid moving in some

domain Q of R", n =2 or 3. Let p(x, t) be its mass density and v(x, t) its velocity field. Assuming
conservation of mass, we infer from |1 | that

p + div{pv} =0.

For stationary (or steady) motions, v and p do not depend on t whence the continuity equation
reduces to

div{pv} =0.
A steady flow is called irrotational if
curl v = 0.
Thus a stationary irrotational flow is characterized by the equations
div{py} =0, curlv=0,
and for incompressible flows of this type, we have
divy =0, curl v = 0.

We mention that, by introducing the 1-form o = , dx* w, := 8,5v*, on G, these equations can
be written as

dw =0, ow=0,

where d is the exterior derivative on forms and 8 = —=d# the coderivative, » being the «-operator
on the Euclidean domain G; cf. the Supplement. Therefore the velocity fields v of stationary, irrota-
tional, and incompressible fluid flows are corresponding to harmonic 1-forms w on G.
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On simply connected subdomains G’ of G we can introduce the Helmholtz velocity potential ¢
by

v=grad ¢
(or w = d¢). In terms of ¢, we describe the steady irrotational flow in G’ by
div{p grad ¢} = 0.
If the flow is incompressible, this equation reduces to
4¢=0 inG'.
Let us introduce the function Q(x) by
Q:=vf* =|grad ¢|* (=|wl?).

We now assume that the fluid is a polytropic gas, and that the flow is isentropic.
The first assumption means that the equation of state of the gas takes the special form

p=A(S)p", y>1,

where p is the pressure, y the ratio of the specific heats, and A(S) is a positive function of the specific
entropy S.
The assumption of an isentropic flow means

S = S(x, t) = const,
whence the equation of state is
p=4p", y>1,

with some positive constant A.
Bernoulli’s law for a steady, irrotational and isentropic flow of a polytropic gas states that

%Q+——z—£=h (= const).
y—1p

The function

ci= [:—Z = /Ayp*!

is called the local speed of sound of the gas.
The steady flow is said to be subsonic, sonic, or supersonic if the Mach number

M =Q/c
is less than, equal to, or greater than one.
Introduce the local speed of sound ¢, and the density p, at points of stagnation (where Q = 0).
Then we can write Bernoulli’s law as
y —

1
——Q+c=c,

where ¢, = /(y — 1)h and also ¢, = \/Aypd~". By choosing suitable units, we may arrange that
co = 1 and p, = 1 whence Ay = 1 and ¢? = p?™%, as well as
y—1 -

—Q+p =1
7 2+p
Thus we can express the density p as a function of the velocity square. Although we should intro-
duce a new symbol for p(Q) in order to distinguish it from the function p(x) = p(Q(x)), we keep the
notation p(Q), as it is customary in fluid mechanics. It follows that



182 Chapter 3. General Variational Formulas

—1 J¥o-n
P={1 —Y—Q} and M —— 2 ,
2 1 y—1
70

2
and M = 1 corresponds to the velocity @, = ST We than compute that
Y

and

That is, the Mach number M is less than one if and only if

d
E{QPZ(Q)} >0

holds.
Let us introduce the functions

H(s):= J.l p(t) de

o
and

F(p):= H(Ip*).
Then a straight-forward computation shows that the equation

div{p(lgrad ¢|?) grad ¢} =0
or

div{p(|D¢|*)D¢} = 0
is the Euler equation of the variational integral

F@) = J F(D@) dx.
o

This allows us to treat isentropic, steady irrotational flows of a gas as a variational problem.
More generally, the equations
do =0, §{p(lo|*)w}=0

are equivalent to the Euler equation of the functional
Fo)= J H(|w|?) dx
G

if we vary over a given cohomology class of 1-forms @ which is represented by a particular 1-form
w, with dw, = 0 and with prescribed periods [, w,.

4. Emmy Noether’s Theorem

The principal aim of this section is to derive Emmy Noether’s theorem which
states that invariance of a variational integral with respect to some one-parame-
ter variation of the dependent or the independent variables (or both) implies a
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conservation law for any of its extremals. As an important application of this
result we obtain conservation laws for extremals of integrals that are invariant
under the action of some Lie group.
The starting point of our discussion are mappings (x, z) > (x*, z¥) of the
type
x* = Y(x9 z’ 8)’

z* = W(x, z, ¢)

(Y]

depending smoothly on some parameter ¢, |¢| < &, which for ¢ = 0 reduce to
the identity map (x, z) — (x, z), that is,

x = Y(x,z0),
z=W(x,z0)

for any choice of x and z. For the sake of simplicity we assume that the mapping
(1) is defined for all (x, z) € R" x IR¥ and is sufficiently smooth; its values (x*, z*)
are supposed to be in R" x R¥. Since we only want to describe the formal
aspects of the variational technique, we refrain from formulating sharp
assumptions which allow us to carry out all computations. The reader can figure
out without major difficulties what assumptions are really needed.

We define the infinitesimal generator (u, w) of the mapping (1) by

ulx, z) := %—:(x, z,0),
2

w(x, z) = aLV(x, z, 0).

oe

To attain clear formulas, we shall in the sequel write # for x* and w for z*,
but in applications we shall use the *-notation because it immediately indicates
what are the original and the transformed variables, respectively.

For any smooth function u : 2 - R", Q = R", we now apply (1) to z = u(x),
thus obtaining the variations

n(x, &) .= Y(x, u(x), &),
w(x, &) := W(x, u(x), ¢),

x € Q, |¢| < &y, of the independent variables x and of the dependent variables
z = u(x). These variations have the infinitesimal generators

)

0
A(x) = a—::’(x, 0) = u(x, u(x)),
@)

P
@(x) == 7%(x, 0) = w(x, u(x)).

Since 7(x, 0) = x, it follows that
(5 n(x, &) = x + ¢fi(x) + o(e) ase—0.
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Set Q := n(£2, ¢), and let us write n(¢) = n(-, ¢)|z. Because of (5), the mappings

n(e): Q - Q¥ are dltfeomorphlsms of Q onto Q¥ if |¢| < &, provided that ¢, > 0
is sufficiently small. We can view these diffefomorphisms as perturbations of the
identity map x — x of Q onto itself. By the reasoning used in Section 2 we can
assume that  can be extended to a smooth function on R” that has compact
support. Thus the inverse £(¢) : 2* — 2 of 7(e) can be written as

(5) c(y, &) =y — ef(y) + ole)

for any y € Q*. N
Consider now the family of functions w(x, &), x € Q, which is defined by (3).
By means of the transformation

X = é(y,e), yEQ:,
we introduce a new family of functions v : 2* — R, setting
(6) v(y, &) == w(l(y, 8),8), yeQF.

Because of Q¢ = Q and v(y, 0) = w(&(y, 0), 0) for any y € Q2 we have u = v(-, 0).
Hence we can view u(-, €), |¢| < &y, as a variation of u which has the first
variation

F _
() o) = ég(x, 0), xef.

Consider now a Lagrangian F(x, z, p) defined for all (x, z, p) e R* x R¥ x
R™ which is at least of class C2.

Then, for any smooth mapping u: 2 - R" of some bounded domain Q <
R", we define the integrals

®) Fu, Q) := f . F(x, u(x), Du(x)) dx

and correspondingly

® F(vle), ) = L. F(y, v(y, ), vy(y, €)) dy

for the variations v(e) := v(-, €) of u, v'vhere we have set v, = D,v = (vie).
Definition. The functional F(u, 2) is sdid to be invariant with respect to the

transformation (1) if, for any domain Q < R" and for any smooth mapping u: Q —
RY, we have

F(v(e), 2F) = F(u, Q) for all e € (—¢y, &),
where the variation v(¢) of u is defined by (3), (5'), and (6). Furthermore, we call
ZF(u, Q) infinitesimally invariant with respect to (1) if we have

d
(10 E?(v(s), Qr) - =0.
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Evidently, invariance implies infinitesimal invariance. If (1) defines a one-
parameter group of mappings then both notions are equivalent.

Now we can formulate

Emmy Noether’s theorem. Suppose that the functional ¥ (u, Q) is invariant or at
least infinitesimally invariant with respect to a family of transformations (1) which
have the infinitesimal generators p = (u', ..., u") and o = (0, ..., ®"). Then
every extremal u € C1(Q, R¥) of F(u, ) satisfies the “conservation law”

) D,(Fyoo’ — Tyu?) = 0

or briefly,

1r) div(F,-w — T-p) = 0.
Equivalently we can write

12 D {Fp* + Fy(@' — ubuf)} =0
or

(12) div{Fu + F," (@ — Du-p)} = 0.

Note that here and in the following, the functions y and w actually mean
u(x, u(x)) and w(x, u(x)) respectively, just as Fj; stands for F,i(x, u(x), Du(x)), etc.
In other words, we sloppily write u and w instead of i and @ (as defined by (4)).
Remark 1. If every solution u of a differential equation G(x, u, Du, D*u, ...) = 0 satisfies the relation

) div S(x, u, Du, D*u,...)=0, orD,S*=0,
then one calls (x) a conservation law for the differential equation G = 0.

The key to Noether’s theorem are the variational formulas (9') and (10’) of
the previous Section 3. In our context they imply the following:

Proposition 1. Let v(e), |¢| < &, be the variation of an arbitrary smooth function
u:Q — RY by means of the transformation (1) with the infinitesimal generator
(u, w), ie., v(y, &) = W(E(y, €), €). Then the derivative ®'(0) of D(e) := F(v,, 2F) is
given by

(13) D'(0) = 0*F(u; o, ),
where
¢:=w—Du-p= (@ —ulp, ..., 0" —ullp),
and 0*F (u; @, p) is the “general variation” of the functional ¥ (u) := F(u, Q).

Egquivalent expressions for @'(0) are given by the formulas

(14) @'(0)=0F(u, o) + f div[F(x, u, Du)u] dx
Q

=J LF(u)-(pdx+J. div{Fu + F,- ¢} dx
Q Q
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and
(15) D'(0) = 6F (u, w) — 0F (u, ).

Proof. From y = &(y, 0) and v(y, &) = w(&(y, €), €) we infer
ag?
oy°®

for y € 2, whence

ovt ow' 0P
=6F — = =
(ys 0) 64 ’ aya(y9 0) axﬂ(y9 O) aya(y7 O)

vid(x, 0) = wi(x, 0) forx e Q.
Since w(x, 0) = u(x) on £, we arrive at
vi(x,0) = ul(x) forxe Q.
On the other hand, by differentiating
w(x, &) = v(n(x, ), €
with respect to ¢ and setting ¢ = 0, it follows that
wi(x, 0) = vi(x, 0)n(x, 0) + vi(x, 0).
Hence the first variation ¢ = v,(-, 0) satisfies
o'=ow' —uly*, 1<i<N,
or
@=w—Du-yu.
Applying formulas (7)—(10) of Section 3, we then obtain relations (13) and (14).
Thus we have
@'(0) = L {Fulo' — uipy?] + FyD,[0' — ulsy?] + p°D,F + FD,u*} dx,
where the arguments of F, F, F,; are (x, u(x), Du(x)). A straight-forward com-
putation yields
{...} = Fap® + Fu0' + Fpil05 — upppl] + Fp
= (Fuo' + Fyyolk) — (Tiub — Fapt®)
= 0F(u, ) — OF (u, p),

whence we obtain (15). O
A first consequence of Proposition 1 is the following result:

Theorem 1 (E. Noether’s identities). Suppose that the functional & (u, Q) is infini-
tesimally invariant with respect to the transformation (1) which has the infini-
tesimal generator (i, w). Then, for any smooth mapping u:Q — R, it follows
that
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(16) L) @ + (DsTf + F)p® + D,[Fpo' — Typf1 =0

and

) Le(): ¢ + D{Fpu* + F,¢'} = 0,

where ¢ = (¢, ..., o¥) and @' = o' — ul,u’. The last equation can be written as
a7 Lew)-¢ + div{iFu+ F,- 9} =0

or as

(177) Le(u)- ¢ = D{Tjp’ — Fuo'}.

In brief, the expression Lg(u)- ¢ with ¢ = @ — Du- u is a divergence.

Proof. By Proposition 1, infinitesimal invariance of & (u, £2) with respect to (1)
implies that

(18) f ALelw)- @ + D.IFu* + Fy'0} dx = 0
and
[ (ot + Bt + o+ Truti} ax =0
By a partial integration, the last equation yields
(19) J;) {Le(w)- @ + (DsT? + Fu)p® + D,[Fpw' — Tyu?1} dx = 0.

Now we fix u and choose 2 as a ball B,(x,). Dividing both sides of (18) and (19)
by meas B,(x,) and letting r tend to zero, we arrive at the identities (16) and
7). O

Proof of E. Noether’s theorem. Let u be an extremal for the Lagrangian F, ie.,
we have the Euler equations
Le(u)=0.
By the results of Section 1, the Euler equations imply the Noether equations
DyTf + F.=0.

Then (12) follows from (17), and (11) is a consequence of (16). By the way, note
that (11) can also be inferred from (17”), without using the Noether equation. [J

If we replace the assumption of infinitesimal invariance in Theorem 1, i,
of @’'(0) = 0 by the weaker supposition that

®'(0) = f div{...} dx

JQ
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holds for some suitable expression {...}, then the main conclusion of this theo-
rem remains essentially unchanged. Precisely speaking, we obtain the following
stronger versions of E. Noether’s identities and of E. Noether’s theorem:

Theorem 2. If the integral % (u) = [ o F(x, u, Du) dx is infinitesimally invariant
with respect to the family of transformations (1) modulo some divergence, that is, if

@'(0) + J. div A(u, w, y)dx =0
Q

holds for some expression Q = (A, A%, ..., A™), then we obtain the identity
—Lg(u) (@ — Du- p) = div{A(u, o, p) + Fu + F, (0 — Du- p)}.
Therefore, every extremal u of F satisfies
div{Au, o, p) + Fu+ F, (w — Du-p)} = 0.

Remark 2. Our previous discussion remains virtually unchanged if we replace the transformation
(x, z) = (x*, z*) given by (1) by a more general transformation of the kind

x* = Y(x, z, p, ¢),

z* = W(x, z, p, €)
satisfying

x = Y(x, z, p, 0),

z=Wi(x,zp,0)

for any (x, z, p) € R” x RY x R"¥, or, even more generally, by some mapping
x*=Y(xzp.q...,8,
z. = W(x9 z’ p’ q""’e)’

which for ¢ = 0 reduces to the identity map with respect to x, z. Then, for any smooth mapping
u: 2 — RV, the formulas (3) will be replaced by

n(x, &) := Y(x, u(x), Du(x), ¢),
w(x, €) ;== W(x, u(x), Du(x), €)
or by
n(x, &) := Y(x, u(x), Du(x), D*u(x), ..., ¢),
w(x, ) := W(x, u(x), Du(x), D*u(x), ..., €),

respectively.
The resulting more general versions of E. Noether’s identities and of E. Noether’s theorem

seem, however, to be rarely used.

Before we turn to examples, we mention that Noether’s theorem can easily
be carried over to variational integrals

.g"(u)=J F(x,u,Du, ..., D"u) dx
a
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of m-th order using the formula (14) of Section 3:
6F(u’ ‘P) = LF(“)' [ + le SF(“: ‘P),

which led to the expression (17) of Section 3 for the general variation of higher
order integrals:

O*F(u; o, 1) = J {LsW): @ + div[Fp + Sp(u, ¢)1} dx.
Q
This yields the following analogue of Theorem 2:

Theorem 3. If there is an expression A(u, w, p) = (A', ..., A") such that
(20) o'(0) + f div A(u, 0, ) dx =0
2

holds, w and p being the infinitesimal generators defined by (4), then we obtain the
identity

(21) —Lg(u)(w — Du-p) = div{A(u, o, p) + Fp + Sp(u,  — Du- p)}.
Thus every extremal u of F satisfies

(22) div{A(u, o, p) + Fu + Sp(u,  — Du-p)} = 0.

Remark 3. In applications, (1) usually is a one-parameter group leaving the integral #(u, 2)
invariant. Clearly, the Theorems 1-3 can easily by carried over to m-parameter groups. If such a
group keeps the integral #(u, £2) fixed, we will now obtain m different conservation laws.

One also considers infinite-dimensional transformation groups depending on a number of
arbitrary functions. The resulting conservation laws are usually formulated as Noether’s second
theorem. We have refrained from following this custom because Noether’s second theorem can be
subsumed to the first. Examples [2]-[4] of Section 1 are typical applications of the second Noether
theorem.

A detailed account of the relations between variational symmetries and conservation laws can
be found in the treatise of Olver [1], pp. 246-377. In particular the one-to-one correspondence
between nontrivial conservation laws of the Euler equation and variational symmetries of the asso-
ciated integral is investigated.

We now consider some examples.

(1] Ifn=1,Q = (a, b), and if the assumptions of the Theorem of Emmy Noether are satisfied, then
we infer from (12) that the expression

Fu+ Fu (o' —ulp)

is constant on every extremal z = u(x), a < x < b, and therefore forms a first integral of the Euler
equations to £.

Let now F(z, p) be a Lagrangian which does not explicitly depend on the independent variable
x. Then

b

Fu, Q) = J‘ F(u(x), u'(x)) dx

a
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does not change its value, if x and u are subject to the family of translations
nix,e)=x +¢, w(x, &) = u(x),
which has the infinitesimal generators
pux)=1, owkx)=0=(,...,0eR".
Then it follows that
F —u’-F, = const
holds for every extremal of #. This is the well known conservation of energy that was already stated

in1,2.2 , and in I .

The £-body problem and Newton’s law of gravitation. We consider ¢ point masses m,, ..., m, in
IR? whose position at the time ¢ is given by the vectors X, (¢), ..., X,(f). We assume that the masses
attract each other according to Newton’s law of the inverse square. That is, the force F;, exerted from
m, upon m; is given by

mimk
F=

Xi — X)),

where ry, == | X; — X,|.
According to Hamilton’s principle, the motion X(t) := (X,(2), ..., X,(t)) of the £ bodies must
be an extremal of the action integral

FX)= J ” F(X, X) dt,

the Lagrangian F(X, Y) of which is given by
F(X, Y) = T(Y) - V(X),

where
¢
(V)= F mi¥f, ¥=(f.... Y,
is the expression which, for Y = X (), yields the total kinetic energy of the £ points at the time ¢, and

Vix)y=-Y K i

i<k

is the potential energy of the system, since F; can be written as

F a ( mm,
* “ﬁ * T

(no summation with respect to i and k), and therefore the total force F; = Y, ., F, acting upon m; is
given by

F,= —grady V

cf. 2,2[5]and 2,3[3].

Obviously the integral #(X) does not change its value if X is subject to translations or
rotations of IR® since these transformations neither change the mutual distances r; of any two
points, nor do they change the kinetic energy T.

Denote the old variables by ¢, x;, y;, z;, and the new ones by t*, x¥, y¥, z* or t, X; and t*,
respectively.

We begin by considering the 1-parameter group of translations

t* =1, x}=x;+¢, =y z2f =z (ceR).
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Then we have

u=0, o =(e;,€y,...,€1),
where e; = (1,0, 0), and (11) yields

Fy, e, + Fy,"e; + - + Fy e, = const
or
my%, + myX, + - + m,X, = const.
An analogous relation holds for the y; and z; respectively, and we arrive at
2 .
Y mX;= A,
A
where A is a constant vector in R3. This is the law of conservation of momentum which can be written
as
I3
Y mX;= At + B,
=t
with constant vectors 4, B e R3.
Now we look at the 1-parameter group of rotations
t*=t, x¥=x;cose+ysing,
y¥= —x;sine+ y,cose, zf =z,

leading to the infinitesimal generators

,u=0’ w=(ZpZzy---7Zl),
where

Z;= (Yj’ —Xj 0).
Then (11) implies
Fy, 2+ F, Z,+ "+ F,"Z, = const,
or equivalently
my(y Xy — x1 ;) + 0+ myy %, — x,y.) = const.

This states that the third component of the total angular momentum

mX; A Xl ++mX, A X’,

is preserved. Considering rotations about the y, z-axes or the z, x-axes, we see that also the other
two components of the total angular momentum are preserved. Thus we have

[4 .

Y m(X;AX)=C,

=t

where C is a constant vector in R3. This is the law of conservation of the angular momentum.

The conservation of energy, stated in [1], leads to the equation
T+V=h,

with some constant h. With 4, B, C, h we have 10 constants of integration.

The three-body problem requires 18 = 3-3 + 3-3 first integrals. Thus 8 first integrals are still
missing for the integration of the three-body problem. H. Bruns [1] has shown that, besides of the
ten integrals

m;
rmX;, YmY, Zw&Aﬁ,ijV+WD,
J J

j j
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there are no other first integrals &(X, Y) of the three-body problem which have algebraic form. For
a detailed discussion we refer to the treatise of Whittaker [1], Chapters 13 and 14.

Equilibrium problems in elasticity theory. Consider an elastic medium such as a string, a mem-
brane or, in general, any three-dimensional elastic body. One introduces a reference configuration
in R" (n = 1, 2, 3) which can, for instance, be the equilibrium position of the medium in absence of
external forces. In case of a taut string we can assume £ to be a straight interval in R, and for a
membrane spanned into a planar curve, £ can be chosen as a domain in R2. In general, however,
Q will be a bounded domain in R3. The deformation, or rather the deviation from the reference
configuration, will be described by a mapping x —» u(x) e RY, xe 2, N = 1,2, 3. In case of the
string or membrane, we think of “small” vertical deformations and choose u(x) as height of the
distorted medium above or below the straight or planar equilibrium position (i.e, N = 1). In gen-
eral, we have to consider the case n = N = 3.

The effect of interior and exterior forces will be accounted for by assuming the existence of an
energy density W(x, u, Du). The total potential energy % (u) of the system is then given by

W (u) = J. W(x, u, Du) dx.
Q

For a taut string, the stored energy of the system described by the height function u(x) is assumed
to be proportional to the change of length

b
J /1 +u? - 1)dx,

with respect to the straight equilibrium position.
Since \/1 + p* — 1 = 4p? + higher order terms in p, we obtain in first approximation that the
stored energy of a slightly deformed string is described by

b
o .
~f u'?dx, o = tension factor.

a

If there acts an external force of density f(x) in vertical direction to the straight reference position,
i.e,, orthogonally to the x-axis, its potential energy is given by

J-b Sf(x)u(x) dx.

The total potential energy #(u) of the string is therefore described by
b
J. [Au'? + f(x)u] dx

if we choose ¢ = 1 (by suitable scaling).
Similarly the stored energy of a membrane is supposed to be proportional to its change of area

J (V1+ul+ul—1)dxdy
Q

in comparison with the planar reference position £ which is to lie in the x, y-plane. Assuming small
deviations and neglecting terms of higher order, we arrive at the expression

2

for the stored energy of the membrane, o being the tension factor. If there again acts a “vertical
force” of density f(x, y), the total potential % (u) of the membrane is given by

gj 2 + u?) dx dy
)

J (32 + u)) + f(x, y)ul dx dy
Q

provided that ¢ is normalized to one.
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Sometimes, one has to assume that the energy density W also depends on higher order deriva-
tives: W = W(x, u, Du, D?u, ...). For instance, the potential energy # (1) of an elastic rod in pres-
ence of a vertical force of density f(x) has in first approximation the form

b
J @) + f()u] dx,

and that of an elastic plate is given by
J‘ [(4u)® — 21 — o) (uysttyy — uy)* + f(x, y)u] dx dy.
Q

This is derived by assuming that the density of the stored energy is a quadratic function of the
curvature of the rod or of the principal curvatures of the plate, respectively.

If there exist boundary forces, we also must incorporate appropriate boundary terms into the
definition of #(u). .

The equilibrium positions of a physical system are, by Johann Bernoulli’s principle of virtual
work, characterized as those extremals u of the potential energy # () which, in addition, satisfy
prescribed boundary conditions on 6Q.

Thus a string in equilibrium satisfies

u” = f(x)
and for a membrane in equilibrium, the equation
4u = f(x,y)
holds. Correspondingly
u" = ~f(x)
is fulfilled by a rod in equilibrium, and
d4u = —f(x, y)

holds for a plate in equilibrium position. (Note that (u,,u,, — u2,) = det D*u is a null Lagrangian.)
Consider now the stored potential energy

W) = f W(x, u(x), Du(x)) dx
Q

of a general elastic body which, in comparison to some reference configuration 2 = R3, has been
deformed into a new position where some point x € 2 has been moved into some other position
u(x) € R3. If there are no body forces, the equilibria are extremals of %"

The structure of W(x, z, p) depends on the nature of the material that forms the body, but in
any case it has to be independent of the chosen system of cartesian coordinates in R3. Therefore
we assume W to be invariant with respect to translations z* = z + a or rotations z* = Tz of R%. The
first assumption yields

W = W(x, p)
and therefore the Euler equations become
D, W,y(x, Du) = 0.

Applying (11) to x* = x, z* = z + ¢a, we obtain the conservation law D,{W,a'} =0, since v = a
and g = 0. Thus we merely regain Euler’s equations.

If x* = x, z* = Tz, where T is a rotation about the z3-axis, we obtain® y = 0, w = (u?, —u!,0)
and (11) yields the conservation law

8see [2] of this section.
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Da{u';%uz - va.’ul} =0,
and similarly two other independent relations which in a uniform way can be written as
D,{u'Wp;.‘ - u"VVﬂ} =0.

If the elastic material is thought to be homogeneous, we can assume that W is independent of
X, i.e.,

W = W(p).

Then we have invariance with respect to the translations x* = x + ¢a, z* =z with p = a, © =0,
and (11) implies

D,{W,uis — Wo5} = 0.

For isotropic material, the stored energy #" has to be invariant with respect to rotations
x* = Tx, z* = z. If, for instance, T is a rotation about the x3-axis, we find® u = (x2, —x?, 0), and (11)
yields

D {(x*85 — x*85)W + (x'uis — x*ul)W,} =0
or, in general,
D {(xPor — x"65)W + (x7uj — xPul,)W,} = 0.
If, on the other hand, W(p) is assumed to be positively homogeneous of degree s, i.e.,
W(tp) =t*W(p) fort>0,
then % (u) turns out to be invariant with respect to the scaling transformations
x* =tx, z*=1t!"3z, t=1+¢,

s—3

with p(x) = x, w(x) = u(x). Thus we derive the conservation law

-3,
D, {s W, + xP(WoF — W,;u,‘:;} =o.
S

[4] Integration of conservation laws. Hamiltor’s principle in continuum mechanics. In physics we
often have the situation n = 4 and

x=Lx%x3,x)=(x,)eR=Gx1,

where G is a domain in R3, I = (t,, t,) an interval, x = (x*, x2, x3) the space variables, t = x* the
time. Let u: 2 — R" be an extremal of an integral

Flu) = j F(x, u(x), Du(x)) dx,
Q

which is invariant with respect to (1), so that we obtain
D,{F,:w‘ + (Fog — ,;ui,)u"} =0.
Gauss’s integration theorem then yields
(23) j v,{F,:a)‘ + (Fé5 — ,:u,"‘,)u’} d#3(x, 1) = 0.
e
Suppose now that the part of the boundary integral taken over the cylinder G x I is zero. Then it

follows that the integral

9see [2] of this section.
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J(t):= I {(Fpyuis — FoR)# — Fp0'} dx
G

is independent of .

Another way to find time-independent integrals is to choose G as a ball Bg(x,) in R3, and to
let R tend to infinity. Having suitable decay estimates on u(x, t) as R — oo, the boundary integral
over 0Bg(x,) x I will tend to zero. Then it follows that the space integral

j . {(Fpuis — Fog)u? — Fp00'} dx
R

is independent of . This situation will occur in field theories where fields u(x, t) are spread over all
of R? and may rapidly decay at infinity.

These results can be considered as an immediate generalization of |1 | if we specialize (1) to
be the translation group x* = x, t* =t + ¢, z* = z in t-direction, and assume that the integrand
F(x, u, u,, u,) does not “explicitly” depend on t. Then (23) is satisfied with u = (0,0,0, 1) and ¢ =0
and, assuming suitable boundary conditions on 4G or at infinity, we find that

f(F,(ui.—F)dx or J' (Fyuis — F) dx
¢ R

are time independent.
A particularly important case is that of the integral

24 Fw =J {3p(0)|ul* — W(x, u, u,)} dx dt,
Q2

the Lagrangian of which is given by
F(x,z,p) = $p(x)|p)* — W(x, z, p),

where p = (py, P2, P3> Pa) = (P, Ps), P = (P1, P2, P3)- In elasticity theory, p(x) > 0 denotes the mass
density and W(x, z, p) could, for instance, be the stored energy density of an elastic body. Hence,
for some domain G in R3, the integral T(z) = fs4plu,/* dx is the total kinetic energy contained in
u(G, t) at the time ¢, and V(t) = j'G W(x, u, u,) dx is the potential energy of that part of the system
which is contained in ¥(G, t). Then % (u) is interpreted as action integral of a moving body whose
motion in time is described by the mapping u(x, t). This motion is ruled by the following general
version of

Hamilton’s principle. Among all virtual motions, the actual motion has to satisfy the Euler equations
puy + Lyw) =0

of the action integral F (u).
Here Ly () denotes the Lagrange operator
i
LW(u) = u’z(xy u, ux) - *w,p (x, u, “x)
axa a
corresponding to W.

Since the action integral (24) clearly is invariant with respect to translations of the time, the
integral

j {3plul® + Wix, u,u,)} dx,
G

expressing the total energy of the system contained in u(G, t) at the time ¢, will be time independent
if the boundary integral
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R:= f Vo{Fpo0' + (FOf — Fpyuis)u?} dot?
G xI
vanishes, where u = (0, 0, 0, 1), @ = 0. Note that v, = 0 on dG x I. Therefore # reduces to
R = —J’ W F,, + v, Fp +v3F, ) 4 dx3
G xI
or
Q:I (1 Wy, + v, W,, + v W, ) u, dot>.
oG xI

Thus we see that & vanishes if u = 0 on 8G x I, or if v- W, = 0 on G x I, where v = (v!, v, v?) is
the exterior normal on 3G. This expresses the conservation of total energy {o{3p|ul* + W} dx dt.

Similarly, we obtain in case of a membrane u(x!,x? ¢t), (x!, x?) € G, that the motion is
governed by the equation

puy, —Adu=0 onG x I,

A = D} + D32, and the integral
I Hplul? + |ugal* + |ue)®} dx' dx?
G

will be time-independent if either
u(x!, x4, t)=0 for(x!,x*)edG, tel,

orif

2
é'i(xl, x4, =0 ondG x I,
v

Ou L T .
where i ViU + VU, denotes the normal derivative of u(x, t) in direction of the exterior normal
v

v = (v}, v?) to 8G.

[5] Killing equations. There is an intimate relation between a Lagrangian F(x, z, p) and the infini-
tesimal transformations which leave the functional

Fu, Q)= I F(x, u(x), Du(x)) dx
Q

infinitesimally invariant. We shall see that the conservation laws implied by Noether’s theorem can
be used to derive necessary conditions for the “admissible” infinitesimal transformations in form of
a system of first order partial differential equations. For this purpose we consider a one-parameter
family of transformations
9 x* = Y(x, z, §) = x + &&(x, z) + o(e),

z* = W(x, z, &) = z + &{(x, z) + o(e)
depending smoothly on ¢, |¢| < &; the infinitesimal transformations of x and z are given by &(x, z)
and {(x, z) respectively. Now, for an arbitrary C2-function z = u(x) we introduce

(26) p(x):=&(x, u(x)) and w(x):= {(x, u(x)).
Setting p(x) := Du(x), we obtain
(27) Da“’ = cf‘ + é:“p:’ D,(D‘ = Ci‘ + Cikl’:

(where the arguments of &%, £, (L., (L are to be taken as x, u(x)).
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Suppose that #(-, £2) is infinitesimally invariant with respect to the family of transformations
(25) and that u(x) is an extremal of #(-, 2). Then, by Noether’s theorem, we obtain the relation

(28) D, {Fu* — pjFpp? + Fpo*} =0

along (x, z, p) = (x, u(x), Du(x)). By Euler’s equations we can replace D,F, by F,; then we derive
from (28) by a straight-forward computation that

29) Fap® + FD,u* + Fp* + Fy{D,0* — pfD,u?} =0

holds along the extremal u(x). Employing (27), we arrive at

(30) Ful® + F8o + FEipi + Fol* + Fp{e + (3ipi — pj[8k + E0pil} = 0

along (x, z, p) = (x, u(x), Du(x)).

Now we require for F(x, z, p) a weak nondegeneracy condition which is expressed as

Condition (N). For every point (x,, 2o, Do) in R x RN x R" (or in a suitable subdomain thereof ) we
can find a solution u(x), |x — xo| < R « 1, of the Euler equation Lg(u) = O such that u(x,) = z, and
Du(x,) = po.

It is easy to see that Condition (N) is satisfied in all “reasonable” geometric or physical
applications.

If Condition (N) is satisfied, identity (30) is obviously satisfied for an arbitrary choice of the
variables x, z, p. Then, from (30) we can derive first order differential equations for the infinitesimal
transformations &(x, z) and {(x, z) by differentiating both sides with respect to the variables p:,
P}, .-, and then fixing some value of p.

Let us work out this idea in case of the generalized Dirichlet integral

31 Fu,Q) =1 J' gu(t)D,u' D u* dx
Q

which has the Lagrangian
(2 F(z, p) = 3gu(2)peps-

If the matrix (g;,) is assumed to be symmetric and invertible, the corresponding Euler equations are
equivalent to

(33) Au’ + L{(WD,u'Du* =0,

whence it is easy to see that F satisfies Condition (N). Suppose now that (31) is infinitesimally
invariant with respect to a one-parameter family of variations

x* =x,
(34)

2* =z +&l(z) + o(e), |e| <egp.
Then (30) reduces to
(35) F,kck + F,;:C:«p; =0.
Since (32) yields

a9y . .
Fa=3onipl,  Fy=Haypl+ gurl},

we arrive at

0g; .
%{Esck + gtk + guC:J} pipi =0,

whence
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69,,-

(36) e

k+ gij:l + gu.Ci‘: =0, 1<i,j<N.

These are the Killing equations of Riemannian geometry derived by Killing [1] in 1892.
Note that the value of n does not enter. With respect to the one-dimensional Dirichlet integral

b
Fwl=1 f gal)itit dx,

d k
I=(a,b),u*= —‘%‘—, our result state that the infinitesimal generator {(z) = ({!(2), ..., {¥(2)) of any

one-parameter group of isometries
z—z* =z + g{(2) + ofe),
with respect to a Riemannian line element
ds? = gu(z) dz* dz*

satisfies the Killing equations (36).

5. Transformation of the Euler Operator
to New Coordinates

In this section we shall investigate how the Euler operator Lg(u) varies with
respect to changes of the dependent and the independent variables by diffeo-
morphisms. As in Sections 3 and 4, the considerations will be purely formal.
Therefore we shall not specify where the difffomorphisms and their inverses are
defined. It will be assumed that they are sufficiently often continuously differ-
entiable, that their domains of definition include the sets on which they are
supposedly acting, and that they have positive Jacobians.

Actually the discussion of this section is slightly obscured by the fact that we confine our
considerations to IR” instead of working with N-dimensional manifolds. For R", it is difficult to see
any difference between IR” and its tangent spaces T,R" since they are isomorphic to each other.
Nevertheless the reader should distinguish between points of R”, tangent vectors to R at some
point z of RY, and tangent and cotangent vector fields. At the present stage of our discussion we can
distinguish these quantities only by their different transformation behaviour. For a more thorough
discussion we refer the reader to the mathematical literature concerning manifolds and tensor
calculus.

We begin by changing the dependent variables, thereby proving that
L;(u) transforms contragrediently to tangent vectors of curves. Thus Lg(u) can
be considered as a field of cotangent vectors along the mapping u:Q — RY,
Q < R i.e. as a covector field along u.

Then we vary the independent variables and show that the Euler operator
remains essentially invariant.

Finally the transformation character of the Euler operator with respect to
changes
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x* = Y(x, z), z* = W(x, 2)

of both the dependent and the independent variables are studied.

Consider now a diffeomorphism on R” x R¥, given by

x* = x,

z* = W(x, 2),
with the inverse

x = x*,

z = Z(x*, z¥).

For a given function u: Q - RY, Q < R", we define the transform w: Q->R"
by

w(x) := W(x, u(x)),

whence
u(x) = Z(x, w(x)).
Then
Fu) = J F(x,u,u,)dx -
Q
=f F(x, Z(x, w), Z(x, w) + Z,{x, w)* w,) dx.

Q
Setting
(1) G(x’ Z*’ q) = F(xa Z(xa Z*)’ Zx(xa Z*) + Zz‘(x’ Z*) ' q)a

we obtain that
F(u) = f F(x,u,u)dx = J G(x, w, w) dx = %(w).
o Q

Let W(x, €) := w(x) + &{(x) be a variation of w(x) with supp { = 2. Then
u(x, &) :== Z(x, w(x, ¢)) is a variation of u(x), and ¢(x) := g—z(x, 0) also has sup-
port in 2. From
F(u(e)) = 4(w(e)),
it follows that
0F (u, ) = 0F W, (),

whence

f Lp(w)- o dx=f Lgw)-{dx.
Q Q
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Moreover, the equation #(x, €) = Z(x, w(x, &)) implies that
o(x) = Z..(x, w(x))* (),

and therefore we obtain
f {Lr(u)' Z,(x, w) — LG(W)} {dx=0
Q

for all { e C*(2, R¥). This implies
2 Lp(u): Z u(x, w) = Lg(w).
If, on the other hand, z = c(t) is a curve in R" and z* = W(x, c(t)) =: c*(t)

its transform, then we also have ¢ = Z(x, c*), and therefore the tangent vectors
¢ and ¢* are related to each other by the equation

3) ¢ =Z,x, c*)-¢*.

The transformation rule (2) is contragredient to (3) whence we infer that Lp(u)
can be interpreted as a cotangent vector.

Let us discuss an example.

[1] We consider the generalized Dirichlet integral

D(u) = j $9u()D,u'Du* dx, gy = gu,
2
that was defined in 2,4 [3]. We had shown that its Euler operator L(u) = (L, (1), ..., Ly(u)) is given
by
—Ly(u) = gu(u)du' + Iy(u)Du'Du’.

Suppose now that g,(z) are components of a (0, 2)-tensor field, and that G(z) = (g,(2)) is invertible.
Then G~(z) = (¢*(2)) are the components of a (2, 0)-tensorfield, and L*(u) := g*(u)L,(u) are the
components of a vector field which can be written as

—L*(u) = du* + IFu)Du'D .

Consider the transformation zZ = W(z) or, equivalently, z = Z(Z) which transforms a function u(x)
into w(x) = W(u(x)). Set

!71-(7) = gm(z(f))z';u(i)Z:-...(E).

Then §,, are the z-coordinates of the(0, 2)-tensor field, the x-coordinates of which are given by g;,.
Since u(x) = Z(w(x)), we infer that

%gik(u)DauiDuuk = %g—ik(w)Dawibcwk

or
'[ 1g.(w)D,u' D,u* dx = j‘ 1Ga(w)D,w'D,w* dx.
) Q

By (2), the Euler operators L(u) and L(w) of these two integrals are related to each other by
L,(w)Z5(w) = L(w),

where



5. Transformation of the Euler Operator to New Coordinates 201

—Lw) = ga(w) 4w’ + Fy(w)D,w'D,w,

and f},j denote the Christoffel symbols for g.

Now we turn to transformations x +— y of the independent variables x given

by

y = n(x).
Denote the inverse mapping by

x = &(y),
and suppose that n(Q2) = Q*, i.e.,

n:2-Q*%* and ¢:Q%->Q.
We, in addition, set
A =& =n0), B):=¢»).

For any Lagrangian G(x, z, p) on Q x RY x R"™ we define a pullback Lagran-
gian H(y, z, q) on Q* x RY x R™ by

@ H(y, z, q) := G(E(y), z, g A(y)) det B(y).

Then a straight-forward computation shows that

G(w) = J. G(x, w, w) dx = J
Q

H(y,v,v,)dy = #(v)
nl

for every function z = w(x) and its transform v(y) := w(&(y)).
We want to show that the Euler operators Lg(w) and Lg(v) of 9(w) and 5 (v)
relate to each other by

) (det &,)Lg(w) o & = Ly(v).

To this end, we consider a variation W(x, &) = w(x) + &{(x) of w(x) with
supp { = ©2,and set { := { o {. Then #(y, &) = v(y) + &{(y) is a variation of v with
supp { = Q. From %(w(e)) = ##(b(e)) we infer

b
e=0

d -
= ZHGE)

d_, _
Zl_sg(w(e)) o
and this implies

8%(w, {) = 6, {).

Consequently, we obtain

f Lg(w)-{dx = f Ly()-{ dy
Q o*

= J;; {Lg()on}-{detn,dx
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since — as always — det#n, is assumed to be positive. On account of the
fundamental lemma, we infer that

Lg(w) = {Ly(v) o n} det n,

and this is equivalent to (5).

Relation (5) can be used to transform differential operators with minimal effort to general
curvilinear coordinates if they can be written as Euler operators of suitable Lagrangians. Let us

0

demonstrate this for the Laplace operator 4 = §**D,D;, D, = P We recall that the Euler operator
X

L(u) of the Dirichlet integral

4 o
Q
is nothing but L(u) = — 4u. Consider now the transformation
y=n(), xe&,
and its inverse

x=§y), yeQ*, withdetf, >0.

For a mapping u: £ — R we consider the transform v(y) := u(&(¥)), y € 2*. Then we infer from (4)
that the adjoint integrand H(y, ) to G(p) = 4|p|? is given by

H(y, q) = }lg- A(y) det B(y)
=1qA(y)A"(y)q" det B(y)
= 44q[B"(y)B(y)17'q" det B(y).

Let 7,5 be the entries of the matrix B"B and y* the entries of (B"B)™, and set y := det(y,y). The
quantities ,4, 8 and y are functions of y, and

Yap = & Eyp = 0, &5,
Y¥(y) = 6" n2u(x)nf(x) with x = £(y),
y = det B.
Then we conclude that
H(y, ) = $r*(9)4.4,3/70),

and therefore

0
LDup dx=| 1y*DwDyw /ydy, D,=—.
a a* dy

We then infer from (5) that
1

V)

Of particular interest are the so-called orthogonal curvilinear coordinates y which are defined
by the conditions y,; = 0 for « # B or, equivalently, by y* = 0 for a # B. The latter relations can
also be written as

(4u)(x) = D{ /Sy (D2}, x =¢(3).

grad n®-gradn? =0 ifa # B,
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which means that the level surfaces
&* = {x: n%(x) = const}

intersect each other orthogonally.
For orthogonal coordinates y the matrices (7,4) and (y*) reduce to

g1 0 1/9, 0

1
=] . | o= foz

0 I 0 1/ga
and \/— = ./g19,-- - g.- Therefore, the transformation formula reduces to

duol = %{D,(%’D,a) oot D,(‘fn,,u)}.

Particular orthogonal coordinates are furnished by the so-called polar coordinates. For n = 2
we have x! = rcos @, x2 =rsin @, g; = 1, g, = r?, u(x!, x*) = v(r, ¢), and

tu= 2+ 21
u—;arv, %;vo .

For n = 3, the polar coordinates r, (p, 0 are introduced by x! = rcos ¢ sin 6, x> = rsin ¢ sin 0,
x3 =rcos §, whence g, = 1, g, =r?sin? 0, g; = r?, and we get for u(x?, x?, x3) = o(r, @, 0) the
formula

1 (o, a( 1 2
= {_ inf) + — — (4 sin 6) ;.
7 sin 0{ar(' b sin )+6(p<sin o”"’)+ae(“” s )}

Correspondingly, the Dirichlet integral on a ball of radius R takes the form

2= R
%J. <f (19,12 + 172w, |*)r dr) do
o \Jo
%J. (J‘ sin O(J. lo,|% + 0| vl + -—Iv,,lz) r dr) d do
1)

if n = 2 and 3 respectively.

Other important orthogonal coordinates are the so-called elliptic coordinates that were used
by Jacobi!® for determining the geodesics on a general ellipsoid. Elliptic coordinates in the plane
were invented by Euler who applied them to treat the motion of a point mass under the influence of
two fixed centers of gravity. Legendre employed elliptic coordinates to express the surface area of an
ellipsoid in terms of the length of elliptic arcs, just as Archimedes reduced the determination of the
area of a sphere to the length of circular arcs. But only Jacobi developed these coordinates to a
powerful analytic tool.

and

The Laplace—Beltrami operator.!' The previous example motivates the definition of the
Dirichlet integral

92(14)=J~ $r (Yt /7(x) dx
Q

101n his K&nigsberg lectures [4], pp. 198-211, elliptic coordinates in R" are dealt with in full detail.
For historical references, cf. Jacobi [3], Vol. 2, pp. 59-63.

1 For a presentation within the framework of differential geometry we refer the reader to the
Supplement.
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of a function u : € — R with respect to a Riemannian line element
ds® = y,5(x) dx* dx*
and the corresponding volume element
dvol = /y(x) dx.
Here (7,4(x)) is a positive definite, symmetric matrix, (y*(x)) its inverse, and y(x) = det(y,4(x)). Then
the product —_—IL of the Euler operator L of the Dirichlet integral 9(u) with the factor _—1 is
called the Laplayce—Beltrami operator associated!? with the line element ds? and will be denotedy by

4. By the same computation as for {2 | we obtain

Au = %D,{\/;y“"D,u}.

If it should be necessary to distinguish this operator from the standard Laplace operator
4 = §* D, Dy, which is the Beltrami operator with respect to the ordinary euclidean line element
ds® = §,5 dx* dx*, we will add a subindex to 4 to indicate the corresponding metric.

If the y,4(x) are supposed to be the components of a (0, 2)-tensor field, then the differential
expression

Ly (x)u ety

as well as 9(u) turn out to be invariant with respect to changes of the independent variables by
diffeomorphisms

y=n(x) or x=¢&().
That is, if we set v(y) = u(£(y)) and
Fap(Y) = Y E(ER(Y)E58(y)

as well as
7 = det(3,), ) = (Fup) ™"

then we obtain

%f Y“ﬂ“x‘“xl\/; dx = %J. . VI‘Uy«vylﬁ dy
Q 2
or
D(u, Q) = D(v, 2%),
and similarly
(dru)o & = A7v,

where

1 1 -
Aru=—2Dy{/n*Du}, Ao =—-Dy{\/F*D,v}.
Sy J7
This shows that we can define the Dirichlet integral as well as the Laplace—Beltrami operator in a

global way on a Riemannian manifold (M, ds?), i.e., independently from local coordinates on M. The
solutions of

12The convention about the sign of 4 is not uniform, many authors prefer the opposite sign.
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du=0 onM

are called harmonic functions on M.
Let us, finally, consider the special case n = 2 of a two-dimensional Riemannian metric

ds? = edx? + 2f dx dy + g dy?,

where e, f, g are functions of x! = x, x? = y. Then the Dirichlet integral of a function u(x, y), (x, y) €
Q, is given by

D(u) =J F(x, y, u,,u,)\/eg — f*dx dy,
Q
with
1
eg — f?

and the invariant differential expression of Laplace—Beltrami is given by

1 {6 (gu,—fu,) a(—fu,+eu,)}
du = — + — .
Jeg — 12 0x\\Jeg— 1) 0y\ Jeg - f*
In particular, the Beltrami operator 4 on a two-dimensional surface in R3 with the parametric

representation z = (z%, z2, z3) = Y(x, y) e R3, (x, y) € 2, 2 = R? is to be computed from the line
element ds = |dy|* = |y, dx? + 2y "y, dx dy + |,|* dy?, ie,

e=Wl?  f=v¥,,  g=1yL

F(x,y,p.9) = {gp* — 2Upq + eq*},

Harmonic mappings of Riemannian manifolds. We want to define a notion of harmonic map-
pings which comprises all previous examples of harmonic functions and mappings as special cases.
To this end, we choose a Riemannian line element

do? = 7,4(x) dx* dx*
on R", and a second line element
ds? = g,(z) dz* dz*

on RY. Define (y*#) and 7 as in (3], and let

1
A= 70,{\/5;:“’0,1;}
?
be the Laplace—Beltrami operator corresponding to do2. Moreover, let

i = ${Gni — i + 9y}, Ti=9g"T,

be the Christoffel symbols with respect to ds?. Combining the arguments used in [1] and [3], we infer
that both the expression

19, W)y (Julauls = e(u)

and the generalized Dirichlet integral

&(u) :=I e(u)/y(x) dx
Q

B I %gu(u)y«ﬂ(xw.u'Dpu*w(x) dx,
Q
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defined for u € C}(2, R"), @ = R", are invariant with respect to transformations of both the depen-
dent and independent variables which are of type

y=n(x) or x=¢y)
and
z*=W(z) or z=2Z(z%.

It is also customary to call e(u) the energy density of the mapping u: 2 — RY with respect to the
metrics do? and ds?, and £(u) is sometimes denoted as energy of the map u. By the same computa-
tions as in 2,4 3], and in [3] of this section, we compute the Euler operator L(u) = (L,(x), ..., Ly(u))

1 . L
of &(u) as ——=L,(u) = gy (u)du’ + I},;(w)y** D,u'Dyu’. This expression is invariant with respect to

changes of the independent variables x and transforms like a covector with respect to changes of the
dependent variables z.

Thus we can define &(u) and L(u) for mappings u: X — M between two Riemannian manifolds
(X, do?) and (M, ds?) in a global way, that is, independently of local coordinates on X and M, and
the Euler operator L(u) can be interpreted as a covector field on M along the mapping u, whereas

1 1 . . .
——=L*u):= ——=¢*L(u) = du* + I}(u)y**Du' Dy’

V7 Jr

defines a vector field on M along the mapping u.

Note that L(u) is a linear differential operator if N = 1, whereas for N > 1 the operator L(u)
will in general be nonlinear.

The extremals u: X - M of &(u, 22), 2 = int X, will be called harmonic mappings of X into M.
They are the C2-solutions of the equations -

du* + IFw)y*Du' Dy’ =0,

with

Au* = %D,{\/);y"D,u"}.

Special cases of harmonic mappings are:

(i) n = 1: geodesics in M; cf. 2,4 [3].

(i) N = 1: harmonic functions on X; cf. [3].

(iii) n = 2, N = 3: conformal representations of minimal surfaces in R3; cf. Section 2, Remark
2, and in particular formula (21).

At last we shall derive a formula describing the transformation behaviour
of the Euler operator with respect to general transformations of the dependent
and independent variables.

Theorem. Consider a transformation (x, z) —(x*, z*) of the type
x*=Y(xz), z*=W(x,2),

a function z = u(x), x € 2, and a Lagrangian F(x, z, p).
(i) Suppose that the mapping (x, z) +(x, z*), given by

X =X, Z* = W(x, Z),
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is invertible and has the inverse
X=X, z = Z(x, z%).

Set w(x) := W(x, u(x)), x € 2, and define the Lagrangian G(x, z*, q) by (1). Then
we obtain

Lg(w) = Lg(u): Z,u(x, w).

(i) Assume that y = n(x) = Y(x, u(x)), x € Q, defines a diffeomorphism from
Q onto Q* with the inverse x = £(y). Let A=n,0 &, B = (,det B>0,v=wo¢,
and
H(y, z*, q) = G(&(y), z*, q* A(y)) det B(y).

Then it follows that
(6) Lg(w) = det 7,- {Ly(v) o + [Ly@) o n]-wy, 1" - T},
with
T(x):= —Y,(x, u(x))- W,” (x, u(x)).
(iii) Combining the results of (i) and (ii), we infer that

™ Lg(u) = (det 1) {Lg(v) o n + [La@) o n]-we nz' - T} Wo(x, u).

Proof. (i) The first assertion has been proved at the beginning of this section; cf. formula (2).
(ii) We have also shown that

4(w) = J.a G(x, w, w,) dx = .[a‘ H(y, v,v,) dy = #(v).
Let us now consider a variation W(x, &) = w(x) + &{(x) of w(x) with supp { < Q. Then #(x, ¢) :=
Z(x, W(x, £)) defines a variation of u(x) with
u(x, &) = u(x) + e@(x) + ofe),
where
OxX) = Zalx, W) { = W, (x, u)-{

and supp ¢ < Q.
Then, for |¢| «< 1, we obtain by

y* =1i(x, &) := Y(x, i(x, &),
a family of diffeomorphisms of £ onto itself, the inverses of which be given by
x=%y*%¢, y*eQ.
It, moreover, follows that
fi(x,0)=n(x) and &(y,0)=&(y)

holds as well as

o
a—"(y, 0) = %(x, u(x)- 9(x),
€
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whence we infer that
y* = 1i(x, &) = n(x) + eY;(x, u(x))- p(x) + o(e).
Let us introduce the vector field A(y), y € 2*, by
A(y):= —Y(x, u(x)) ‘P(x)|x=;(y) .
Then we can write
y* =y —¢ed(y) + oe) ;= o(y, ).

The mapping a(}, ¢) yields a diffeomorphism of 2 onto itself, provided that |¢] « 1, and its inverse
7(y*, €) can be written as

y=y* +eAy*) + o(e) = 1(y*, o).
Together we can write
y* =ii(x, &) = o(n(x), ) = n(x) — eA(n(x)) + ofe),
x = &(y* &) = E(y*, ) = E(y* + eA(y*) + o(e)).
Finally we introduce
B(y*, &) == W(E(y*, &), &)

and the Lagrangian H*(y*, z*, q*, ¢) which is adjoint to G(x, z*, q) with respect to the parameter
transformation y* = #(x, ¢). Since this mapping factors by the two transformations y* = a(y, ¢) and
y = n(x), we can also determine H*(y*, z*, g*, ¢) as adjoint Lagrangian to H(y, z*, q) with respect to

the transformation y* = a(y, ¢), recalling that H is adjoint to G with respect to the map y = n(x).
This implies

(wle)) = L G(x, W(e), W,(e)) dx = f H¥(y*, 5(e), Byale), £) dy* = H*((e), o),
feld

where
H*(y*, z*, q*, €) = H(z(y*, ¢), z*, q* A*(¢))- det B*(¢)
and
AX(y, &) = 0,(y, &) = 1 — e,(y) + 0(e),
B*(y*, &) = 1,4(y* &) = 1 + ed,e(y*) + 0(e),
whence also

det B¥*(y*, &) = 1 + e div,e A(y*) + 0(¢).
These formulas yield
Ht(yl, Z‘, ql’ e)
=H(y* +eA(y*)+ -, 2% q*-[1 —edy(») + -1 {1 + edivye A(y*) + -}
=H(...) + e{Hya(...) A(y*) + Hy(...) (—q* - 4,(») + H(...) div,e A(y*) + 0(8)},
where (...) stands for (y*, z*, ¢*). From this we infer

= 09w, {)

e=0

d, _
7 J0(e)

=[ HXy,v,v,,0)0dy + I [iH‘(y‘, i(e), Tyele), 0)] ay*
Jar a* de e

=0

=J. {H,(...) A() + H(...) (—qA(y) + H(...) div A(y)} dy
o

+ [ I:iH()", o(e), Ey"(e)):l’ dy*=1+11,
Ja* de =0

where (...) denotes (y, v(y), v,(y)).
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On account of (7) and (8) of Section 1, the integral I is just —d (v, 1), whereas II coincides
with 6*#(v; Y, — 1), as we see from (7) and (8) of Section 3 as well as from (2) and (4) of Section 3.
We have only to note that, in our present case, formula (2) of Section 3 is to be replaced by

y* =0(y, &) =y — eA(y) + ole),

so that u has to be substituted by — 4, and the role of v(x, ¢) in 3, (4) is now played by the family of
functions W(¢(y), &) = w(é(y)) + e{(£(y)) whence we infer that y(y) := {(£(y)) has to replace @(x) =

i)
ég(x, 0) from 3, (4). Thus we conclude that
e

0%(w, () = —3KH(v, 2) + 6*H(v; §, —A).
By virtue of 3, (11), we see that
0X(v, 2) = 6*#(v; Dv-4, —A) = —&*H(v; —Dv-4, 1),
and we arrive at
0%(w, {) = 6*#(v; —Du- 4, 2) + 8*H(v; y, —4).

On account of 3, (9), we then obtain the remarkable formula
8) 0%(w,{) = 6#(v,y — Dv-2).
Recall that Y = {0 &, v =wo & and

Ay = = YoAx, u(x)) 9(X)|x=¢0 »

@ =Zax, W) { =W x,u)-(,
and note that  and A have compact support in £2*, whereas { has compact support in £2. Then we
derive from (8) the relation
L Le(w)-{dx = J’m {La(0)-{) + Lu(v)- w,(&)- &, T(€)- L&)} dy

with

T(x) = ~ Y.(x, u(x)) W, (x, u(x)).

Moreover, we have

[ ratmrcas= [ tramo €100 det ) dy.

Then the fundamental lemma implies
(det £,)Lg(w) © & = Ly(®) + La(v) wi(§) &, T(E),
whence we obtain (6):
Lg(w) = det - {Lu(v) o n + [Lu(w) o n]-we-nz'- T},
where
n(x)=Y(x,u(x)), n:x) =D Y(x, u(x)),

and the assertion of (ii) is verified.
(iii) Furthermore, the identity

z = Z(x, W(x, 2))
implies that
Z3 (x, W(x, 2)) = W(x, 2)

and therefore
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Z3 (x, w(x)) = W(x, u(x))
holds. Thus it follows from (i) that
Lg(u) = Lg(w) W,(x, u)

is satisfied. In conjunction with (6), we obtain the desired formula (7). O

6. Scholia

1. The method of “varying the independent variable” was already envisioned by Lagrange (Misc.
Taur. 2, 1760/61), but Euler was the first to give a systematic presentation of this idea (in his
Institutionum calculi integralis (1770)). However, Euler erred on several occasions, and he sometimes
used the é-procedure rather formalistically, without a sound foundation. As Bolza stated, this purely
mechanic application of the -algorithm entered Lacroix’s textbook (1814) and, from there on, “it
had the most disastrous influence upon the further development of the calculus of variations” (see [1],
p. 13). Occasionally the §-hobgoblin seems still to be playing evil tricks. On the other hand, some
textbook-authors altogether avoid the variation of the independent variables, which is not justified
because this technique can be rigorously founded and is furnishing very useful results.

The symbol 0.#(u, A) is introduced in contrast to & (u, @), in order to avoid any confusion
between the variation of dependent and independent variables. The expression for d# (u, 4) im-
plicitely appears in the work of several authors, but it seems to be useful to christen the child. For
this reason, we also have introduced the notions of inner extremals and strong inner extremals, defined
by 0% (u, A) =.0 for suitable vector fields A. The Noether equations are introduced as counterpart to
the Euler equations; on account of E. Noether’s paper [1], the name might be justified.

Garabedian [1] introduced the notion of interior variations of domains in order to give a
rigorous mathematical analysis of the so-calied Hadamard variational formula which represents the
first order term in the expansion of Green’s function with respect to an infinitesimal displacement of
the boundary of the domain. These interior variations are closely related to our inner variations.

2. Equation (16’) in Section 1,

1
—~=—logwoc,
p On gw

was found by Gauss (cf. Bolza [1], pp. 84-85), who formulated it as
0w

o | w
—cos@——sing=—,
oy ¢ 0x ¢ p

d .
wher d_y = tang ¢, i.e, ¢ is the angle between the tangent and the x-axis. Formula (16') in I was
X
stated by W. Thomson [1].
3. The notion of mean curvature H of a surface was introduced by T. Young'3. Implicitely it is

already contained in Meusnier’s paper'#, where the Euler equation of the area functional is shown
to be equivalent to the equation H = 0.

13 An essay on the cohesion of fluids, Phil. Trans. Roy. Soc. London 95, 65-87 (1805).
14 Mémoire sur la courbure des surfaces, Mém. de Math. Phys. (sav. etrang.) de I’Acad. 10 (1785),
447-550 (lu 1776).
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4. Proposition 5 of 1 [4]is essentially taken from Rund [4].

5. The reasoning used in 2{3]is due to Rad6 [1] and was elaborated by Courant [2]. Instead
of varying the domain, one may as well vary the conformal structure. This way, one is lead to a
foundation of Teichmiiller theory; cf. Lehto [1], Fischer—Tromba [1], and Jost [1], [2]. Applica-
tions to minimal surfaces and in particular to Plateau’s problem can, for instance, be found in Rad6
[1], Courant [2], Nitsche [1, 2], Struwe [1], Jost [1], Dierkes—Hildebrandt-Kiister—Wohlrab [1].

6. Example [4] in Section 2 was first discussed by Hildebrandt [2]; the important special case
Q(u) = $Hu was already considered by Heinz [1].

7. The elements of the computation given in Section 3 are due to Euler.!* Qur presentation in
essence follows the classical paper of Emmy Noether [1], who was stimulated by ideas of S. Lie and
F. Klein. Noether’s paper had a number of precursors dealing with particular cases; she herself
mentions publications by Hamel, Herglotz, Lorentz, Fokker, Weyl, Klein, and Kneser. However, E.
Noether has the merit of mastering the general case and of arranging the computations in a simple,
lucid form.

The results of Noether have proved to be important in formulating and exploiting the basic
equations of physics. An comprehensive presentation of the development following Noether’s paper
is given in Olver [1]; there one also finds an extensive bibliography. Olver’s monograph contains a
description and extension of Noether’s theory in the spirit of Lie’s application of group theory to
partial differential equations. The role of Noether’s results is mentioned in Hilbert, Werke [7], Vol.
3, pp. 55-56, and in Noether [1], pp. 240, 256—257. Bessel-Hagen [1] applied Noether’s results
to electrodynamics; in the same paper, one also finds the treatment of the /-body-problem that we
have given in 4 [2].

8. For the history of the theory of elasticity and of continuum mechanics, we refer to Truesdell
[1] and [2].
The energy-momentum tensor

Ty 1= Wiguls — W55

is an expression that plays a fundamental role in physics: cf. for instance Pauli [1], pp. 682-775;
Hund [1], pp. 31-32, 100, 243, 294, 319, 331; Dubrovin—-Fomenko-Novikov [1], Vol. 1, pp. 202,
305, 381, 389, 425; Olver [1], pp. 282, 288; Landau-Lifschitz [1], Vol. 6, Section 125.

We shall investigate Ty together with its role in the theory of Legendre transformations and
Haar transformations in Chapter 7. The calculus of these transformations for multiple variational
integrals was developed by Carathéodory in the years 1922-1928; cf. the papers XVII-XX in
“Gesammelte mathematische Schriften” [16], Vol. 1, pp. 374-426, where one finds the general
definition of 7. We also refer to Rund [4], pp. 298-311.

9. The first to investigate covariance properties of the differential equations of the calculus of
variations apparently was Euler. In Chapter 4 of his Methodus inveniendi (E65) from 1744, he
discussed the geometrical meaning of the variables x and u appearing in a variational integral

b
J. F(x,u,u',u",...)dx.

These variables have not necessarily to be cartesian coordinates but may be interpreted as general
curvilinear coordinates.

15(E385) Institutionum calculi integralis, Vol. 3, Petersburg 1770, appendix; cf. also: A. Kneser,
Variationsrechnung, Enzykl. math. Wiss., Vol. 2.1, IIA8, pp. 575-576.
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Euler’s ideas were taken up by Jacobi. In a paper!® from 1848, he treated the old problem of
transforming the Laplace operator from cartesian into curvilinear coordinates by a variational
argument. To this end, he first computed the line element ds?> = dx? + dy? + dz? in the new coordi-
nates. From this formula he derived the new expression for |Ful* = uZ + uZ + uZ, and then he
obtained the desired formula for 4u with respect to the new variables by the observation that the
Dirichlet integral

J |Pul? dx dy dz,
a

and therefore also its first variation, must have an invariant (covariant) meaning. This exactly is the
reasoning that we have applied to establish formula 3, (5); cf. also 5 [2].

Jacobi only used orthogonal coordinates, whereas Beltrami [1], [3] carried the method over
to general coordinates. Thus he was led to the definition of the Laplace—Beltrami operator

1
Au = —= Dy{/yy**D,u}.
\/; ﬁ\/— }

Other methods to derive differential invariants were developed by Christoffel (1869) and Lipschitz
(1870); their ideas led to the definition of covariant differentiation, whose importance was particularly
stressed by Ricci. This development is described in Vol. 2 of Klein’s “Vorlesungen tiber die
Entwicklung der Mathematik im 19. Jahrhundert” [3].

10. The notion of inner variations plays a role also in establishing so-called monotonicity
formulas. The importance of such formulas was apparently discovered in geometric measure theory;
we particularly mention the work of DeGiorgi and Almgren. However monotonicity formulas for
harmonic functions were known since a long time. Such formulas have become of fundamental
importance in the regularity theory of elliptic systems, and they have been used to establish the
unique continuation principle for solutions of nonlinear partial differential equations.

11. We can somewhat modify the reasoning of 2[3]. Consider the generalized Dirichlet
integral

Folu) = J {D,u, D,u) dx* dx*
0

for mappings u € C1(2, R"), where (p,, p,) stands for the inner product
P P> = g(W)Du' Dyu*.
Set
a:= {Dyu, D,u) — {(D,u, Dyu), b:=2{D,u, Dyu).
We have proved that the inner variation d%(u, A) of % at u in direction of a vector field 4: 2 —» R?
can be written as

(1) 0F 5w, 2) = f {a0Ak — A2 + b[AL + A4]} dx' dx?.
2

Let us introduce the complex variable { = x* + ix?, the Wirtinger operators d, = (D, — iD,), 3; =
4(D, + iD,), and the complex valued functions

. ) L - A
16 Uber eine particuldre Losung der partiellen Differentialgleichung £ + e + e
Journal f.d. reine u. angew. Math. 36, 113-134 (1848); cf. also Ges. Werke, Vol. 2, pp. 191-216.

=0, Crelle’s
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fi=a—ib, A:=A'+ii%.

In other words, 4 = A! + iA? is the complex notation for the R2-valued vector field A = (4!, 42);
both expressions are identified. Similarly we identify the exterior normal v = (v, v,) to 02 with
v =, + iv,. Then we can write the integrand {...} of (1) as 2 Re{ f 4;), and therefore

() 0Fo(u, A) = Re fﬂ 2f Az dx! dx?.
If f € C'(Q, €) and supp A < £, an integration by parts yields
3) Lo0F,u, 2 = —-ReJ fi Adx! dx?.
Q
If u is an inner extremal of %, we thus obtain
@) Re j fiAdx'dx* =0 forall le C{Q,T).
Q

By t_he fundamental lemma we infer f; = 0 which means that f is holomorphic. However, for u €
C'(2, R?) we only get f € C°(£2, €), and therefore an inner extremal u of #, only satisfies

@) Re J fAdx'dx* =0 forall le C{(,T).
Q

Using the smoothing device of 2| 3| we can reduce (4') to (4), and a limiting process yields once again
that f is holomorphic.
Suppose now that u is a strong extremal of %#,. Then we have

5) Re J flzdx' dx* =0
a

for all 1 € C(82, €). In fact, for our purposes it suffices to require that A|, is tangential to 0%, say,
©) Alsg = iy,
where i : 82 — R is of class C*. Suppose first that f € C*(&2, €). Then an integration by parts yields

™ j f/lzdx‘dx2=—J' fzﬂ.dx‘dx2+J. ifivdat.
Q o o0
Since we know already that f; = 0 we infer from (5) that

J‘ Re(fAv)do#' =0 for any A of type (6),
0

®) J. Re(if v?)y d#' =0 forall y € C'(39).
an

Then the fundamental lemma implies
(4] Re(if[50v?) = 0,

and, conversely, (9) implies (5) for all 4 of type (6). In particular we have: The mapping u is a strong
inner extremal of %, if (iv)*A is real.

The same holds if we merely know f € C%(82, €) (which follows from u € C!(&2, R")). To this
end we map Q conformally to another domain § such that some part of 2 is mapped to a straight
segment of 3@, say, to an interval I of the real axis such that, close by, & lies in the upper halfplane.
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The transform of f is for the sake of simplicity again denoted by f. Then we have
(10) J Re(f A7) dx' dx* =0

B+

for all 1€ C}(B, €) with 4], real, where B is a disk whose intersection with the real axis is I, and
B* =Bn{Im{>0},B” = Bn{Im{ < 0}. We extend f to a function on B by setting f({) := f*({)
for { € B™, where f*({):= }(_Z) Clearly f is holomorphic in B* U B~ and of class L(B, C). We are
going to prove that the extended function f: B — € is weakly holomorphic in B (and therefore also
holomorphic). To this end let A € C}(B, €) and check that (4*); = (4;)* for A*({) := )T(?) Then

JRe(flz)dx‘dx2=I +J~
B B -

=J~ Re{f[A + 1*]} dx' dx* = 0,
B*
since A + A* is real on I. Thus we have
J. Re(f A7) dx! dx* =0 for all 1 e C§(B, T).
B

Hence f is holomorphic in B and in particular smooth. If € is smooth, this result in connection
with well-known boundary regularity results for conformal mappings implies that the original map
f:2 - € is smooth up to the boundary. Thus our reasoning is justified, and we obtain:

If u is a strong inner extremal of %, then f is holomorphic on Q, smooth up to the boundary 052, and
v2fl,q is real valued, provided that 02 is smooth.

If 2 is the unit disk {{: |{] < 1} it follows that g({) := {3f({) is holomorphic in £ and real on
052 whence g({) = const = 0, and therefore f({) = 0. We refer to K. Steffen [1], from whom we have
learned the above regularity proof, for generalizations and various applications.

12. The principle of symmetric criticality (Coleman’s principle). Let ¢ be a group of mappings
G: € — € of aset € into itself, and let # : ¥ — R be a ¥-invariant functional on &, i.e. #(Gu) = F(u)
for all u € € and G € %. Let %, be the fixed-point set of 4, and f:= #F|, be the restriction of # to
%,- The elements of ¥, are called ¥-symmetric.

Typically € is a class of maps u: 2 -+ M from 2 < R" into a manifold M, and ¥ is generated
by a group of transformatons g: M — M, setting (Gu)(x) := g(u(x)) for xe Qand ue €.

We say that the principle of symmetric criticality holds true for the variational problem
“% — stat. in € if the critical points of f in ¥, are necessarily critical points of # in €.

Sufficient conditions for the validity of this principle were stated by Palais [2] and Kapitanskii-
Ladyzhenskaya [1]. The setting of the second authors seems to be more appropriate for applica-
tions to the calculus of variations.

Note, however, that the principle is not always true, as one can see from the following simple
example pointed out by Kapitanski-Ladyzhenskaya [1]}: Let € be the space of points x =
(x?, x?)e R?, and ¥ be the group of transformations G,: € — € defined by G,x = (x* + tx?, x2),
te R. Then €, = {x: x* = 0}, and for any smooth function #: € — € we have f(x!) = #(x) for
x € 4,. Thus the prinicple of symmetric criticality does not hold in this situation.

It would be interesting to find out how the principle is related to E. Noether’s theorem.



Part I1

The Second Variation
and Sufficient Conditions



Chapter 4. Second Variation, Excess Function,
Convexity

If # (u) is a real valued function of a real variable which is of class C2 on R, then,
besides #'(uy) = 0, also the condition #"(u,) > 0 is necessary for u, being a
local minimizer of &. Moreover, the conditions

F'(ug) =0 and F"(uy) >0

are sufficient for u, furnishing a local minimum.
Now let & (u) be some variational integral of the type

F (u) =‘[ F(x, u, Du) dx.
Q

In the first three chapters we have studied the necessary conditions for a func-
tion u € C¥(2, R"), s > 1, to be a minimizer that correspond to the equation
Z'(u) = 0in case of a real variable. They are basically expressed by the relations

0Fwm,9)=0 and 0F(u,A)=0.

We shall now investigate necessary and sufficient conditions for an extremal
to furnish a local minimum, which are closely related to the assumptions
F"(u) = 0 and #"(u) > 0in case of a function of a real variable.

The formulation of sufficient conditions for an extremal to be a local (or
relative) minimizer clearly depends on the choice of neighbourhoods within the
set & where our variational integral & () is considered: One has to define when
two admissible functions u and v are to be viewed as “close to each other”. In
other words, we have to equip the set ¥ of admissible functions with a topology
so that & becomes a topological space. This remark may seem trivial and not
worth mentioning. Yet one should realize that, historically, it took a long time
to understand this fact and to see that its neglection may lead to grave errors.!

In R” the topology is standard, it is generated by the Euclidean norm to
which all other norms are equivalent, and more exotic topologies on R" are
of small importance for differential geometry. Instead we can choose many
topologies in the class & of admissible functions where we look for minimizers

!'The first to point out this fact were Weierstrass in his lectures on the calculus of variations, and
Scheeffer in his very influentual paper [3] from 1886. Cf. also Bolza’s treatise [3], Chapter 3, and the
historical account in H.H. Goldstine [1], Chapter 5 (in particular 5.5 and 5.11).

M. Giaquinta et al., Calculus of Variations I
© Springer-Verlag Berlin Heidelberg 2004
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of the given functional & (u), and analysts have learned to play with a combina-
tion of different topologies. For our present purpose of deriving “sufficient con-
ditions”, that is, of establishing conditions guaranteeing that a given extremal is
a local minimizer, it is enough to operate with two different kinds of neighbour-
hoods. Following the classical approach of A. Kneser and Zermelo, we distin-
guish between C?- and C!-neighbourhoods: (i) Weak neighbourhoods in the class
& of admissible functions contain functions which are close to each other with
respect to the C!-norm. (ii) Strong neighbourhoods in & consist of comparison
functions which are close to each other in the C%-norm. Correspondingly we
shall speak of weak minimizers and strong minimizers. Unfortunately, the epi-
thets “weak” and “strong” are in the modern literature used in a variety of ways
and with a quite different meaning. Therefore we shall also refer to weak mini-
mizers as to functions having the weak minimum property (#'), and to strong
minimizers as to functions having the strong minimum property (#). Clearly
strong minimizers are also weak minimizers, but the converse is not true as we
can see from 1.1 [1].

If u has the properties (.#) or (#’), we infer that, for any function ¢ €
C>(£2, RY), the function

D) =F(u+ep) =J F(x,u + ep, Du + ¢Dg) dx
0

satisfies
@(e) > D(0). for all ¢ satisfying |e] « 1.
Then Taylor’s expansion
&(e) = D(0) + ed'(0) + 3e2D"(0) + 0(e?) ase—>0
implies
&0 =0 and 9"(0)=0.
The first relation is equivalent to the relation
6F (u,9) =0 forall p € C2(2, R")

which we have studied in Chapter 1, and we obtain
2
(1) Flu+09) = F) += 8 F (1, 9) + o),

where @"(0) = 62 (u, @) is the second variation of # at u in direction of ¢ that
we had briefly considered already in 1,I. The functional ¢ — 152# (4, ¢) is a
quadratic integro-differential form with respect to ¢ which is traditionally called
the accessory integral related to &, taken at u. It will be denoted by 2(¢), and
its Lagrangian Q(x, z, p) is called the accessory Lagrangian:

@ 2e) = L O(x, ¢, Dg) dx = 38°F (u, ).
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The necessary condition 62 (u, ) > 0 then amounts to
3) 2(p) >0 forall g e C°(R2, RY).

We shall discuss this condition as well as the accessory integral in 1.1 and 1.2. It
will be shown in 1.3 that, as a consequence of (3), weak minimizers necessarily
have to satisfy the so-called Legendre—Hadamard condition

@) Fyps(x, u(x), Du(x)) £'¢* 11y 2 0

for all x e 2 and all £ e R¥, n e R™ This condition states that F is “rank-
one convex” on weak minimizers, or, for N = 1, the F is “convex” on weak
minimizers.

Secondly we shall prove in 1.4 that strong minimizers u satisfy Weierstrass’s
necessary condition

%) 8r(x, u(x), Du(x), Du(x) + n) > 0

for all x € 2 and for all rank-one matrices « (i.c., for any matrix = = (n}) whose
entries are of the form =} = &',). Here & denotes the Weierstrass excess func-
tion of the Largrangian F which is defined by

(6) JF(x’ 2, P, Q) = F(xa Z, q) - F(xs Z, p) - (q - p) Fp(x, Z, P)

We shall also see that Weierstrass’s necessary condition implies the Legendre—
Hadamard condition. Example |1]in 1.1 shows that the Weierstrass condition
actually is more stringent then the Legendre-Hadamard condition.

In contrast to functions of finitely many real variables, the condition of
positive definiteness of the second variation, i.e.,

82 F (u, ) >0 forall g € C2(2, R") with o(x) £ 0,

is no longer sufficient to ensure that u is a strong or even a weak local minimizer
(see Chapter 5, and in particular 5,1.1 [1]). In Section 2 of this chapter as well as
in Chapters 5-7 we shall discuss sufficient conditions ensuring that a given
extremal actually furnishes a minimum or at least a local minimum on the class
of comparison functions.

In Section 2, we begin by deriving global minimum properties of extremals
based on convexity arguments. The fundamental reasoning of this approach is
contained in the following simple observation: A strictly convex function on a
convex domain possesses at most one critical point. Hence, if there exists a critical
point in this situation, it will be the unique minimizer of the function. We shall
exploit this observation in various ways. It can be applied very effectively in the
form of calibrators (see 2.6), although here convexity enters only in a somewhat
hidden way. The role of convexity becomes clear in Chapter 6 where we present
the Weierstrass field theory for the case of one independent variable (n = 1).
This theory can be viewed as a first systematic application of the concept of
calibrator. Field theory is an appropriate tool to obtain sufficient conditions
for an extremal to be a strong minimizer; it efficiently combines geometric
and analytic ideas and is closely linked with the Hamilton—Jacobi-theory that
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will be presented in Chapters 7-9. Extensions of the field theory to multiple-
dimensional variational problems and for N > 1 can be found in 6,3 and in
Chapter 7.

Chapter 5 deals with weak minimizers. First we will show that the Euler
operator L, of the accessory Lagrangian Q to F at u coincides with the lin-
earization ¢, of the Euler operator L of the original Lagrangian F taken at u.
This linearization g, is called the Jacobi operator of F along u. Then we shall
investigate how the solutions of the Jacobi equation #,v =0, the so-called
Jacobi fields along a given extremal u, are related to the property of u being a
weak minimizer. To this end we study the eigenvalue problem

Fuv=4v inQ, v=0 ondQ,

which is closely related to the Jacobi equation #,v = 0. There is a sequence of
discrete eigenvalues 4,, tending to infinity as v — co. For a weak minimizer u the
smallest eigenvalue A, must necessarily be nonnegative, and the assumption
A, > O suffices to show that u is a weak minimizer.

For one-dimensional problems these conditions usually are expressed in
terms of conjugate values and conjugate points. In the second part of Chapter 5
we shall develop Jacobi’s conjugate point theory for the case n = N = 1. The
treatment is more or less independent of the rest of Chapter 5 and can be read
separately.

1. Necessary Conditions for Relative Minima

Not every extremal u of a variational integral & is furnishing a relative
minimum of #. As we already know, the extremal has necessarily to satisfy the
inequality

82 F (u, 9) >0 forall p € C°(Q, R)

in order to qualify as a possible minimizer. Requirements of this kind are usually
denoted as necessary conditions.

We shall derive two types of necessary conditions, the Legendre—Hadamard
condition and the Weierstrass condition. The first must even be satisfied by
extremals which only possess the weak minimum property (.#’), i.c., by weak
minimizers, whereas the second is necessary for strong minimizers, that is, for
extremals with the strong minimum property (.#).

We begin by defining in 1.1 weak and strong neighbourhoods as well as
weak and strong minimizers. After defining in 1.2 the accessory integral, we shall
establish in 1.3 the necessary condition of Legendre and Hadamard of weak
minimizers. Finally, in 1.4, the necessary condition of Weierstrass for strong
minimizers will be derived. It will be seen that this condition implies the
Legendre—Hadamard condition.
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1.1. Weak and Strong Minimizers

In this chapter, we shall always assume that Q is a bounded domain in R" and
that F(x, z, p) is a Lagrangian of class C? which is defined on some open set #
of R” x RN x RV,

A function ue C'(Q,R") is said to be F-admissible if its 1-graph
{(x, u(x), Du(x)): x € R} is contained in %.

For F-admissible function u, the integral

Fu) = f F(x, u(x), Du(x)) dx
Q

is well defined.

Consider now some nonempty subset € of the function space C!(2, R")
whose elements u are F-admissible.

If we say that some u € € furnishes a local or relative minimum of # on €,
we mean that

Fu)<F®)
holds for all v € € which are close to u.

However, in this definition we have left open when two functions are to be
considered close to each other. Among the infinitely many possibilities to define
vicinities in a function space, two choices are very natural and thrust themselves
upon the reader: we can consider proximity with respect to the C°-norm or
the C!-norm. A minimum in the first sense will be called a strong minimum, in
the second a weak minimum. To make this definition precise, we introduce the
notions of weak and strong e-neighbourhoods A7 (4) and A;(u) of a function
z = u(x), x € R, of class C'.

Definition. For u e C1(Q, RY) and ¢ > 0, the set

Nw):= {ve C*(Q, R"): |v — ullcom < €}
is called a strong neighbourhood? of u, whereas the ball

N ()= {ve CHQ,RY): v — ullci(z < €}
is said to be a weak neighbourhood of u in C*(2, R").

Correspondingly u is called a weak minimizer of & on € if there exists a
weak neighbourhood N (u) of u such that

Fu<Fv) forallvetn N (u)

holds, and we speak of a strong minimizer u of & on % if there is a strong
neighbourhood N ,(u) of u such that

FWw)<F(v) foralve€n N(u).

2One might justly object that the C!-topology is stronger than the C°-topology. Thus it seems
more appropriate to denote weak and strong neighbourhoods as narrow and wide neighbourhoods
respectively.
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T e

P S

(a) ®)

Fig. 1. The function v lies in (a) in a weak neighbourhood of u, or (b) in a strong neighbourhood.

It is from now on understood that the epithet “weak” or “strong” in con-
nection with a “minimizer” indicates that we deal with relative (i.e., local)
minimizers.

A weak (or strong) minimizer u is said to be strict or isolated if

FW)>Fu) forallve¥n A, (u)(orve € n A, (u) withv # u

holds.

If the class € is not particularly specified, it will be assumed to be the set
of functions v € C1(2, RY) with v = u on Q. In other words, u will be called
a weak (or strong) minimizer of % if it minimizes & among all functions
ve C(R, R") which coincide with u on 092 and are contained in a sufficiently
small weak (or strong) neighbourhood of u.

In order to derive the necessary conditions of Legendre—-Hadamard and of
Weierstrass, we shall presume the conditions (.#') and (.#), respectively, which
are slightly differently formulated than the properties of being a weak or a
strong minimizer.

Definition of the strong minimum property (.#). We say that u € C*(Q, R") has
the strong minimum property (#) if there exists some & > 0 such that & (u) <
F (u + @) holds for every ¢ € CX (82, R") with || @ |l co) < &

In the same spirit, we formulate the

Definition of the weak minimum property (.#'). We say that u € C*(2, R") has
the weak minimum property (#') if there exists some ¢ > 0 such that & (u) <
F (u + @) holds for every ¢ € C2(2, R") with | ¢|lc1(5) < &

Evidently, any weak minimizer 4 has the minimum property (.#'), and any
strong minimizer has the property (.#).

If 09 is sufficiently regular, say, smooth or at least piecewise smooth, also
the converse holds true as we can see by an appropriate approximation argu-
ment (cf. the remark at the beginning of 2.1). In this case u is a weak minimizer
if and only if it has the property ('), and (.#) is equivalent to u being a strong
minimizer.
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In the next subsection we shall prove the following two necessary conditions:

Weak minimizers satisfy the Legendre—Hadamard condition
Fyipi(x, u(x), Du(x)) €€, 2 0,
and strong minimizers fulfil the necessary condition of Weierstrass
&r(x, u(x), Du(x), Du(x) + m) = 0

for every m = (nl) such that i = &', where & denotes the excess of the
Lagrangian F defined by 4, (6).

Obviously, any strong minimizer also is a weak minimizer, but the converse
does in general not hold. For instance, the function u(x) = 0 is a weak but not a
strong minimizer of the integral

Fu) = fl w'? + u?) dx,
0

as we shall see in [1] presented below. To treat this example we need a proposi-
tion that will also be useful for other purposes as it contains the key to the
Jacobi theory of weak minimizers which will be outlined in Chapter 5. In order
to formulate this proposition, we recall the definition of the second variation
82F (u, ) of F at u in direction of a function ¢ € C*(2, R"):

d2
8XF (u, @) := ‘—1-8—2.9‘7(14 + £0)

e=0

The structure of 624 (u, ¢) will be investigated more closely in the next
subsection.

Proposition. Let F be a Lagrangian of class C*.
(i) If uis a weak minimizer of &, then u is a weak extremal of ¥ and satisfies

(1) 8*F (u, 9) >0 forall p e C*(2, RY).

(ii) Conversely, if u is a weak extremal of # and if there exists some number
A > O such that

) 8*F (u, @) = 24 L} {lo|*> + |Do|*} dx for all ¢ € C2(2, R"),
then u is a strict weak minimizer.

Remark 1. By approximation, inequality (2) implies that

2) 82 F (u, @) = 24 fn {lo|*> + |Dp|*} dx for all ¢ € C§(2, R")

holds.
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Remark 2. By the reasoning to be given in 1.3 we can also infer that (2) implies
the strict Legendre—Hadamard condition

€) 3Fpic(x, u(x), Du(x))&'E*n,mp = AIE1 0.

Conversely, (3) does in general not yield the sufficient condition (2), even if
n = N = 1, as one can easily see.

It is the main goal of the Jacobi theory to supply further conditions which,
together with the strict Legendre—Hadamard condition, suffice to demonstrate
that a given weak extremal of & actually is a weak minimizer. The basic features
of the Jacobi theory will be presented in Chapter 5.

Proof of the Proposition. For any u, ¢ € C'(2, R") the function
D(e):=F (u+cep), legl <egg,
is well-defined and of class C2, 0 < ¢, « 1, and, by definition, we have
&'(0) = 0F (u, ¢), @"(0) = 6°F (u, 9).
(i) If u is a weak minimizer of &, then we have
Fu) < F(u+eop)
for any ¢ € C*(R2, R") and |¢| < &,, where 0 < ¢, « 1. Hence ®(e) := F (u + £¢)
has a minimum at ¢ = 0, and we obtain @’'(0) = 0 as well as @"(0) > 0, i.e.,
0*F (u, ) = 0.

(ii) To prove the converse, we recall that (2) implies (2'). Moreover, by
some continuity argument together with the inequality 2ab < a? + b? and the
Schwarz inequality, we conclude that there is some number ¢ > 0 such that

|6°F (v, 9) — 8°F(u, )| < A{l@|* + |Do|?}

holds on & for all v € A4} (u) and for every @ € C'(22, R"). Then it follows from
(2') that

32F (v, ) = AJ {lol* + |Do|?} dx
Q

holds for all ¢ € C4(2, R") and for each v € 4] (u).

Let now v be an arbitrary function in 4} (u) which coincides with u on 0%2.
Then, for any ¢ € [0, 1], also the function Y/(t) := u + t(v — u) is contained in A7
whence we obtain

S2F(W(t),v—u)=>0 foreveryte[O,1]. ‘
Consider the function H(t) := # (y(t)), 0 <t < 1, which is of class C2. We can

write

H(1) — HO) = H'(0) + [ 1 (1 — HH"(t) dt.
JO
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By virtue of
H@OQ)=6Fuv—u =0,
it follows that

1
FO)—F@w= f 1—-0)FWY),v—udt =0
/]
if we take H”(t) = % (y(t), v — u) and the inequality above into account. []

[1] Scheeffer’s example. Consider now the afore-mentioned variational integral
1
F(v) =J. (' + v'3)dx,
0

withn= N =1, Q = (0, 1), F(p) = p* + p>. We shall now see that # has the strict weak minimizer
u(x) = 0 which satisfies (2'), but does not provide a strong minimum for #.
In fact,

1
SF (v, 9) = '[ Qv + 3v'?)¢’ dx
0

and
1

3F (v, 0) = J. 2+ 6v)p?dx.

0

Hence u(x) = 0,0 < x < 1, is an extremal of # which satisfies

1

82 F (u, 0) =2 I @' dx.

[}

Moreover, for ¢ € C3([0, 1]), we obtain

o(x) = J.x Q't)dt, 0<x<1,

[}

whence

x 1
lo()* < XJ lo' () dt sJ' lo'@)? dt
/] 0

1 1
j @? dst- @' dx.
0 o

1
82 F (u, ) = j. (9* + @'*)dx for all p € C&([0, 1]),
(1]

and therefore

This shows that

that is, u = O satisfies condition (2'). We then conclude that u is a weak minimizer of # among all
functions v € C1([0, 1]) with v(0) = 0 and »(1) = 0.
On the other hand, if we consider the piecewise linear comparison functions
) —x/h for 0 < x < b2,
v(x) ==
h(x —1)/1 —h*) forh><x<1

for parameter values h € (0, 1/2), we find that v'(x) = —1/h for 0 < x < h? and v'(x) = i—hﬁ <1
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Fig. 2. Scheeffer’s example.

for h2 < x < 1 whence

—1/2h%) for 0 < x < b2,

2 .3
v+ (x)S{Z fori*<x<1

and, if we write v, = v, it follows that

f(”h)—f(u)=f(v).<_2—2_lh,

and therefore

“ lim [# (0,) — F ()] = —co.
h—0

We, moreover, have |v,(x)| < h for 0 < x <.1 which implies

) lim ||v, — ullcogo, 1y = O-
a0

By rounding off the corners of the functions v,(x) at x = h%, we can replace the piecewise linear
functions v, by slightly altered functions v, of class C3([0, 1]) which still satisfy the relations (4) and
(5). This finally proves that u = 0 is a weak but not a strong minimizer for &, although it satisfies
condition (2').

We could also have proved that u = 0 is not a strong minimizer by verifying that the necessary
condition of Weierstrass, to be proved in the next subsection, is violated. In fact, we have

6

— p)? _ 3
&%, 2p.0) =2 2”) @+6p)+ Y4 6"’ :

=@-p*1+q+2p),
and therefore
&x(x, u(x), Du(x), Du(x) + ) = &¢(x, 0, 0, 7)
=n2(1 + m).

This expression is negative for 1 < —1.

A similar example can be obtained by considering the functional

F):= jl W? — 1) dx
0
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whose Lagrangian F(p) = (p* — 1) satisfies F,(p) = 4p(p*> — 1), F,(p) = 12p* — 4. It can easily be
seen that u(x) := x/\/E is an extremal satisfying F,,,(u’) = 2 whence
1
F (u, ) = ZJ l¢’(x)* dx.
o
We then deduce as in [ 1] that u(x) = x/ﬁ is a weak minimizer; but
Ep(x, u(x), w'(x), 0) = —1/4 <0,

and therefore u(x) is not a strong minimizer.

1.2. Second Variation: Accessory Integral
and Accessory Lagrangian

For the following, we fix some F-admissible function u € C 1(@, RY). Then, for
each ¢ € C}(2, RY), there exists a number ¢, > 0 such that the linear variations

(1) Y(x, &) = u(x) + ep(x), el <éo,
are F-admissible. Thus the function
D(e):=F (u+¢ep), |e]<éeg,
is well defined and of class C2, for every ¢ € C1(2, R"). The first and second
variations of & at u are given by
O0F (u, ) = ¥'(0), *F(u, ¢)=2"(0),
and we can write
Fu+ep)=F @)+ edF (u, ) + 1626°F (u, ¢) + o(e?).

Hence if u has the weak minimum property ('), it has necessarily to satisfy the
conditions

0Fu,9)=0 and 6°F(u, ¢)=>0

for all ¢ € C*(2, RY), as we already saw in 1.1. The implications of 6& (u, ¢) = 0
were investigated in Chapter 1. Now we shall examine which conclusions can be
drawn from the nonnegativity of the second variation 62% (u, ). The second-
variation functional

) 6 F (u, ¢) = f 6%F(u, @) dx
Q
with the integrand
2
O 5F 90 = g Flxux) + ep(x), Dux) + eDo(0)
=0

plays a central role for the derivation of both necessary and sufficient conditions
for weak extremals having some kind of minimum property. Therefore we shall
consider it with some care.
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Let us introduce the expression

’ F(x, u(x) + ez, Du(x) + ep)| ,

@ 00,z p) =335

=0
which is a quadratic form in (z, p), as can be seen from the formula
o) Q(x, z, p) = 3[F.(...)2z + 2F,,(...)zp + F,,(...)pp],

where (...) stands for (x, u(x), Du(x)). With regard to coordinates z = (z),
p = (pl), we can also write

(6) Q(x’ Z, p) = %[Fz‘z"( )zlzk + 2F, z‘p,( ')zip; + Fp:p:,‘( )p pﬂ]

The function Q(x, z, p) is defined for (x, z, p) € 2 x R¥ x R"; it will be called
the accessory Lagrangian corresponding to F and u, and the associated varia-
tional integral

(7) 2v) = J Q(x, v(x), Dv(x)) dx
Q
is denoted as accessory integral with regard to F and u. It follows from (3) and
(4) that
®) 2(v) = 36°F (u, v)

holds for all v € C}(Q, RY).
Set

aif(x) := 3 F,1,(x, u(x), Du(x)),
) bf(x) := 3 F,ipx(x, u(x), Du(x)),
cik(x) = %Fz‘z"(x’ u(x), Du(x))
Then we have the symmetry relations
(10) aif = aff, Cik = Cri>s
and we can write
(11) Q(x, z, p) = agf(x)pzpg + 2b4(x)z°Pf + calx)z'z".

Thus the first variation 62(v, @) of the accessory integral 2 at v in direction of ¢
is given by

(12) 302(v, @)= 2(v, @)
f {agf(x)D,v'Dy0* + bi(x)[v'Dyo* + ¢'Dyv*]

+ ca(x)v'e*} dx,

where 2(v, @) := 1[2(v + @) — 2(v) — 2(¢)] is the symmetric bilinear from as-
sociated with the quadratic form 2(v). If the coefficients aj? and bf are of class
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C', we can form the Euler operator L, of the accessory Lagrangian Q. This is a
linear second order differential operator, the k-th component of which is given
by

(13) $(Lov) = [bED,v" + cyv'] — Dylagf D,v* + bfv'].

In 1.2 of the next chapter we shall prove that the Euler operator L, of the

accessory Lagrangian coincides with the Jacobi operator ¢, which will be de-
fined as linearization of the Euler operator of F at u.

1.3. The Legendre-Hadamard Condition

In the previous section we have seen that every (F-admissible) function
u € C}(2, R¥) minimizing & in the sense of property (.#’) satisfies the relation

£)) 82F (u, ) 2 0 forall p e C*(2, RY).

Equivalently we can say:

If u is a weak minimizer of the variational integral &, then v = 0 is a weak
minimizer of the accessory integral 2 corresponding to £.

This fact, in turn, implies a pointwise condition on u which is stated in the
next

Theorem. If ue C'(Q, RY) satisfies (1), then also the Legendre Hadamard
condition
&) Fyipe(x, u(x), Du(x)) E'€*n,my > 0

holds forallxe Q and all Ee RY, n e R™.
The Legendre—Hadamard condition can equivalently be written as

2) Fyips x(x, u(x), Du(x)) mymg > 0

for all rank one-matrices n = (n}), nl = &'n,.

Matrices 7 of this type can be written as tensor products = = £ ® n. (Actu-
ally we should interpret £ as vector, n as covector, and = as (1,1)-tensor.)

Proof of the theorem. The Lagrangian Q(¢) is quadratic in ¢ and D¢. By using
highly oscillating functions like ¢*(x) = sin k- x = sin(k,; x! + k,x? + - + k,x")
(as k; — oo) for the components ¢’ of ¢, which are bounded but whose deriva-
tives are large, we shall see that the F,,-term in Q(¢),

p,pk(x u(x) Du(x)) Da(piDﬂ(pka

is the dominant term. This is exactly the reason why (1) implies (2). Let us see
this in greater detail.
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We use the notation introduced in 1.2. Then condition (1) is equivalent to
3) 2p) =0 forall p e C*(R, R").

Now consider an arbitrary function v € C*(B,(0), R¥). Then, for arbitrary
X0 € 2 and for sufficiently small 4 > 0, the function

o(x)=Av (x —Axo)

is admissible in (3). If we introduce new cartesian coordinates y = (y*, ..., y") by
setting y = A7!(x — x,), and multiply (3) by A™", we obtain

f \ {a(xo + Ay)Dv(y)Do(y) + 24b(xo + Ay)v(y)Do(y)
B,(0)

+ A%c(xo + Ay)o(y)v(y)} dy 2 0,
where
a= (afkﬂ)a b= (bﬁ)’ c= (Cjk)'

If we let A tend to zero, it follows that

@) 0< j A% D, v'Dyv* dy
B1(0)

for all v € C*(B,(0), R¥), where we have set

A = aif(x,).

We claim that the inequality (4) for real vector functions implies the following
condition for complex vector functions:

(5) 0< j A% D,v'Dyo* dy for all v € C(B,(0), C")
B,(0)

holds. In fact, if v = @ + iy, i = \/ —1, @, ¥ € C*(2, R¥), we see that

w314

where the expressions 4% and
k| .
[a .3] Bl
are symmetric with respect to permutation of the index pairs (J) and (§), whereas
ikl ;
{a ﬂ} = o = b0l

is antisymmetric. Hence (5) is an immediate consequence of (4) and A = Af%.
We then insert in (5) the test functions

v=@'...,0%), /() =¢&e"(y), t>0,
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where £ = (¢4, ..., M e RN n=(y,, ..., n,) € R", and { € C?(B,(0)). By multi-
plying (5) with ™2, we obtain

0 < AgfLick {’hﬂp f

B1(0)

dy + t"f

B1(0)

DaCDﬂC dy} .
As t — o0, it follows that

0 < A& NN, I % dy

B1(0)
for each { € C*(B,(0)), which implies
0 s A;[&"ékﬂanﬂ ’

and the assertion is proved. O

Remark. One can avoid the use of complex variables by inserting v = ¢ sin(tn- y){(y) and v =
¢ cos(tn - y){(y), and then adding the results.

In addition to the “necessary” Legendre—Hadamard condition (2), also the
strengthened condition

(6) 2Fpip(x, u(x), Du(x)) £'€*nang = 1€ 1n?

for some A > 0 plays an important role; it is supposed to hold for all ¢ ¢ RY and
n € RN, 1t will be called the strict Legendre—Hadamard condition. For reasons to
be seen later (cf. Chapter 5), (6) is sometimes called the sufficient condition of
Legendre—Hadamard. Equivalently we say that the Lagrangian F is strongly
elliptic on the function u(x), x € £2, or that the Euler operator is strongly elliptic
on u. Note that the strict Legendre—Hadamard condition (6) is not a necessary
condition.

A Lagrangian F(x, z, p) will be called (uniformly) strongly elliptic in general
if
() $F (%, 2, p) EC*namp = A1E12 mI?

holds for some A > 0 and for arbitrary x, z, p, £, 5. In contrast, the Lagrangian
F(x, z, p) is said to be (uniformly) superelliptic if

@®) YF,ip(x, 2, p) ninf = Al

is satisfied for some 4 > 0, and for all x, z, p, and all matrices n = (n{), not just
those of rank one.

Superellipticity is basically equivalent to the convexity of F(x, z, p) with
respect to p. In fact, if F is of class C? (with respect to p), then the convexity of
F(x, z, p) as function of p implies that

Fyipi(%, 2, ) e > 0

holds for all # = (nf) € R™. Conversely, if (8) is fulfilled, then F(x, z, p) is convex
in p. (For convexity see e.g. 7,3.)
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The condition of strong ellipticity (7) merely yields convexity of F(x, z, -) in
rank-one directions.

If N =1 or n = 1, the conditions of strong ellipticity and superellipticity (7)
and (8) coincide and reduce to the ordinary ellipticity conditions

%me(‘x’ Z, p) ﬂanﬂ > '”7”2 (for N = 1)
and
LF (%, 2, p) EE 2 A (forn = 1),

respectively.
For an arbitrary quadratic functional

2(u) = f {ai(x)D,u'Dyu* + 2bf(x)u'Dyu* + cy(x)u'u*} dx,
Q

the strict Legendre—Hadamard condition is just
&) : aif(x) &*namg = 1P Inl?

forsome A >0andall xe Q, £ e RN, n e R™.
A matrix (a2f) satisfying (9) is said to be strongly elliptic. Similarly a differen-
tial operator Lu defined by

(Lu), = —Dg{aif(x)D,u'} + lower order terms

is strongly elliptic if the coefficients a2 of the leading term satisfy (9).
If either n = 1 or N = 1, we can write a,; = a}! or a® = a%, respectively,
and (9) reduces to the definiteness of the matrices (a;,) or (a*).

1.4. The Weierstrass Excess Function & and
Weierstrass’s Necessary Condition

We now will derive a slightly stronger necessary condition than the Legendre—
Hadamard condition assuming that u satisfies the minimum property (.#). This
property is satisfied if u is a strong minimizer, i.e., if # () < & (v) holds for all v
in some C°-neighbourhood of u.

Let us fix the basic assumptions of this subsection. We assume that Q
is a bounded domain in R" and that F(x,z p) is a Lagrangian of class
C'(®@ x RY x R™),

Then we introduce the Weierstrass excess function of F as the following
remainder term:

(1) 6p(x,2,p,q)'=F(x,2,9) — F(x,2z,p) — (9 — p)'Fp(xa z, p).

Note that & is a continuous function of the variables (x, z, p, ) on Q x RY x
]RuN X ]R"N.
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Theorem. (Necessary condition of Weierstrass). Suppose that u € C*(Q, R¥) has
the strong minimum property (#). Then for all x € 2 and for every rank one-
matrix n = (nl), the Weierstrass condition

V)] &r(x, u(x), Du(x), Du(x) + m) > 0

is satisfied.

Since each rank one-matrix © can be written as a tensor product 1 = £ ® n of
some & € R and some n € R, that is, nl = £'n,, we can write the Weierstrass
condition in the form

) F(x, u(x), Du(x) + £ ® n)
> F(x, u(x), Du(x)) + &'n Fy(x, u(x), Du(x)).

Before we prove the theorem, we note that the Weierstrass condition implies
the Legendre—Hadamard condition. In other words, the result of the previous
section is a consequence of the theorem just stated, and we therefore have found
another proof for it.

In fact, suppose that F € C?, and that

2p) = 16°F (u, ) =0 forall p e C*(2, R")
is satisfied. Since 2(¢p) vanishes for ¢ =0 = (0, ..., 0), it follows that
2(p) > 2(0) for all p € C*(2, RY).

Consequently, the function v = 0 is a minimum of the functional 2 in the sense
() formulated above. Hence condition (2) implies

gQ(xa 07 Oa 7t) Z 0’

where Q denotes the Lagrangian of the accessory integral 2. This is equivalent
to

Q(x,0,n) — Q(x, 0,0) — n;Qp;(x, 0,0)=>0,
which means
agfninf = Q(x,0,m) > 0.
Hence we have shown that the Legendre—-Hadamard condition follows from
Weierstrass’s necessary condition applied to the accessory integral 2.

Proof of the theorem. In order to show that the minimum property (.#) implies
the Weierstrass condition (2), we first note that (.#) yields the relation

0F (u, o) =0 forall ¢ e C*(2, RY).

Hence (.#) is equivalent to the inequality
3) j {F(x,u + ¢, Du + Do) — F(x, u, Du)
Q

— F,(x, u, Du): ¢ — F,(x, u, Du)- D} dx > 0
for all ¢ € C*(Q, R) with || ¢l co(z) < &.
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Now we pick an arbitrary unit vector e and write
x=(x-e)e+ X,

where X is perpendicular to e. Similarly let D, be the directional derivative in
direction of e, ie., D,v = Dv-e for any function v. Let ¢ = (£, ..., &V) be an
arbitrary vector in R", and x, be any point in £; without loss of generality we
may assume that x, = 0. Then we choose a number 4, € (0, 1) such that the
cylinder

G, = {xeR™ |x-e| < A, |X| < 4o}

is contained in Q. Let A € (0, 4,), { € C*((—1, 1), R), and choose a sequence of
functions y, € C2((— A%, 4), R) which converge uniformly to the Lipschitz func-
tion y,, defined by

t+ A% for—A2<t<0
Vit)i=< AA—1) forO<t<id ,
0 otherwise

such that also the derivatives y; tend uniformly to y/; on each compact subset of
{t: =42 <t < A, t #0}, and that supg || < supg |¢;| =1forallk=1,2,....
Then, for sufficiently small 4 > 0,

@lx) = Eulx-L(1X17/2%), k=1,2,...,

is admissible for (3), and, passing to the limit k — oo, we obtain by a simple
reasoning that (3) also holds for

@(x) = Ea(x- )L (1X17/A%).

There is a number K such that |{| < K and |{'| < K. We, moreover, have
D.o(x) = &yi(x- e)L(1%1%/A%)

and

AZ

—A2 A

Fig. 3. The graph of y,(2).
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Do(x) = &y (x- L (I%1>/4%)247%%,

where D denotes the gradient with respect to X.
Note that for this choice of ¢ the integrand of (3) vanishes if x ¢ C;. Let C{
and C; be the upper half and the lower half of C,, that is,

Ci=Cin{x:x-e<0}, Cj:=Cn{x:xe>0}.

Then, for our choice of ¢, equation (3) reads

4 f [F(x,u + @, Du + Do) — F(x, u, Du) — ¢ - F,(x, u, Du)
ci

—Dtp-Fp(x,u,Du)]dx+f [...]=0 forall p e C*(2, RY).
cl

We now introduce new coordinates y = y°e + y by

e x-e _
y =?a y=

bRl

Then the sets C; correspond to Bif where
B ={y: |yl <1, —A <y* <0},
B ={y:lyl<L,0<y* <17},
and dx = A"*! dy. Therefore, multiplying (4) by A™"!, we obtain

5 N {...}dy+L__B_ {...}dy+L+ {...}dy=>0,

where x in {...} has to be replaced by
X =xe+X= A%+ 1y.

Note that
1 if —-1<y®<0,
D.o(x)=¢l(I71*) 4 —4 if0<y*<a™t,
| 0 otherwise (y° # 0),
and that in (5)

..} < ol/lo()I* + [Dp(x)2).
Therefore, using the previous estimates on ¢(x) and Dg(x), we obtain
l{...}(»I<o(d) asi—O0foryeB} u{B; —B{}.

Since the measures of B; and B; are bounded by 2""!/4, the second and third
integral in (5) are of the order o(1) as A — 0. Letting A tend to zero, we arrive at
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(6) L {F(0, u(0), Du(0) + ¢ L(151*)e) — F(0, u(0), Du(0))

— {(I71*)&e- F,(0, u(0), Du(0))} d3* ... dy" = 0,
where we have set
B:={y:y*=0,|5 <1},

3= (% ..., 7", and have observed that
Do(x) = D,¢(x) e + Do(x) = £ L(|71*)e
as A —0.
We now choose {=(,, £=1,2,..., where the functions (, satisfy

0<{,<1and {,t)=1for |t| <1—1/¢. Then, as £ - + oo, we infer from (6)
that

(7)  F(0, u(0), Du(0) + &e) — F(0, u(0), Du(0)) — &eF,(0, u(0), Du(0)) > 0,
which is equivalent to (2). O

2. Sufficient Conditions for Relative Minima
Based on Convexity Arguments

Assumptions, which guarantee that a given extremal of a variational integral #
furnishes in some sense a relative or absolute minimum of &, are traditionally
called sufficient conditions. There are essentially three kinds of sufficient
conditions.

Surprisingly, the most elementary type, based on convexity arguments, ap-
peared in the history of the calculus of variations at last.

The second and oldest kind of sufficient conditions can be expressed by
eigenvalue criteria for the Jacobi operator, the Euler operator of the accessory
integral.

The third and most effective class of sufficient conditions is based on
Weierstrass’s idea of using fields of extremals, and on Hilbert’s independent
integral which is closely related to the notion of a null Lagrangian. The principal
idea of field theory is comprised in the notion of a calibrator which will be
discussed in 2.6.

Unfortunately, in the case of several unknown functions of several variables
field theory encounters certain technical difficulties which are in the nature ‘of
the matter. Therefore we begin in Chapter 6 by giving a detailed discussion
of field theory for one dimensional variational problems (n = 1, N > 1). Field
theories for the general case will be presented in Chapter 7.

Jacobi’s theory including the eigenvalue criteria will be developed in
Chapter 5.
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In the present section we begin with convexity arguments. The prototype of
this reasoning is the following well-known result: A strictly convex function
F 1€ — R on a convex domain € of RR" possesses at most one stationary point in
€. At such a point the function & assumes its absolute minimum on €.

2.1. A Sufficient Condition Based on Definiteness
of the Second Variation

Let #(x) be a convex function of class C' on some convex domain € of R".
Then each critical point of & is an absolute minimizer. If, moreover, & is
strictly convex, then % has at most one critical point in €, and such a point has
to be a strict minimizer. If # is of class C?, the strict convexity of & follows
from the positive definiteness of the Hessian matrix %, .. For more information
on convex functions cf. for example 7,3.

The following result is a straight-forward generalization to variational
integrals

Fu) = f F(x, u(x), Du(x)) dx.
Q

Let us for the sake of simplicity assume that the Lagrangian F(x, z, p) is defined
on € x R x R, 2 c R" as a function of class C2. Assume also that
denotes a bounded domain in R", the boundary of which is not too irregular.

To be precise, we need that every function ¢ of class C3(2, RY):= C*(@2, R")n{¢ = 0 on 0Q}
can be approximated by functions ¢, € C*(2, R") in such a way that lim,_., {ll¢ — @,llcom) +
| Vo — Ve, llL2a)} = O holds. In other words, C°(£2, R") has to be dense in C3(2, R¥) with respect
to the norm [|Y| := |¥ llcom + || V¥ ll2(qy- This is certainly the case if 22 is smooth (i.e., if 02 is a
manifold of class C*), or at least piecewise smooth; cf. 1,2.3.

Proposition. Let € be a convex set in the function space C'(2, R") and suppose
that u € € is a weak extremal of the variational integral &. Moreover, assume
that

(1) 82 F(w,0) >0 forallwe¥andall p e C°(2, RY).
Then we obtain
FW)=F W) forallve€ withv|zo=u|zq.
If instead of (1) the stronger assumption
) 5*F(w,0) >0 forallwe¥ andall ¢ € C5(2, RY) with ¢ # 0
is satisfied, then it follows that
FW)>Fwu) forallve b, v+#u, withv|sg=ulzq.

Corollary. (i) If condition (1) is satisfied, then every extremal ue € of F fur-
nishes an absolute minimum of & on €.
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(i) Condition (2) implies that an extremal u € € of F is the unique minimizer
of Foné¥.

Proof of the proposition. By a suitable approximation procedure we infer that
the relations

0F (u,0)=0
and
82F(w,0)=>0

hold for all ¢ € C3(@2, R") and for every w € €.
Let now v be an arbitrary function in ¢ which coincides with u on 6Q2. Then

o=v—u
is of class C3(2, R™), and, for every ¢ € [0, 1], the function
V@t)=u+to=tv+ (1 —t)u

is contained in %. Since &(t) := F (Y(t)) is of class C? on [0, 1], we obtain

®(1) — B(0) = &'(0) + f 1 (1 - )®"(t) dt.
0

By virtue of
&'0)=0F(u, ) =0,
it follows that

€) F)-FWu= L A= 0&F @), ¢) dt

and therefore & (v) = £ (u). If (2) holds, then we even get # (v) > & (u), provided
that v # u. O

2.2. Convex Lagrangians

Convexity of the functional & is certainly guaranteed if, instead of the as-
sumption (1) in 2.1, we require the much more stringent pointwise condition
02F(w, ¢) > Ofor all w e € and all ¢ € C'(, R”). Therefore the Proposition of
2.1 implies

Proposition 1. Let € be a convex set in C'(Q, R"), and suppose that ue € is a
weak extremal of %. Then we obtain: If 6*F(w, ¢) >0 for all we € and all
¢ € CH(R2, RY), then F(v) > F(u) for all ve € with v =u on 0Q. Moreover,
if even 6%F(w, ¢)(x) >0 for all we ¥, ¢ e Co2,RY), and all x e Q with
(@(x), De(x)) # (0, 0), then F (v) > F (u) for all v € € satisfyingu #vandv=u
on 0Q.
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The simplest condition ensuring convexity of & is convexity of the Lagran-
gian F(x, z, p) with respect to (z, p), keeping x fixed. Since F is of class C2,
convexity of F(x, -, -) is equivalent to positive semidefiniteness of

[F 229 F, zp]
FPZ ’ FPP

Therefore we obtain the following somewhat weaker version of Proposition
1 which is directly applicable to € = C*(Q2, R¥):

Proposition 2. Suppose that the Lagrangian F(x, z, p) satisfies
) Fpi(x, 2, p)mimy + 2F,iplx, 2, p)'mg + Fin(x, z, p)CiC* > 0

forallxeQ,z,{ e R, p,ne R™. Then it follows that every weak extremal u of
F satisfies F (v) = F (u) for all ve CH(R, RY) with v = u on 0. In other words,
every weak extremal is an absolute minimizer. If in (1) strict inequality holds for
all ({, =) # (0, 0), then any weak extremal of ¥ is the unique minimizer of ¥
among all C*-functions with the same boundary values on 0.

Unfortunately inequality (1) is difficult to check and, moreover, will in gen-
eral rarely be satisfied. Yet there is at least one type of Lagrangians including
various important examples for which (1) can easily be verified. These are the
Lagrangians F which do not depend on z,

F=F(x,p) for(x,p)e 2 x R™,

and are convex with respect to p.
In this case (1) reduces to the positive semidefiniteness of the Hessian matrix
Fpp = (Fjir) on Q x R™, ie., to

(2) Fp;-px;(x, p)ninﬁ >0
for all x € Q and all p, # € R™. The strict inequality
) Foi(x, p)mgmg >0, m#0

(implying strict convexity of the function F(x, ‘), x being fixed) will then imply
that every weak extremal of & is the unique minimizer of # among all func-
tions with the same boundary values. Since F € C2, (2') is just the condition of
superellipticity which, for n = 1 or N = 1, reduces to ordinary ellipticity:

(3) Fpp(x, DEE >0, E#0 (n=1)
or
(4) Fp,p,(xa p)ﬂanﬂ > 0’ n # 0 (N = 1)

Actually, we have

Proposition 3. If the Lagrangian F(x, p) is convex and of class C* with respect to
D, then every weak extremal is a minimizer.
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Proof. The convexity of F with respect to p yields

F(x’ ‘1)2 F(x’p) + Fp(x,P)(q-P)

Thus if u is a weak extremal and if v is a function of class C!(2, R¥) that agrees
with u on 09, we obtain

J. F(x, Dv) dx > J F(x, Du) dx + J F,(x, Du):(Dv — Du) dx
2 2 fel

=f F(x, Du) dx. O
Q

(1] Some typical examples in the case N = 1 are provided by the Dirichlet integral
D(u) = %J |Duf? dx,
)
with the Lagrangian F(p) = 1|p|?, by the generalized Dirichlet integral
D) = %I Y () D,uDgu/y(x) dx
2

with respect to some Riemannian metric ds? = y,4(x) dx* dx#, which has the Lagrangian

F(x, p) = \/7(x)y**(x)p.ps

and by the area functional

oA (u) =J. /1 + |Dul? dx,
Q
with the Lagrangian

F(p) = /1 + |p}*.

For all three examples, condition (4) is not difficult to verify.

For n = 1, the length functional
L(u) = Ja m dx, u=u(x), u' = Du,
b
and also the weighted length(n = N =1)
P(u) = J bm(x)m dx, o(x)>0,
a
are typical examples of integrals with Lagrangians F(x, p) satisfying (4), whereas

b
J‘ o@)/1 +u?dx, oz)>0,

does not fall in this category since its Lagrangian is of the kind F(z, p). If, however, the function
z = u(x), a < x < b, possesses an inverse x = £(z), « < z < f, we obtain

J'b o) [1+ (d—u)z dx = J‘ﬂ w(z) 1+ <§)2 dz,
a \/ dx « Y, dz

and therefore the problem is in some sense reduced to the previous case.
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Condition (1) can also be verified for integrands F(x, z, p) which satisfy the three conditions
(5) F,,>0, F,=0, F,20
on @ x R¥ x R"M, that is, for Lagrangians of the type

F(x, p) + G(x, 2)

with F,,(x, p) > 0, and G(x, z) being convex with respect to z.
An example of this type is provided by the variational integral

F(u) =j {/1+|Du|* + Au}dx, N =1,
2

which we have met at the n-dimensional isoperimetric problem as well as in 1,2.2[5].
A second example of this kind is furnished by the integral

Fu)= .[ {|Du|* + G(x,u)} dx, N =1,
a
with the Lagrangian
F(x,z,p) = |pI* + G(x, 2)
satisfying
G,,(x,z) > 0.
This is, for instance, the case if
G(z)=Ae* or G(z)=41z*, 1=0.
The corresponding Euler equation is equivalent to
Au = g(x,u) with g(x, z) := 4G, (x, 2).
[4] A fairly obvious generalization allows for certain integrals with F,, # 0. Suppose, for instance,
that N = 1, and that there are numbers A > 0, u > 0, a > 0 such that
©) |Fep(x,z, Pl <@,  Fo.lx,z,p)2p,
Fy (%, 2, DN = Aln|?

holds for all n € R” and all (x, z, p) € 2 x RY x R"™. Then it is easy to see that (1) holds provided
that

7 a<./iu.
Unfortunately, the convexity reasoning already fails for the classical integrals
F(u) =j a(x,u)\/1 + |Duj*dx, N=1,
Q2

at least, if the reasoning is applied in the straight-forward way described before. Many of these
integrals were already treated by Euler? in his classical treatise “Methodus inveniendi” [2] in 1744.
In fact, suppose that the weight function a(x, z) of the Lagrangian

F(x, z, p) = a(x, 2)\/1 + |p|?
satisfies

a(x,z) >0 and a,(x,2)>0.

3Cf. Carathéodory [16], Vol. 5, pp. 165-174, and Euler [1], Ser. I, Vol. 24, pp. VIII-LXIII for a list
of variational problems studied in Euler [2].
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From

a(x, )

Foay62,P) = 1 O™ e L + P18 — papy]

{1

we only obtain

( ’ )
Fop)(%, 2, P)NaMp = Wl %,

and the equality sign is assumed if p and # are collinear. Thus we merely have
v.np(x’ z,p)ng >0 forn #0.

This, however, does not suffice to let the preceding method work.

From the preceding discussion we see that the convexity method is rather
limited, and that we need more refined methods to be able to decide whether a
given extremal u(x) furnishes a minimum. This will be achieved by developing
eigenvalue criteria for the Jacobi operator ¢, and most effectively by the
Weierstrass theory.

Before we turn to the discussion of these more generally applicable methods,
we will investigate three different refinements of the convexity method which
occasionally work rather well:

(I) the method of coordinate transformation;
(II) application of integral inequalities;

(III) convexity modulo null Lagrangians.

We shall explain the appertaining ideas in the following three subsections. Since
in all three cases we find more of an artifice than an elaborated theory, we will
restrict ourselves to the consideration of specific examples.

2.3. The Method of Coordinate Transformations

If a mathematical object furnishes a minimum of some functional, then this
minimum property will not be lost if we describe the object in terms of new
coordinates. Similarly, extremals are mapped into extremals, as we have seen in
3,4, where the general covariance of the Euler equations has been proved. This
suggests the idea to investigate whether, by introducing new dependent and
independent variables, a given functional can be transformed into a convex
functional.

The idea of bringing some variational integral by a suitable coordinate
transformation into a simple form can already be found in Euler’s work. It led
him to some covariance principle* that, in greater generality, was worked out
only much later.

4Methodus inveniendi [2], Chapter IV, Proposition I. Cf. also Carathéodory [16], Vol. 5, p. 125,
and Goldstine [1], pp. 84-92.
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Let us restrict ourselves to the case n = N = 1, and consider a Lagrangian
F(x, z, p). Given any coordinate transformation z = f(z*), f'(z*) > 0, with the
inverse z* = g(z), we define the pull-back Lagrangian G(x, z*, q) by

G(x, 2%, q) == F(x, f(z*), f'(z*)q)-

For a given function z = u(x), we define z* = v(x) by v(x) := g(u(x)), whence
u(x) = f(v(x)), u'(x) = f’'(v(x))v'(x), and therefore

F(x, u(x), u'(x)) = G(x, v(x), v'(x)).
Consequently, we obtain
Fu)=%@)

for the corresponding variational integrals # and 4.
Consider, for instance, a Lagrangian F(z, p) defined by

F(z, p) = ¢(a(2), b(z)p).

We assume that ¢(¢, #) is a convex function on IR? which is nondecreasing with
respect to & € [0, o), for every fixed value of 5. Secondly we suppose that a(z)
and b(z) are smooth, and that b(z) > 0 holds (in applications this might only
hold on some interval I; then we have to assume that the admissible functions
u(x) have values contained in I). We now choose g(z) as primitive of b(z), i.e.,

g'(2) = b(2),
and let f be the inverse of g. Given u(x), we again introduce v(x) := g(u(x)), or
u(x) = f(v(x)). Then
buyu’ = b(u)f'(v)v’ = b(u);v’ =v,
g'(w)
and it follows that
F(u,u') = ¢(a(f(v)), v') = G(v, V'),
where we have set
G(z* q) = #(c(z*), q),  c(z¥):= a(f(z¥)).

The Lagrangian G(z*, q) is convex in (z*, q) if the function c(z*) := a(f(z*)) is
convex in z*.
In particular, consider the variational integrands

F(z, p) = a(2)\/1 + p* = \/a*(2) + a*(z)p* with a(z) > 0.
Introducing the convex function ¢(¢, 1) = /&2 + %, we can write
F(z, p) = ¢(a(2), a(z)p).

Let z = f(z*) be the inverse of the function z* = g(z) defined by

o) = J " a(2) dz;
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then v = g(u), u = f(v) satisfy

F(u,u') = G(v,v') = /2 (v) + v'?,
G(z* q) == /() + 4%,  c(z*) = a(f(z*),

and G(z*, q) is a convex function of z*, q, provided that c(z*) is a convex function
of z*.

with

Let us consider some examples wheren = N = 1.

(1] The Lagrangian F(z, p) = \/z2 + p? is already convex; and we can write down its extremals. In
fact, let us introduce polar coordinates r, ¢ about the origin in the x, y-plane by

X =rcos @, y=rsin¢.
Then it follows that
dx? + dy? = dr? + r? d¢?

dy\? dr\?
1 —)dx= [rPP+|—] do.
\/ +(dx) . \/ +(d¢) 0
That is, the length functional is in polar coordinates described by
®2 dr\?
J‘ r+ (_r) do.
o de.

The extremals of § /1 + y'2 dx are exactly the straight lines that are not parallel to the y-axis; thus
they are given by

and therefore

ax +by=c withb #0.

Fig. 4. The family of extremals u(x) = a/cos(x — n/2), |x| < /2, of the integral |32 /u® + u'? dx.
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Hence the extremals of § \/r* + r2 do are described by the equation
rlfacos @ + bsingp] =c.
By determining some ¢, # 7/2, 3n/2 mod 2n with
a b

—ai _._+ ik sin @, = ————r——az e ,

cos @, =

and setting
c

Jat + b’

rcos(p —¢,)=d

as the characterizing equation of geodesics. If d = 0, then ¢ = ¢, + 7/2 (mod =). These straight lines
cannot be written as graphs r = r(¢) and get lost. If d # 0, we obtain the straight lines

we obtain

d
=—————, |p— ¢ <n/2,
cos(¢ — ¢,)
as extremals.
If we now return to the original Lagrangian F(z, p) = \/z? + p?, then we obtain the singular

extremal
u(x) =

which clearly is the unique minimizer of the integral
F) =f u? +u'?dx
among all C!-curves z = u(x), x, < x < x,, with u(x,) = u(x,) = 0. In addition, we have

u(x) = |x — Xo| <m/2, a #0,

cos(x — x)’
as the only other extremals.

We conclude that, for given Py = (x,, z,) and P, = (x,, z,) with z,, z, # O, there is no extremal
of # (u) satisfying u(x,) = z, and u(x,) = z, if either |x, — x,| > =, or if sign z, # sign z,. That is,
for arbitrary P, and P,, there is not always a minimizer u of & that is of class C? and connects P,
with P,.

Moreover, if there is an extremal u(x), x, < x < x,, with u(x,) = z, and u(x,) = z,, then u is
the unique minimizer of the strictly convex functional # with respect to all C!-curves satisfying the
same boundary conditions.

The gist of this example is that an appropriate geometric interpretation might spare one any
computation; here the geometric idea consisted in interpreting the cartesian coordinates x, z as
polar coordinates r, ¢, thereby linking the given variational problem with another one, the solu-
tion of which is known, and then to use the continuance of Euler’s equation (i.e., the principle of
covariance).

Carathéodory’s example. F(z, p) = e*./1 + p>. This example is of the type F = a(x, z)./1 + p?
for which the convexity method fails if it is directly applied. It will turn out that, by a suitable change
of the dependent variables, the corresponding integral # can be transformed into the strictly convex
functional appearing in [1], and the extremals of # will be in correspondence to some of the
extremals of [1]. Thus the extremals of #(u) = "1 e* /1 + u'? dx are recognized as minimizers.

In fact, introducing v(x) by v = e*, we obtam v2 + v’ = e®*[1 + u'?], and therefore

F(u,u') = \/v? + v'2:= G(v, v)
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or

*2

Fu) =9) :=J‘ V2 +v?dx.

*1

According to [1], the extremals of ¥ are given by

v(x) = |x — xol < m/2, a#0.

cos(x — xo)
Since v = " > 0, we obtain all extremals of # by
u(x) = zo — log cos(x — x,), |x — x| < 7/2,
for arbitrary values of x, and z,€ R. All of them are minimizers of &, for any choice of
T n

Xy, X3 e(xo -7 Xo + 5)’ among all C!-curves z = w(x), x, < x < x,, with w(x,) = u(x,) and
w(x,) = u(x,).

There are no extremals joining two given points P, = (x,, z,) and P, = (x,, z,)if |x, — x,| > =.
Hence there is no minimizer of class C? for

F(w) =J e* /1 +w?dx
*1
in the class € of functions w € C*([x,, x,]) with w(x,) = z,, w(x,) = z,, if |x, — x,| > =.
Let us consider this minimum problem somewhat closer. Set
o:=inf, F.

We first want to show that a < e** + e*2 holds, whether |x, — x,| > = is satisfied or not. To this
end, we choose an arbitrary value z, with z, < min{z,, z,}, and consider the parametric curve
c(t) = (x(t), w(t)), 0 < t < L, parametrized by the arc length ¢, which consists of the two vertical
pieces {(x, z): x = x;, 2o < z < z;},i = 1, 2, and of the horizontal piece {(x, z): x, < x < X,,z = z4}.
Then

L
F(c):= J‘ e*|¢(t) dt = e** + e + e*o(x; — x; — 2)
o

and therefore
F(c)—>er +e*2 aszyg— —©.

Moreover, we can approximate each one of the U-shaped curves ¢ by smooth nonparametric curves
w(x), x; < x < x,, of class ¥, such that the difference

f(c)—J e* /1 +w?dx

can be made arbitrarily small. This proves o < e** + e*2,

Now we want to show that, for |x, — x,| > =, actually o = e** + e*2 holds. We recall how the
problems of [1] and [2] are connected, and that [1] can be interpreted as the problem of minimal
length in R2, written in polar coordinates. Therefore we write ¢, ¢,, ¢, instead of x, x,, x,,
respectively, and introduce r(¢) = e*®, ¢, < ¢ < @,. Then we have

P2 P2
J‘ e”./1+w’2d¢=J Jr*+rtde,
L 41 L 41

and the second integral yields the length % of some curve in the x, y-plane given by P(p) =
(x(9), (o))

x(@):=r(p)cos @, y(@):=r(p)sing, ¢;<P=<Q,.
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I
Fig. 5. Carathéodory’s example. Fig. 6.

For every w € &, there is some ry, > 0 such that r(¢) = r, holds for all ¢ € [¢,, ¢,]. Thus the curve
P(¢) cannot penetrate the disk B(ry) := {(x, y): x* + y? < r2}. Since |@; — @,| = = is assumed, we
then infer that the length £ of the curve P(¢), ¢, < ¢ < ¢,, must be greater than the sum of the
distances of the endpoints P(¢,) and P(¢,) from the origin of the x, y-plane; that is,

) &L >r(p,) +r(py) =™ + e

(see figure 5). This inequality yields another proof of « > e** + e*2in case that |, — @,| > 7. At the
same time, this geometrical consideration shows how we have to construct a curve P(¢) in the x,
y-plane that is parametrized by the polar angle ¢ € [¢,, ®,], ¢, — ¢, > 7, which has the endpoints

P i=(rycos ¢y, 1y sin @),  P":=(rycos ¢, 1, sin @),

ry == e*1,r, := e*2, and whose length & differs as little from r, + r, as one pleases. The principal idea
consists in moving from P’ to the periphery C(r,) of some disk B(r,), r, > 0 being chosen very small,
then walking a certain way on C(r,) (possibly one has to circulate several times on C(r,) about the
origin if ¢, — ¢, is larger than 2z), and finally moving from C(r,) to P". If the paths to and fro C(r,)
are basically straight, and if r, is sufficiently small, we can achieve that the length & of the total path
differs arbitrarily little from r, + r,. However, we have at the same time to secure that the polar
angle permanently increases when moving along the curve. Both properties can simultaneously be
achieved if and only if |¢, — @,| = = holds (cf. figure 6).

This proves that a = r, + r,. Moreover, the previously proved inequality (*) shows that the
infimum a cannot be assumed by & (w) for any w € €. Therefore the minimum problem

“F(w)—>min forwe¥€”

has no solution if |x, — x,| = = holds.

If, on the other hand, |x; — x,| < mn and x; < x,, then there is exactly one extremal joining P,
and P,, and this extremal is the unique minimizer of  in 6.

We leave it to the reader to prove that there is one and only one extremal joining P; and P,,
provided that |x; — x,| < n. Furthermore we note that all extremals u(x) = z, — log cos(x — x,)
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are congruent convex curves. All extremals passing through the same fixed point P, = (x,, z,) cover
both the strip x; — 7/2 < x < x, and the strip x; < x < x, + 7/2 in a simple way.

Euler’s treatment of the isoperimetric problems. Let us consider the dual version of the isoperi-
metric problem: Among all smooth curves, enclosing a given area, to find one of least length.
Besides his multiplier approach, Euler found another way of treating this problem which
reminds one of the cutting of the Gordian knot: He removed the subsidiary condition by intro-
ducing area as a new independent variable.
Let t, z be cartesian coordinates in the plane, and consider curves which are nonparametrically
given as graphs of functions z = u(t), t, <t < t,. Let us introduce the area

&) = f u(t) de

1

under the arc z = u(t), t, <t <t, as new independent variable x, by setting x = &(t) and considering
the inverse function t = (x). If we define v(x) by

v(x) := u(z(x)),

the curve is now given by z = v(x) as a function of the area x below the graph z = u(t), t, <t <t
The line element ds has the form

ds = \Jdt? + dz* = /1 + u'? dr.

On the other hand, we have

E)=u(t)=v(x) and 7'(x)= L

&@)
and
u'()) = v'(x)¢’(®).
Since
ds=/1+w?dt = /1+ 02?7 dx,
we arrive at

1
ds= [+ v?dx.
Vo

Thus the length functional .#(v) is given by

X3 1
.S!’(v)=j S +v?dx, x, =0,
EN v

and our problem now requires £ to be minimized. The subsidiary condition “area = constant
miraculously has vanished, and we have an unconstrained problem for . Since the integrand

[1
F(z,p) = z—,+p’

does not depend on the independent variable x, the expression F — pF, forms a first integral of the
extremals z = v(x) of £, whence we obtain that

”»

1
= const

1
v [ +07?
v
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holds, and therefore

v /1 +v%=b

for some constant b. Inserting u(t) = v(x) and

v'(x) = “@ ,

u(t)

we obtain for the extremals z = u(t) the equation

’

uu' = /b* —u.
A straight-forward integration yields
t—c?+22=ct z=u(),
as defining equation for the extremals which therefore are seen to be circles.
Note that F(z, p) = zl—z+ p? is a strictly convex function of z, p; cf. the remarks at the

beginning of this subsection. Thus the functional £(v) = [§2,/v™% + v'2dx is a strictly convex
function of v, and its extremals are unique minimizers among all C!-curves z = v(x) with the same
boundary values at x = 0 and x = x,. (Actually, the same reasoning yields the minimizing property
of the extremals among all AC-curves.)

From this minimum property, one can with some effort derive that, among all simple, closed,
regular C!-curves bounding domains of equal area, exactly the circle has least length.

This yields without difficulty that among all simple, closed, regular C*-curves of equal length
exactly the circle bounds the domain of largest area.

Thus we have proved that the isoperimetric problem has a solution, and that the circle is the
uniquely determined maximizer. This result is much stronger than the one obtained in 1,1 (1]. There
we had proved that, if the isoperimetric problem possesses a solution, then this must be a circle. It
is, however, not a priori clear whether some given minimum or maximum problem will have a
solution at all. This fundamental question, which has played an important role in the development
of the calculus of variations, will be discussed in Chapter 8 and in another treatise. Here we only
note that Euler had the key to a complete proof of the isoperimetric property of the circle in his
hands. We, however, do not want to give the impression that Euler really argued in this way. First
of all, convexity of functionals was an idea unknown to him. Secondly, and strangely enough, it did
not occur to him that a variational problem might have extremals which are neither maxima nor
minima. He believed that an extremal necessarily furnishes a minimum if, for a single comparison
surface (curve) satisfying the same boundary conditions, the variational integral has a larger value
then for the considered extremal.® ‘

1
[4) The integrand F(z, p) = —=+/1 + p?, z > 0. Basically this is the Lagrangian appearing in the
z

brachystochrone problem. Since we shall give a fairly complete discussion of this problem in
6,2.3 (4], we presently only mention that the brachystochrone problem deals with the question to
determine the shape of a curve along which a point mass slides in minimal time from some point P;
to a second point P, under the influence of gravity. The extremals are cycloids, and they can be
shown to be curves, along which the time of descent is minimized. This is proved by Weierstrass field
theory, but an alternate approach is provided by introducing v(x) := ,/2u(x). This way we obtain

2
%,/1+u’z= /£+u7=ﬁ vi2+v’2, u(x) > 0,

5 Cf. Carathéodory [16], Vol. 5, p. 118, and Euler, Opera omnia I, Vol. 24.
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which basically is the strictly convex integrand from example [3]. Thus we have transformed the
. e . *2 1 . . . x2 1
variational mtegralf —=4/1 + u'? dx into the strictly convex integral \/EJ. /—5 + v'2 dx, and
xy u xy v
by our general reasoning it follows that the extremals of # (u), the cycloids, are indeed minimizers
(however, points with u(x) = 0 require some special care).

2.4. Application of Integral Inequalities

Let € be a convex set in C3(©2, R"), and let ue ¥ be an extremal of some
variational integral

F(u) = J. F(x, u, Du) dx.
o}

The Proposition of 2.1 states that ¥ minimizes # among all functions contained
in €, having the > same boundary values as u, if 2% (w, ¢) > O holds for allw € ¥
and all ¢ € C}(£2, RY), and u even furnishes a strict minimum if

82Fw,9)>0 forallpeCi(Q R")witho #0

and for all w e .
Sometimes this inequality can be obtained by the following approach: One
tries to split the Lagrangian F in the form

F(x, z, p) = F((x, z, p) — F,(x, z, p),
whence it follows that
3>F (w, 9) = 8°F,(w, ¢) — 6°F,(w, 9),

where #, %, #,, denote the variational integrals associated with F, F;, and F,.
Then the desired inequality is proved if, for every w € €, one can find some
quadratic form B(¢) on C3(2, R") with B(¢) > 0 for ¢ # 0, such that

8*F1(w, ¢) = ¢, B(9),
0°F(w, 9) < ¢, B(¢)
hold for suitable constants ¢, and c,, 0 < ¢, < c,, and for all ¢ € C3(2, RY).
Let us consider a very simple example.
(1] LetN=1,n>3,and
Fu= %j {IDu* + H(x)u®} dx.
Q

We decompose H into its positive and negative parts H* and H™:
H=H*"-H, H" 20, H >0.
Then it follows that

Fw,0) = J. {|Du|* + H(x)p?} dx
Q

ZJ |Do|? dx—J H™(x)p? dx
Q 2
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— 2
for all we € := C!(2, RV). Set 2* := —nz; then Holder’s inequality yields
n—

24n 22+
J‘ H ¢*dx < (J |H™|"? dx) (J. lol?* dx)
Q 2 Q

2 2
since 1 — > = —. By Sobolev’s inequality, there is a number S = S(n, ) > 0 such that
n

22
(J. (p”dx) SSJ‘ |Do|? dx
Q 2

holds for all ¢ € CA(£2, IR¥). Therefore we obtain

2/n
J H‘(pzdx$S<J. |H'|"’2dx> J‘ |Dog|? dx.
Q 2 Q

Thus we can choose B(¢):= fngtplz dx, and it follows that & (u) is strictly convex on € .=

CH(@Q, R") if inequality
S(J |H™ "2 dx) <1
a

is satisfied.

2.5. Convexity Modulo Null Lagrangians

We have seen that the convexity condition (1) of 2.2 is rather stringent and hard
to verify. On the other hand we know that, by adding an arbitrary null
Lagrangian G(x, z, p) to a given Lagrangian F(x, z, p), the Euler equations of F
and F + G only formally differ. That is, an extremal of F also is an extremal for
F + G, and vice versa. Moreover, if

Fw) = I F(x, v, Dv) dx, b)) = f G(x, v, Dv) dx,
2 Q

then, for a given weak extremal u of # with ¢ := %(u), it follows that
%) =c forallve C}(Q, RY) with v = u on 6Q

(cf. 1,4.1). Hence u is a minimizer of & if and only if u is a minimizer of # + ¥
(with respect to fixed boundary values on 0Q2). Therefore we infer from
Proposition 2 of 2.2 the following result:

Proposition 1. Suppose that there is a null Lagrangian G(x, z, p) such that
H := F + G satisfies the convexity condition (1) of 2.2, i.e.,

) Hyp(x, z, p)nm + 2H,,(x, 2, p){n + H,(x, z, p){{ > 0

forallx e Q,z,{ € RY, p, m € R™. Then it follows that every weak extremal u of
% is an absolute minimizer, that is,

FW)>Fu) forallve CHR, RY) withv=uondQ.
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In 1,4.2 we have characterized the null Lagrangians. Ifn = 1 or N = 1, there
are not many: all of them have the form

G(x, z, p) = A(x, 2) + B{(x, 2)p;,
where
Az‘ = Bl?,x'i B:,z‘ = Bg,zk'

Hence, for N = 1, all null Lagrangians are of the type

G(x, z, p) = B*(x, 2)p, + f Bl(x, z) dz.

Thus, by adding a suitable null Lagrangian to F we can get rid of terms B*(z)p,
with arbitrary functions B*(z) which is some improvement over the assumptions
(6) and (7) of 2.2.

If min{n, N} > 2, the class of null Lagrangians is much more extensive but
there seems to be no systematic way to decide whether (1) can be achieved.

There is a second possibility to make use of null Lagrangians® if one wants to
verify the minimum property of some extremal by means of the Proposition in
2.1. Namely, it is conceivable that one can prove condition (1) of 2.1, although
the relation

8*F(w, ) >0 forall we € and all p € C}(2, RY)

may not be true. In fact, suppose that there is a null Lagrangian G with ¥(¢) <0
and

8*F(w, ) + G(x, 9, Do) >0 on R for ¢ € C3(2, RY).
Then, by integrating this inequality, we infer that (1) of 2.1 holds. Since %(¢) =
%(0) for all @ € C3 (2, R"), we obtain
Proposition 2. Let € be a convex set in C*(2, R"), and suppose that for every
w € € there exists a null Lagrangian G(x, z, p) with { 3 G(x, 0, 0) dx < O such that
02F(w, ¢) + G(x, ¢, Dp) > 0

holds for all ¢ € CA(R, R¥), with the strict inequality sign on some subset of
positive measure for ¢ # 0. Then for any weak F-extremal u € € it follows that

FW)>FWu) forallve € withv #uandv=uonif.

Let us discuss this idea for the following example.

6 Actually, this time-honoured trick has already been used by Legendre [1] in 1786 to prove the
positivity of the second variation. This directly leads to Jacobi’s theory for n = N = 1; cf. Chapter 5.
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[1] Consider the variational integral
&) = J. {IDu)® + $Hu-(u,1 A u,2)} dx* dx?,
Q

with the Lagrangian
E(z, p) = |ps|* + |p2I* + $Hz-(py A P2),

where n =2, N = 3, 2 c R%, u = u(x), x = (x*, x?), p;, p, € R3, p=(p;, p,). As we have seen in
32 [ZL the Euler equations of & are equivalent to

Au =2Hu, A u,a,
and every strong inner extremal of & satisfies the conformality relations
lual? = |upel?,  wa-u,e=0.

Hence every E-extremal u with 8&(u, A) = O for all A€ C'(&2, R") is a surface of constant mean
curvature provided that |u,.| # 0.
For some number R > 0, we introduce the set

%= C1(@2, R?) n {v: [0(x)| < R for x € 02}.

Let ueén Cz@, R3) be an extremal of &, and let v be an arbitrary function in % with
@ :=v—ue CsR, R3). Then, for ¢ € [0, 1], we have () ;== u + to = tv + (1 — t)u € ;-
For the sake of brevity, we introduce the notations ¥, := D, ¥, ¢, := D,¢ (a = 1, 2), and

[a,b,c] :=det(a,b,c)=a-(b A c) fora,b,ceR3.
Then we obtain
EW + ep, DY + eDo)
=EW, DY)

2H
+ 28{0\0'0(0 +5 o vu ]+ 0n Y]+ [V ¥y, ‘Pz])}

+ e2{l@y 1> + |@,1* + $H([Y, 01, @] + [0, ¥1, 0] + [0, 01, ¥,])}

+ &*4H(, 0y, ¢2].

Suppose presently that also ¢ € C*(§2, R?). Then we obtain by a straight forward computation
(since the terms involving second derivatives cancel)

¥, 01, Y21 + ¥, V1. 0,1
=2[¢, Y1, ¥,1 — {Dilo, ¥, ¥,1 — D,l0, ¥, Y41},
and, interchanging the roles of ¢ and y, we also obtain
Lo, V1, 021 + [0, 01, ¥3]
=2[¥, @1, 0,1 — {D1[¥, 0, 921 — D1 [¥, @, 911} -
Therefore,
10E(, ¢) = Dy Do + 2H[ o, Y1, ¥,] — 3H{D:[0, ¥, ¥,] — D,[¢, ¥, ¥, 1}
and

@ O’E(Y, @) = |Dol* + 4H[Y, 91, 9,1 — $H{D:[¥, 0, 9,1 — D, [¥, ¢, 9, 1}.

By partial integration, we arrive at

Q9

@ (—4du + 2Hux A uya)dx! dx? — %Hj @ (u A du)
Q

%660‘) )= J‘
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and

56, ¢) = f {IDoI> + 4HY (9, A 93)} dx* dx? — $H L V(@ A do).
Q Q

So far, we have established these two formulas under the additional hypothesis that ¢ € C3(@2, R3).
By approximating a given C'-function in the C*-norm by C2-functions and passing to the limit, we
obtain the two formulas in general. Since ¢ vanishes on 02, the two boundary integrals appearing
in the two previous formulas vanish, whence

3) — 168w, 9) = J. (4u — 2Hu,: A u2): @ dxt dx?
Q
and
@ 1026, 0) = [ {IDo|* + 4HY - (@ A @,)} dx' dx>.
Ja

We obtain from (3) that the Euler equations are equivalent to
Adu = 2Hu,1 A Uy

From y(x, ) = tv(x) + (1 — u(x), Ju(x)| < R, and [v(x)| < R it follows that |(x, t)] <R for x € 2
and t € [0, 1], and therefore

[4Hy - (@1 A @5)| < 41H| Y1911 10,| < 2R|H||Do|*.
Thus we infer from (4) that

j0’¢W, 9) 2 [ (1 - 2R|H|)|Dg|* dx.

Ja

Hence we can apply the Proposition of 2.1 and arrive at the following result:

Let %5 = {ve C'(2, R®): [v(x)| < R}, and suppose that ue by is a weak extremal of & (or,
instead, that u € g N C*(, R®) and du = 2Hu,: A u,: in Q). Then, for all v € g with v = u on 99,
it follows that

1
FW)=F if |Hl < —,
W=Fw ifl I_2R
and that
1
F@W)>Fu) if|H|<ﬁandu;éu‘

In particular, for every f € €y, there exists at most one extremal u of & such that u € €z and u = f on
1
02 hold, provided that |H| < IR is satisfied.

This result also follows from Proposition 2 above. In fact, formula (2) shows that, for arbitrary
w € %, the null Lagrangian G(x, z, p) should be chosen as

G(x, 2, py, P3) == $H{2w(x) ' (py A P2) — z-[Wa(¥) A P2 + Py A Wa(%)]}.
Notice that
G(x, ¢, Dy, D,¢) = $H{D, [w, @, D] — D1[w, ¢, D, ¢1}.

2.6. Calibrators

Now we describe another method based on the use of null Lagrangians which
may ascertain that a given extremal is a minimizer. This method rests on a quite
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simple idea, to prove the existence of a calibrator. It will seem surprising that
this idea is functioning at all; however, its elaboration in specific cases can be
rather involved.

In order to define the notion of a calibrator we fix a Lagrangian F(x, z, p)
and a class € of mappings u: 2 - R", Q = R”, whose domains of definition Q
need not necessarily be the same for all u € €. We assume that the integral

(1) F(u) = j F(x, u(x), Du(x)) dx, € = domain of u,
Q
is defined for all u € €.

Definition 1. Let uy: 2, — RY be an arbitrary element of €. Then a calibrator
for {F, uy, €} is a Lagrangian M(x, z, p) satisfying the following conditions:
(i) The functional

) M(u) == f M(x, u(x), Du(x)) dx, £ = domain of u,
Q

is an invariant integral on €, i.e. M (u) is defined for all ue €, and we have
M) = M(u,) foranyu,,u, € 6.

(i) M(x, ug(x), Dug(x)) = F(x, ug(x), Duy(x)) for all x € Q,.

(ii)) M (x, u(x), Du(x)) < F(x, u(x), Du(x)) for all x € Q = domain u, u € ¢.

Proposition 1. If there exists a calibrator for the triple {F, uy, €}, uy € €, then u,
is a minimizer of & in €.
Proof. Let M be a calibrator for {F, uy, ¢}. Then we infer from (ii) that

M(ug) = F (ug).
For an arbitrary u € € we obtain on account of (i) that

M(ug) = M(u),
and (iii) implies

M(u) < F (),
whence
Fug) < Fu) forallue¥. O

Remark 1. Under fairly obvious assumptions on M and .# we infer that a cali-
brator M has to be a null Lagrangian, cf. 1,4.1, Proposition 1.

Remark 2. Conversely, in many cases it is easy to prove that a null Lagrangian
M satisfying (ii) and (iii) is a calibrator for {F, u,, ¢}, see 1,4.1, Propositions 2
and 3.

Let us illustrate the concept of a calibrator by some examples.
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[1] The Lagrangian F(p) = /1 + |p|?>,n = 1, N > 1, leads to the arc-length functional
x2
3) F(u) = J 1+ u(x)|?dx, x, <x,.
x1
Let € be the class of functions u € C'([x,, x,], R¥) satisfying u(x,) = z, and u(x,) = z,, i.c. € is the

set of nonparametric curves c(x) = (x, u(x)), x, < x < x,, connecting the points P, = (x,, z,) and
P, = (x,, z;). We claim that the linear function

- X

x
Uo(x) = z; + L2 —zy), X SXX,,
X3 — X
is the minimizer of & (u) in ¥. By the invariance of # with respect to motions of the x, z-space it
suffices to prove this assertion for P, = (0, 0) and P, = (£, 0), £ > 0. In this case u, is given by

u(x)=0, 0<x<¢,

and one easily verifies that M = 1 is a calibrator for {F, u,, ¢}. Then the assertion follows from
Proposition 1.

It is not at all obvious if and how the above reasoning can be generalized to the integrand
F(x, z, p) = w(x, 2),/1 + |p|?, i.e. to the functional

) Fu= J‘xz w(x, u(x))/1 + |u'(x)|? dx.

*1

Our discussion will be simplified if we replace (4) by the “parametric integral”

12
) F)= J‘ (@) 1£@)] dt

L]
for curves & : [t,, t,] - R¥*'. For a nonparametric curve £(t) = (t, u(t)), X, < t < x,, the integral (5)
coincides with (4).

Suppose now that w : R¥*! - R is a smooth positive function; We consider the functional (5)
on C'-immersions ¢ : [t,, t,] - R"*! whose intervals of definition [¢,, t,] need not be the same for
all £. Since (5) is invariant with respect to regular parameter transformations t, for every such
immersion ¢ there is a reparametrization n = £ o 7 such that # (£) = £ () and w(n)]s] = 1. Thus we
define € as class of C'-representations ¢ : [t,, t,] — RV*! satisfying

©) oE®) &l =1
and
(Y] ¢@y) =Py, &(ty) = Py,

where P, and P, are two preassigned points in R¥*!, and we also assume that &([t,,t,]) liesin a
domain G of RV*! containing P, and P, which is still to be chosen. Suppose now that we can choose
G in such a way that there is a C2-solution S(x) of

® |VS(x)] = @(x) onG

satisfying S(P,) < S(P,), and let £ be a curve in ¢ intersecting the level surfaces % := {x € G: S(x) = 6}
perpendicularly, i.e.

) &)~ VS(E@) fort, <t<t,.

We claim that & is a minimizer of & in €. By virtue of Proposition 1 it is sufficient to show that the
Lagrangian M(x, p) defined by

(10) M(x, p):= p- VS()
is a calibrator for the triple {F, &, ¢} where
(11 F(x, p) == o(x)|p|
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is the Lagrangian of the variational integral (5). In fact, for any n : [¢,, t,] = R¥** of class ¢ we have

.

5] 2 d
M) = f M(n, ) dt = I 7 50(®) dt = S(Py) — S(Py),

f

and therefore .# is an invariant integral on €. Moreover, relations (6) and () imply that &(¢) satisfies
the differential equation

12 &=,

where ¥(x) denotes the C!-vector field

(13) P(x):= S(x).

—_ V.

o(x)| VS(x)|

We infer from (10), (12) and (13) that M(¢, é) = 1, and (6) implies that F({, &) = 1. Thus we have
M &) = FG &)

Finally, for any n € € we have

(14) F(n, 1) = omlil =1,
and equation (8) yields
1
15) ——|VS(n)| = 1.
w(n)
Then, taking (14) and (15) into account, it follows from Schwarz’s inequality that
1

(16) M@, 1) =1 VSn) = omi-— VS < 1.

o(n)

From (14) and (16) we now obtain
M@, %) < F(n,7) foranyne®.

Thus we have verified that M is a calibrator, and we can state the following result, taking the
parameter invariance of the integral (5) into account: Suppose that S € C*(G) is a solution of equation
(8) in some domain G of RV*'. Then any (regular) orthogonal trajectory & :[t,,t,] = G of the one-
parameter family of surfaces &, defined as level surfaces %3 = {x € G: S(x) = 0} of S, is a minimizer
of & among all regular C-curves in G having the same endpoints as &.

Furthermore it is not difficult to verify that the regularity results of 1,3.1 are applicable in our
situation, and so we infer that the regular orthogonal trajectories of the level surfaces ¥, are F-
extremals provided that their representations &(t) are chosen in such a way that (6) holds true. Clearly
every such extremal of (5) has a smooth nonparametric reparametrization (¢, u(t)), t; <t < t,, which
then is an extremal of the functional

f(u)='rz olt,ut) |1+ ‘;—'t‘(z) *a,

and it minimizes this nonparametric integral among all smooth curves (¢, v(t)), t; <t <t,, in G
satisfying v(t;) = u(t;), i = 1, 2. Thus we have found a way to treat, at least in principle, the minimum
problem for the functional (4).

Still it is not clear how to find a solution S(x) of (8) such that two given points P, and P, can
be connected by an orthogonal trajectory of the level surfaces of S. It is conceivable and, in fact, true
that such an S cannot always be found since it is not always possible to connect any two points by
an extremal. Thus it is an interesting problem to find solutions of (8) which lead to a solution of the
boundary value problem by extremals (and, in fact, by minimizers) in the way described above. The
following idea is often applicable. Suppose that S(x, a), a = (a,, ..., ay), is an N-parameter family
of solutions of (8), i.e.

|1S:(x, a)l = w(x) onG.
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Then we determine an N-parameter family of curves &(-, a) by solving the initial value problem
&t 0) = 5,(ét, a), a), &0, 0) = P,
Finally we try to reach P, in a fixed time, say, t = 1, by solving the equation
¢(1,a)=P,.

We shall discuss this approach more closely in Chapter 9.

Let F(p) = 4|p|?>,n > 1, N = 1, be the Lagrangian of the Dirichlet integral
{17 D(u) = %I | Du(x)|? dx,
)

the extremals of which are the harmonic functions in Q. A simple convexity argument yields that any
such function u, is a minimizer of D(u) in the class € = {u € C}(Q): u(x) = uy(x) for x € 42} pro-
vided that Q is bounded and u, € C1(9), cf. 2.2, Proposition 3 and [1]. Let us give another proof by
verifying that

(18) M(x, p) = Viuo(x)" p — 3| Vuo(x)I?

is a calibrator for {F, u,, ¢}. In fact, we know that M(x, z, p) := A(x, z) + B*(x, z)p, is a null
Lagrangian if A, = B%. Hence the integrand (18) is a null Lagrangian since div Vuy(x) = duy(x) = 0,
and therefore

19 M) = I { Vato(x)- Vaa(x) — 3 Vo ()|} dx
Q

is an invariant integral on €. Secondly we have
(20) F(p) = 3|(p — Vo) + Vuol? = M(x, p) + 1Ip — Viso(x)I?,
whence we infer that F(Vuy(x)) = M(x, Vuy(x)) and

F(Vu(x)) < M(x, Vu(x)) forall xe Q.

[4] Let 2 be the unit ball {x e R™ |x} < 1} in R", N = n > 3, and set
€ :={ue H"*(Q,R"): |u(x)| = 1 a.e. in 2, u(x) = x on 4Q}.

Here H'%(2, IR") is the Sobolev space of mappings u: £2 - R" with generalized first-order deriva-
tives satisfying [g(Ju(x)I* + |Du(x)|*) dx < co. It is easy to see that uy(x) := x/|x| for x # 0 belongs
to € since n > 3, and that

(1) —dug = uy| Vo> on Q2 — {0},
i.e. u, furnishes a harmonic mapping of 2 — {0} into the unit sphere $*™%, cf. 2,2 [1]. Furthermore it
is not hard to verify that

22 f {Vuo Vo — (uo- @)| Vuo|*} dx = 0
2

for all ¢ € C*(2, R"), ie. u, is a weak H':2-extremal of the Dirichlet integral 2 () under the
holonomic constraint |u| = 1. We want to show that u, is a minimizer of 2(u) among all u € ¥ by
proving that

1
(23) M(p):= —[(tr py* —tr(p-p)]

is a calibrator for {F, u,, ¢} where
@4 F(p):=Ip?

is twice the Lagrangian of 9. Here p denotes the n x n-matrix (pf) with the diagonal elements
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n, = pi, my, = p3,..., n, = p! and the diagonal n = (n,, n,, ..., ,). We first verify the inequality
(2%) (n—2)Ipf* = (tr p)> — tr(p-p) + (n — 3) Zk ipil* ifpy=m,=0.
i

In fact, we infer from ab < a?/2 + b?/2 that

tr(p-p) = pipt = |n|* - Zk Ipil?,
i%

and from 7, = 0 we conclude that

trpf’ =@, + - + my)* < (0 — Dim?,

whence
(trp)? —tr(p-p) + (n - 3) Z; Ipil> <(n— 2)|:I7!I2 + iZk IP{IZ:I =(n—2)lpl*.
i# #
We infer from (25) that
(26) M(p)< F(p) ifp;=0.

Suppose now that u € C'(2, R”) and {u(x)j* = 1. Then we obtain u(x)- D,u(x) =0for 1 <a < n. If
u(xy) = (0, ..., 0, 1) = e, for some x, € L2 it follows that u}.(x,) = 0 for 1 < « < n and in particular
uga(xo) = 0 whence

27 M(Du(x,)) < F(Du(x,)) ifu(xo) =e,.
Since both F(p) and M(p) are invariant under the orthogonal group O(n), we infer from (27) that
(28) M(Du(x)) < F(Du(x)) forall xe .
Furthermore an elementary computation yields
(29) M(Duy(x)) = F(Duy(x)) forallxeQ — {xo0}.
Finally it follows for u € C%($2, R") that
tr(Du- Du) — (div w)?> = div[ Vu-u — (div u)u]

and therefore
(30) f [tr(Du- Du) — (div u)*] dx = J [divwu-v—v-(Vu-u)] d*#,_,,
Q 20

where v(x) is the exterior normal to dQ at x € 0, i.e. v(x) = x. Thus we have u-v =1 on 99 if
u satisfies the boundary condition u(x) = x for x € 8Q. If we also assume that |u(x)] =1 on @,
the computation above yields (0u/dv)-u = 0 and divu =n — 1 on 89, whence v-(Vu-u) = 0 and
div u = n — 1. Thus the value of the boundary integral in (30) is (n — 1) area $""!, $"~! = Q. Then
we infer from (30) that

@1) ()= L) M(Du) dx = : — ;-area st

for all u e C'(2, R") satisfying |u(x)| = 1 on 2 and u(x) = x on 8%, and (28) implies that
32) M) < F ()

for all such u, where # (u) = [, F(Du) dx = 29(u). Finally (29) yields

(33 M (o) = F (u5).

Essentially the same reasoning as before shows that (31) and (32) hold for all u € €, and therefore
F(ug) = Muo) = M) < F(u) forallueé,

i.e. ug(x) = % is a minimizer of 2(u) in %.
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Inspecting the preceding examples we realize that in [1] and [3] we found
a calibrator by a rather obvious guesswork whereas the success in and
looks like sheer luck. In any case, it seems to be desirable to develop a
systematic way for constructing calibrators. This is the objective of various
“field theories” which will be discussed in Chapters 6—8. For a given Lagrangian
F and an F-extremal u, one tries to find a null Lagrangian M and a suitable
“neighbourhood” € of u, such that F* := F — M satisfies

F*(x, ug(x), Dug(x)) = 0
and
F*(x, u(x), Du(x)) >0 forallue®.

Then M is a calibrator for {L, u,, ¢} provided that M leads to an invariant
integral on €, which is the case for “reasonable” classes €.
Let us now recall that condition (iii) of Definition 1 leads to the inequality

Mu) < Fu) forallueé.

This motivates

Definition 2. A calibrator M for {F, u,, ¢} is said to be a strict calibrator if we
know in addition that
(iv) M) < FWu) forallue¥ — {uy}.
The following result is obvious.
Proposition 2. If there exists a strict calibrator for a triple {F, uy, €}, uo € %,

then uy is a strict minimizer of % in €; consequently uy is the unique minimizer of
Finé.

We leave it to the reader to verify the calibrators in [1]-[3] are in fact strict
calibrators.

3. Scholia

Section 1

1. In the theory of maxima and minima of ordinary functions, it was rather early discovered that
the vanishing of the first derivative is but a necessary condition, and that one has to consider the
second (or higher) derivatives, in order to ensure that a real extremum takes place. In the calculus
of variations, this insight was only fairly late obtained. Even Euler believed that every extremal must
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either be a maximizer or a minimizer.” After a mistaken attempt by Laplace (1770), the first to
successfully discuss this question was Legendre® in 1786, who, for this purpose, introduced the
second variation 5°F of some variational functional &#.

Legendre’s paper contained a serious gap, and only Jacobi® was able to show, when and how
this gap can be filled. This investigation led to Jacobi’s theory of conjugate points which is described
in Chapter 5. Jacobi merely gave brief hints how to prove his results; detailed proofs were contrib-
uted by Delaunay, Spitzer, Hesse, and others (cf. Todhunter [1], pp. 243-332, and Goldstine [1],
pp. 151-189, about the influence of Jacobi’s paper on the development of the calculus of variations).

Jacobi still believed that a constant sign of the second variation would imply that the func-
tional really assumes an extremum. This is false, as was noted by Scheeffer [3], p. 197, and also
by Weierstrass; cf. 5,1.1. Both Scheeffer and Weierstrass discovered that one has to distinguish
between weak minimizers (condition (#’)) and strong minimizers (condition (.#)). Zermelo [1]
introduced the notions of weak and strong neighbourhoods.

The classical calculus of variations was completed by Weierstrass. He not only made it a
rigorous field of mathematics, complying to the modern standard of analysis, but he also added
many important ideas to the field, thus establishing results of great strength.

Weierstrass lectured about his results at Berlin University over a period of 20 years; yet he
never published them. Thus his ideas were mostly distributed by lecture notes of his students, and
therefore they but slowly reached the mathematical public. The books of A. Kneser (1900) and Bolza
(1904 and 1909) gave the first mathematical expositions of Weierstrass’s work, whereas the original
notes were only published in 1927,'® much too late to be of any further influence upon the develop-
ment of the variational calculus. Carathéodory'! wrote about Weierstrass:

In his earlier work, prior to the year 1879, he succeeded in removing all the difficulties that
were contained in the old investigations of Euler, Lagrange, Legendre, and Jacobi, simply by stating
precisely and analyzing carefully the problems involved. In improving upon the work of these men he
did several things of paramount importance ...:

(1) he showed the advantages of parametric representation;

(2) he pointed out the necessity of first defining in any treatment of a problem in the Calculus
of Variations the class of curves in which the minimizing curve is to be sought, and of subsequently
choosing the curves of variation so that they always belong to this class;

(3) he insisted upon the necessity of proving carefully a fact that had hitherto been assumed
obvious, i.e., that the first variation does not always vanish unless the differential equation, which is now
called the “Euler Equation”, is satisfied at all points of the minimizing arc at which the direction of the
tangent varies continuously;

(4) he made a very careful study of the second variation and proved for the first time that the
condition 521 > O is sufficient for the existence of a weak minimum.

... The second part of the work of Weierstrass is directly related to his concept of a strong
minimum.

7 Actually, intuition for functions of more than one variable — and especially for variational
problems — can be elusive. For instance, there are functions f € C*(IR?) with a unique critical point
which, in addition, is a local minimizer, but which nevertheless have no global minimizer. An
example of this kind is provided by

fx, y):=x> = 3x + (¢ — x)*.

8 Mémoire sur la maniére de distinguer les maxima des minima dans le calcul des variations, Mém. de
'acad. sci. Paris (1786) 1788, 7-37.

® Zur Theorie der Variations-Rechnung und der Differential-Gleichungen, Crelle’s Journal f. d. reine u.
angew. Math. 17, 68—82 (1837); cf. Werke [3], Vol. 4, pp. 39-55.

10 Vorlesungen iiber Variationsrechnung, bearbeitet von Rudolf Rothe, Math. Werke [1], Vol. 7,
Leipzig, 1927.

1 Ges. Math. Schriften [16], Vol. 5, pp. 343-347.
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... Weierstrass found very early that it is essential to consider the strong minimum as well as the
weak, but he became convinced during his research that the classical methods were inadequate for
handling it. In 1879 he discovered his E-function and with it was able to establish conditions sufficient
for the existence of a strong minimum.

2. The notion of accessory differential equations for the Euler equations of the second varia-
tion was introduced by von Escherich [1] in 1898. The names accessory integral and accessory
Lagrangian as well as accessory problem are coined accordingly.

3. For simple integrals with a Lagrangian F(x, z, p), the “necessary” condition F,, > 0 and the
“sufficient” condition F,, > 0 were stated by Legendre in 1786. The generalization to multiple
integrals was formulated by Hadamard [1] and [2], p. 252, for n = N = 2 and 3, respectively; the

general case can, for instance, be found in Boerner [3].

4. The proof of the necessary condition of Weierstrass essentially follows Morrey [1], pp. 10—
12. A somewhat different proof can be found in Klétzler [4], pp. 112-116; cf. also McShane [2], and
Graves [2]. For n = 1, the reasoning can be simplified considerably.

Section 2

1. Amazingly, convex functionals do not play any role in the classical calculus of variations before
the turn of the century, although they seem to be predestinated to assume a central place. One
has to realize that only Minkowski recognized the notions of convex set and convex function to be
central concepts in mathematics, although the concepts of a convex curve and a convex surface were
well-known and often used in ancient times; then convexity meant “locally egg-shaped”. Nowadays
convex analysis has become one of the important fields in analysis. However, we postpone a more
systematic discussion to Chapter 7 and later parts of this treatise.

In Section 2, we have collected a few “differentiable” convexity arguments, that appear
scattered in the literature. This presentation is not overly systematic, and very likely the reader will
find other instances of convexity reasoning if he glances at the rich literature. An introductory
treatment of the calculus of variations on the basis of convexity is given in the textbook by J.L.
Troutman [1].

2. Alist of the variational problems treated by Euler was compiled by Carathéodoryj; it com-
prises 100 different problems, most of which are of the type

Ib w(x, u)/1 + |u'(x))? dx,

cf. Carathéodory [16], Vol. 5, pp. 165-174, and Euler, Opera omnia [1], Ser. I, Vol. 24, pp. VIII-
LXIIL

3. For 2.3[1]-{4] we refer the reader also to Carathéodory [10], pp. 305-313, and to
Carathéodory [16], Vol. 5, pp. 146—148.

4. The idea described in 2.4 has very often been used. Usually it is applied to & instead of 82,
in order to prove boundedness of the functional # from below, or to obtain some kind of coercivity;
cf. Bakelman [1], Moser [2], [3]; Emmer [1]; Giaquinta [1]; T. Aubin [1]; Brezis [1] for typical
examples.
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5. The convexity result for the functional
&) = fa {IDu|* + $Hu-(u, A u,)} dx dy
is due to Heinz; cf. Hildebrandt [3], pp. 112-113.
6. The notion of a calibrator is derived from the work of Harvey and Lawson [1]; instead of
“calibrator” it might be more appealing to use the phrase “minimum verifier”. A similar concept was

also proposed by Ioffe and Tichomirov [1] (“K-functionals”).

7. The calibrator used in 2.6 [4] was found by F.-H. Lin [1].
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If # (u) is a real-valued function of real variables u € R" which is of class C2,
then the positive definiteness of its Hessian matrix at a stationary point u is
sufficient to guarantee that u is a relative minimizer. In other words, the assump-
tion D2# (u) > O for the stationary point u implies that

F(u) < F )

for all v in a sufficiently small neighbourhood of u in R".
In contrast, the condition of positive definiteness of the second variation,

Q) 8*F(u, ¢)>0 forall g e CL(E, RY) with ¢ # 0,

of the variational integral & (u) = j' oF (x, u, Du) dx at a stationary point u is no
longer sufficient to ensure that u is a strong or even a weak minimizer. An
example demonstrating this fact will be provided in 1.1. However, if an extremal
u satisfies the stronger condition

()] 162F (u, ) > AJ (lel* + |Dp|?) dx for all @ € C2(2, R")
02

and some A > 0, then u is a weak extremal as we have seen in the Proposition of
4,1.1; however, u need not be a strong minimizer (cf. 4,1.1 [1)).

Condition (2) will be the starting point for our treatment of Jacobi’s theory
of the second variation. Following an idea by H.A. Schwarz, we shall formu-
late Jacobi’s theory in terms of an eigenvalue problem for the accessory inte-
gral or, equivalently, for the Jacobi operator. The line of reasoning runs as
follows: We know already that any extremal u of # satisfying condition (2)
is a weak minimizer of &#. Moreover, we infer from 4,1.3 that (2) implies the
strict Legendre—Hadamard condition for u. Conversely, if u satisfies the strict
Legendre—Hadamard condition, then the Jacobi operator ¢, with regard to &
is strongly elliptic and, consequently, possesses a discrete spectrum of eigen-
values tending to infinity. The smallest eigenvalue is used to formulate necessary
and sufficient conditions for the extremal u to be a weak minimizer.

For one-dimensional problems, the eigenvalue criteria can be expressed in
form of the classical conjugate point theory which had its origin in the work of
Legendre and Jacobi. In Section 2 we shall present an essentially self-contained
exposition of this theory in the case n = N = 1 which can be read independently
of the first section.

M. Giaquinta et al., Calculus of Variations I
© Springer-Verlag Berlin Heidelberg 2004
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In Chapter 6 we shall see that the Jacobi theory plays an essential role for
field constructions that lead to sufficient conditions for weak minimizers.

We finally mention that both the conjugate-point theory and the eigenvalue
criteria are the historical roots of Morse theory.

1. Jacobi Theory: Necessary and Sufficient Conditions
for Weak Minimizers Based on Eigenvalue Criteria
for the Jacobi Operator

After an introductory subsection on weak minimizers in 1.2 we shall introduce
Jacobi’s operator associated with a variational integral # and a function u. We
will show that Jacobi’s operator coincides with the Euler operator of the acces-
sory integral to & . Finally, in 1.3 we describe necessary and sufficient eigenvalue
criteria for weak minimizers.

We shall throughout assume that F(x, z, p) is a Lagrangian of class C? on
Q x R" x R"¥, where Q is a bounded domain in IR”. There are, of course, many
examples where F is only of class C? on some subset % of R” x R¥ x R™, or
we may only have that F and F, are of class C'. We leave it to the reader to
formulate corresponding results in those cases.

1.1. Remarks on Weak Minimizers

Recall that u € C1(£2, R") is said to be a weak minimizer of the functional
F(u) = J‘ F(x, u(x), Du(x)) dx
Q

if there exists a weak neighbourhood 4} (u) of u (= C!-neighbourhood) such
that
Fu) < F) forallve & (u).

Any weak minimizer u € C*(@2, R¥) is necessarily a weak extremal of Z, i.e.,
) 0F (u, ) = f {F,(x, u, Du)- ¢ + F,(x, u, Du)- Do} dx = 0
Q

forall p € C*(Q, RY).

If the weak extremal u also is of class C%(2, R"), then u satisfies the Euler
equations
Le(u) =0,

i.€., u is an extremal.
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In the Proposition of 4,1.1 we have established the following result:
Let u be a weak extremal of & satisfying
(03] 10°F (u, 0) 2 A L {lo|* + |D@|*} dx for all 9 € C7(Q,R")
and some A > 0. Then u is a strict weak minimizer of % .
We infer by approximation that (2) implies
2) 162F (u,0) > 4 Jn {lo|* + |D@|?} dx for all ¢ € C3(@2, RY).

The following example shows that the assumption
52F(u, ¢)>0 forall peCi(2,RY), ¢ #0,

does not ensure that a weak extremal u is a weak minimizer.

[1] Scheeffer’s example. Let us consider the variational integral

F)= J.l [x%0'(x)? + xv'(x)*] dx.
We obtain B
5F (v, 9) = Il [2x%0' + 3x(v')2]¢ dx
and -

1
OF (v, 9) = J. [2x2 + 6xv'](9')? dx.
-1

Thus the function u(x) = 0 is an extremal of &, and its second variation satisfies

1
02F (u, ) =2 J x3(¢'(x))? dx > 0 for all ¢ € C3(82) with (x) # 0.
-1
We shall now show that 4 = 0 is not a weak minimizer. To this end we consider the family of
functions

ghh+x) for—h<x<0,

vux):=<eh—x) forO<x<h,
0 otherwise.
Then
2h3g?
F (Ve,p) = 3 (h—39),

and, if we choose h = 3¢ and round off the corners, it is not difficult to see that the modified
functions , (34 converge in C* to u(x) = 0, whereas

F (0,3 < 0=F(0).
Hence the example shows that the condtions
0F(u,0)=0 and 62F(u,¢)>0

for all ¢ € C3(2, R") with ¢ # 0 are not sufficient to ensure that u is a weak minimizer.
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Let us also recall that (2) implies that strict Legendre—Hadamard condition
() 4F,u(x, u(x), Du(x)EE nng = A1E17In)> forxe 2, (eRY, neR”,

Pips

cf. 4,1.1 and 4,1.3.

1.2. Accessory Integral and Jacobi Operator

Using linear variations y(g) = u + €9, |¢| < &, of a given function u, we had
defined the first and second variation of # at u in direction of ¢ by

d d?
5f(u,<p)=d—8f(u+8<p) , 525’(u,¢)=a§?(u+8¢) = 22(¢).

e=0 e=0

Now we want to see how & changes along paths described by nonlinear (or
general) variations of a given function u e C'(2, R"); see also 1,2.1. This is
a function ¥(x, t) with values in RY, defined for (x, t) € 2 x (—tq, to), to > 0,
which satisfies

Y(x,0)=u(x) forallxeQ.

We also assume that, for every t € (—t,, t,), the function Y-, t) is F-admissible
(cf. 4,1.1), and that the derivatives i, and ¥, exist and are of class C* (22, R"). We
set

0y @(x) = Yy(x,0) and {(x):= Yy(x, 0).
The chain rule implies
0
EF(xa '/’(x: t)9 D‘//(x, t)) = 6F('//’ l//,)(X), D= Dx s

62
352 F 0o ¥, 1), DY(x, 1) = OF (¥, ) (x) + O*F(Y, Y) (%),

whence
d
(¥) 77 W) =0FW. ¥,
d2
(3) F'g:(ll’) = 5‘?—('//’ '//n) + 62'9;('//’ '//t)
and in particular
! d —
@) PV =iFwo),
d? '
3) d—tz-g" W) W O*F (u, ) + 0F (u, {) = 22(¢) + 0F (1, ().
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In other words, the first variation of # remains unchanged if we replace linear
by nonlinear variations of u, whereas in the second variation of # there appears
the additional term 6. (u, {) which vanishes if u is a weak extremal and () is a
variation of u with fixed boundary values. Thus we have proved:

Lemma. If y(x, t) is a general variation of u with
Y(x, 0 =ukx), Y(x0=0k), Yulx0={_(x),
such that
Fu,)=0
holds, then we have
2

4 R

FW) W 8>F (u, 9) = 22(9).

Now we turn to the definition of the Jacobi operator. For this purpose we
suppose that F is of class C3. Moreover we consider an arbitrary nonlinear
variation y(t) of u with

Y(x,0=u®), ¥x0=0(x), Y (x,0={(x), xe@,

where, in addition to the previously required assumptions, u, @, {, Y(1), ¥,(t),
¥,(t) are supposed to be functions of x € 2 which are of class C2.
Evaluating the Euler operator Ly of F at § = y(t), we obtain that

LF('/’) = Fz(x’ '//’ D'l’) - Dan,(x’ ‘/” Dl/l),

whence
0
&LF(ll’) = Fzz("‘)"llt + sz,("')‘Dﬂl/lt

- Da{Fp.z("').'/It + FPJ,("')'Dﬂl/It}

and therefore:
0
ELF(¢)|t=O = Fzz(x! u, Du) ¢+ sz,(x, u, Du) ' Dﬂ(p
— D,{F, (x,u,Du)-¢ + F, . (...): Dy} .

This shows that gt-LF(lll) depends only on u(x) = y/(x,0) and on @(x) =
t=0

oy

ot

this expression as a differential operator
£.:CHQ,RY) > C°(Q, RY)

(x, 0), and on no other data of y(t). Therefore we can, for fixed u, consider
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defined by

] . oy
&) Fu =g LeWO)i=o fY(0) =u, —-(0) = ¢.
This linear second order differential operator is called the Jacobi operator
corresponding to F and wu. It is the linearization of the Euler operator Lg
at u. Clearly the Jacobi operator is well defined because, for given u and
¢ € C*(2, RY), the linear variation y = u + t¢ is a variation with the required

properties (0) = u and ¥,(0) = ¢. From the previous calculation we infer that

6) F#9 =F, ¢+ F,,- Do — div{F,, ¢ + F,,- Do}
holds or, in local coordinates,
(6 (£u0) = Fip0* + FZ‘p',‘Dﬂ(pk - Da{FpiZ"(pk + Fpip',‘Dﬂ(pk}

for the i-th component of the covector #,¢. In these formulas, we have to
choose the arguments of F,,, F,,, F,,, F,, as (x, u(x), Du(x)).

Comparing (6') with the formulas (9)—(13) of 4,1.2, we obtain the following
result:

Proposition. The Jacobi operator ¢, coincides with the Euler operator L, of the
accessory Lagrangian Q of F at u, that is

) F.0 = Lo(p) for all p € CX(2, RY).

Let us give another proof which is coordinate-free, assuming that F is of class C3.
Consider an arbitrary test function 7 € C*(£2, R¥), and let y/(t) be a general variation of u with
the afore-stated assumptions. Then we infer from

OF (Y, tn) =t 6F (Y, n)
that

azéF(ll/t)-ZaéFll/ +tazéF
P ) =2- W, P (%))

holds, whence we conclude that

2

d i
3 Wéf('/’, =0 = 55-7(% Mle=o-

Moreover, from
SFW,m = J‘ Lg(y)-n dx,
a
it follows that
a
5—53’(#/, M=o =| Suo@-ndx.
t 2

We also note that the function @(t, &) = F(W(t) + &tn) is of class C3, and therefore we obtain by
taking (3') into account that



270 Chapter 5. Weak Minimizers and Jacobi Theory

_132 6y_ .
,=0_§5t- % Y +1m) o

-1y 29’ 1 1o ’F OF
=317 32 Y + em) e "2 5[ (u, @ + &n) + 0F (u, )]

2
12 OF ¥, tn) ai 2.0, ¢)
€

E o2 Fwl ¢s(t) 0)

1
=0 2

e=0

=0

d
= a—-@(lp + &n)
(] 2=0

=02, n) = f Lo(p) n dx.
Q

Since we had already shown that

2

0
22 0F (Y, tn)

=f Fup - dx,
t=0 Q

we infer that
j {Lo — Lo(@)} ndx =0
2
for all n € C2(£2, R"), and this implies (7).

Corollary. If y(t), |t| < to, is a one-parameter family of solutions of Lg(y) =0
0

with y(0) = u, then ¢ = a—'ltl(O) is a vector field along the extremal u which satisfies

the equation

(8) Fo=0 onQ.

The linear second order differential equation (8) is called the Jacobi equa-
tion corresponding to F and u, and a solution ¢ is denoted as a Jacobi field
along u.

Since #, is a linear operator, Jacobi fields span a linear subspace of
CY(2, R¥).If n = 1, Jacobi fields are solutions of a linear system of second order
ordinary differential equations. If the Hessian matrix F,,(x, 4, Du) is non-
singular, we can prescribe the initial values of ¢ and ¢’ in an arbitrary way, and
it follows that the space of Jacobi fields has dimension 2N.

Consider particularly the case n = N = 1, and set

a(x) := F,p(x, u(x), Du(x)),
b(x) := F,,(x, u(x), Du(x)),
c(x) := F,(x, u(x), Du(x)).

Then the accessory integral is given by
1
©) 2e) = f 5(a9” +2b9¢’ + co?) dx
Q

and the Jacobi operator has the form

(10) Fup = —(a9’) +(c - be.
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Jacobi fields are solutions ¢ of the equation

(1n —(a¢’y +(c - b')p =0.

1.3. Necessary and Sufficient Eigenvalue Criteria
for Weak Minima

Let © be a bounded domain in R" with 02 € C**0<a<1.LetF(x,z,p)bea
Lagrangian of class C3? defined on 2 x RY x R™, and assume that u is of
class C**(Q, R¥) and represents an extremal of

F@)= J F(x, v, Dv) dx,
Q

that is,
Lr(u)=0 onQ.
We know that the Legendre-Hadamard condition
Fyipe(x, u(x), Du(x)) &' n, > 0

is a necessary condition for u to be a weak minimizer, and the condition
1) 82 F (u, ) > 2A J {l@|> + |De|*} dx for all p € C3(2, RY)
Q

is sufficient for u to be a weak minimizer (4 > 0). Although (1) implies the strict
Legendre—Hadamard condition

@ 3Fpie(x, u(x), Du(x)) £ n,ng = 1L |m1%,

we cannot conversely infer that (2) yields (1).

The main goal of the following considerations is to find out what hypotheses
have to be added to (2) to be able to deduce (1).

In order to analyze the relations between the local condition (2) and the
global assumption (1), we shall investigate the Jacobi eigenvalue problem

3) Fv=2Mv inQ, v=0 ondLQ,

for the Jacobi operator # := #,. Recall that according to the terminology
introduced in 4,1.2, the Jacobi operator ¢, is strongly elliptic if the extremal u
satisfies the strict Legendre—Hadamard condition (2).

Let us list a few results for this eigenvalue problem which are more or less
explicitely contained in the literature. We make the following

General Hypothesis. Suppose that the Jacobi operator is strongly elliptic on Q.
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This hypothesis is assumed for the rest of this subsection. It will be essential
for our considerations.

Theorem 1. (i) There exists a sequence {J, v,} of real numbers A, and of func-
tions v, € C**(Q, R") which satisfy

Fo=Av inQ, v, =0 onadQ

and

J‘ [/ ] dx = 5,(,
Q

(where Jy, denotes the Kronecker symbol, and no summation is assumed).

(i1) We, moreover, have 1, < 2, < Ay < ... and lim,_, , A, = co. Thus every
A€ R can appear at most finitely often in the sequence {1, }.

(iii) If A, v is a solution of (3) with v # O, then the eigenvalue A appears in the
sequence {A,}, and the corresponding eigenfunction v is a linear combination of the
eigenvectors v, with J, = A.

(iv) From (i) we infer that 2, = 2.2(v,). Moreover, the smallest eigenvalue 1, is
characterized by the minimum property

Ay =29(v;) = min {2.02(0): ve C}(R2,RY) and jg |v]? dx = 1} .
(v) There exists a number u > 0 with the property that
2v) > p fa {|v]* + |Dv|*} dx for all v € C}(Q, R")
holds if and only if the smallest eigenvalue 1, of the Jacobi operator # is positive.

These properties of the Jacobi operator imply the following necessary and
sufficient conditions, stated as Theorems 2 and 3.

Theorem 2. If the smallest eigenvalue A, of #, satisfies A, < 0, then the extremal
u does not furnish a weak minimum for % .

Proof. By property (iv) of Theorem 1, there is some ¢ € C(@2, R¥) such that
8F (u, 0) = 2(0) = 24, < 0.

On the other hand, if u were a weak minimizer of &%, we would have
62F (u, @) = 0 for all ¢ € C3(2, RY), a contradiction. 0O

Theorem 3. If the smallest eigenvalue A, of g, is positive, then the extremal u is
a strict weak minimizer of & .
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Proof. The assertion follows from property (v) of Theorem 1 in conjunction
with the Proposition of 4,1.1 that we have restated in 1.1. O

We now list two more properties of the Jacobi operator # = #,.
Consider the Jacobi eigenvalue problem

39 Fv=Av inQ, v=0 on 0

for nonvoid smoothly bounded subdomains ' of Q. Then the corresponding
statements to Theorem 1 hold if everywhere 2 is replaced by £'. Let 4,(€2’) be
the sequence of eigenvalues of (3') ordered by size:

L(Q) < 4L,@) < L,(@) < ...

The dependence of the eigenvalues 4, on Q' is in part described by the following
results:

Supplement to Theorem 1. (vi) If Q', Q" are subdomains of Q with Q' < Q", then
the inequality

Al(2") < 4(82')
holds for allk = 1,2, .... We even have
Al2") < 4 (82'),

if the interior of Q" — Q' is nonvoid and if the Jacobi operator # fulfils the
“unique continuation principle”.

(vii) There exists a number 6 > 0 such that A,(2') > 0 holds for all sub-
domains Q' of Q with diameter? less than 6.

Property (vii) is an immediate consequence of Gdrding’s and Poincaré’s
inequalities, whereas (vi) follows from the minimum characterization of the
eigenvalues in conjunction with the unique continuation principle.

On says that a differential operator L on Q satisfies the unique continuation
principle if any solution u of

Lw=0 inQ

must vanish identically as soon as it vanishes on some ball contained in £, since
€ is connected.

This principle holds for linear elliptic differential operators with real ana-
lytic coefficients as well as for nonlinear elliptic operators defined by analytic
expressions since, by a fundamental regularity theorem,? their solutions are
necessarily real analytic.

The unique continuation principle holds for homogeneous second order

1 One can even prove that 4,(€2’) > 0 holds if the measure of ' is sufficiently small.
2Cf. Morrey [1], Chapter 6.
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elliptic operators in the scalar case (N = 1), and for homogeneous systems with
simple characteristics.?

The Jacobi operator Z, is a linear second order operator on £ which was
supposed to be strongly elliptic. Thus _#, has the unique continuation property
in the scalar case (N = 1), and for systems in the case of real analytic Lagrangians
F(N>1).

We shall discuss eigenvalue problems for elliptic operators and the unique
continuation property in a separate treatise.

For one independent variable (n = 1), the unique continuation property of
4, holds as soon as the extremal u satisfies the strict Legendre condition

“ 3Fpipr(x, u(x), Du(x)) £'¢* > A1¢)?

on £ for some A > 0. This follows from the fact that ¢(x) = 0 is the only solu-
tion of the initial value problem

Fu0 =0, 0(x0) =0, 9'(x0) =0,

for any xo € 2 < R.

The next result is a “local version” of Theorem 3 and states that every
extremal satisfying the strict Legendre—Hadamard condition (2) is a weak mini-
mizer with respect to perturbations with sufficiently small support. In other
words: Adding “small bumps” to u will increase the value of &.

Theorem 4. There exists a number § > 0 such that, for every €' c c Q with
diam Q' < 6, the extremal u is a weak minimizer of & in the class € defined by

% := {ve C}(R, R"): supp(v — u) = & = = Q}.

The proof follows at once from Property (vii) of the “supplement to Theo-
rem 1” in conjunction with Theorem 3.

Finally we prove a necessary condition for a weak minimizer which
strengthens Theorem 2.

Theorem 5. Suppose that, for some nonempty subdomain €' of Q with
int(2 — Q') # 0, there exists a nontrivial Jacobi field ve C*(2, R") with
v| 50 = 0. Assume also that ¢, satisfies the unique continuation principle. Then u
is not a weak minimizer of % .

Proof. Our assumption implies that zero is an eigenvalue for the Jacobi
operator #, on Q' whence, by the supplement to Theorem 1, the smallest
eigenvalue of _#, on Q is strictly negative. ]

3Cf. Leis [1], pp. 64—69, 217-219; Hérmander [1], pp. 224229, and [2], Vol. III, Section 17.2, Vol.
1V, Sections 28.1-28.4.
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The previous discussion can be summarized and envisioned in the following
way.
Consider a family {€,}, ., of expanding domains 2,, i.e.,

Q29 for0<t<t,
which shrinks to some fixed point x, as t - +0, in the sense that

lim diam , =0 and x,€£, forallt>0.

t—~+0
Assume also that the Jacobi operator _# has the unique continuation property.
Then either

(i) 1,(2)>0forallte (0, T],
or

(ii) there is a first positive number t, < T such that 4,(2, ) = 0.

In case (i) the restriction u|, is a weak minimizer for all ¢ € (0, T'), whereas
in case (ii) the function u| o is a weak minimizer for all ¢ € (0, £,), but not for any
t >t

Let us now consider the particular case n = 1 where ¢, reduces to a linear
ordinary differential operator of second order. Suppose that 2 is the bounded
interval (x,, x,), and let £ € [x,, x,). Following Jacobi, a value &* € (£, x,] is
said to be a conjugate value to & (with respect to the extremal u) if there exists a
nontrivial Jacobi field v on [x,, x,] which vanishes both at £ and &*:

Fu=0 on(x;,x5), v(¢)=0, v(E*)=0.

The point (£*, u(£*)) on the graph of the extremal u is called a conjugate point to
(&, u(&)).

Since _#, satisfies the unique continuation principle* if u fulfils the strict
Legendre condition (4) which we have throughout supposed, we obtain the
following corollaries of the Theorems 5 and 4:

Corollary 1. If u is a weak minimizer of & and £ € [x,, X,), then there exists no
conjugate value £* to & with &* € (&, b).

Xy 4 &* X2

Fig. 1. Two conjugate values.

4This is a consequence of the unique solvability of the Cauchy problem for a regular system of
ordinary differential equations.
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Corollary 2. For every & € [x,, x,), there exists a number & with £ < & < x,
such that the interval (¢, £'] contains no conjugate value to &.

Consequently, if the interval (&, x,] contains at all a conjugate value to ¢,
there has to be a smallest conjugate value &* with &* > £. We call £* the next
conjugate value to &.

2. Jacobi Theory for One-Dimensional Problems
in One Unknown Function

In 1.3, we have developed the general Jacobi theory relying on the eigenvalue
theory for strongly elliptic operators. Although this approach has allowed us to
treat the Jacobi theory for all dimensions in a uniform way, a separate inspec-
tion of the one-dimensional case might be welcome. Here we shall treat the
simplest case n = N = 1. This gives us a chance to have a look at the original
ideas of Legendre and Jacobi. We shall provide new proofs of all results, inde-
pendently of any general theory except for a few instances when we would
just have to repeat the computations of 1.1-1.3. The case n = 1, N > 1 will be
treated in Chapter 6.

First let us fix the assumptions that are stipulated for the following.

Let G be some domain in R x R, and let F(x, z, p) be some Lagrangian of
class C? which is defined for (x, z, p) € G x R,ie,n=N =1,

Denote by z = u(x), x € I = [x,, x,], a function of class C>, the graph of
which is contained in G, and which is an extremal of

Fu) = f F(x,u,u')dx.
It is useful to assume that the extremal can be extended as an extremal of class
C3 to some slightly larger interval I, = (x; — &y, X, + &), 6o > 0. This is no
restriction of generality if F,,(x, u(x), u'(x)) # 0 holds for x = x; and x = x,
because, in this case, the existence theorem for the Cauchy problem of ordinary
differential equations can be used to slightly extend the extremal to both sides
of the interval I.

2.1. The Lemmata of Legendre and Jacobi

Recall that the accessory integral 2(v) corresponding to # and F is given by

) = f (av'? + 2bvv’ + cv®) dx,
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where
a(x) = 3F,(x, u(x), u'(x)),
b(x) = 3F,,(x, u(x), u'(x)),
c(x) = 3F.(x, u(x), w'(x)).
Its Euler equation is the so-called Jacobi equation
(1) —(@'Y +(c—=b)w=0 on(xg,x,),

the C2-solutions v of which are called Jacobi fields (along u), and the Jacobi
operator ¢, is defined by

Fv=—(@') +(c—-b)

(cf. formulas (9) and (10) of 1.2).
Legendre’s original idea in treating the accessory integral consists in adding
a null Lagrangian

G(x, z, p) = 2zpw(x) + z>w'(x)
to the integrand
Q(x, z, p) = a(x)p* + 2b(x)zp + c(x)z?

of the accessory integral 2(v) such that the modified Lagrangian becomes a
square, except for the factor a(x):

0+G=a(..)>2

This would give valuable information on 2 as well as on the Jacobi equation
since adding a null Lagrangian neither changes the Euler equation of 2 nor the
value of 2 among functions with fixed boundary values on 0I. Clearly, for any
@, w e C'(I), we obtain

Y(o) = j G(x, ¢, 9') dx = f oo'w + ¢*w’) dx

- f "4 otw) dx = [p™W]Z,
x dx

whence it follows that G is a null Lagrangian, and 4(¢) = 0 for ¢ € CJ(I). Then
we infer that

) = j ’ {agp® +2(b + w)po' + (c + w')p?} dx for all ¢ € C5(]).

X1

If the discriminant ay — B2 of a quadratic form aé? + 2B¢n + yn® vanishes,
we can write

ﬂ 2
al? + 2B + yn* = a(é +;n>
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provided that « # 0. Hence, if we can determine w € C(I) in such a way that
(V)] b+w?—alc+w)=0
holds, the accessory integral can be transformed into

X3 2
92p) = f a(q)' + HTw(p> dx for ¢ € Ci(I),

X1

provided that a(x) # 0. Thus we have derived

Legendre’s lemma. Let we C'(I) be a function which satisfies (2), and let
¢ € C3(I) be a function such that a(x) # 0 holds on supp ¢. Then we obtain

E2Y 2
® 2t0)= [ a0+ 22" ax.

X1
From this result we infer Legendre’s necessary condition:

Proposition 1. If u is a weak minimizer of &, the relation

F,p(x, u(x), u/(x)) = 0
holds for all x e I.

Proof. We have to show that a(x) > 0 holds on I. Otherwise there exists some
Xo € (x4, x,) with a(xy) < 0. Then we can find some ¢ > 0 such that %, :=
(xo — & X + €) is contained in I, and that a(x) < 0 holds on #%,. Consider the
initial value problem

!

_b+w

c, w(xg) = 1.

By diminishing & > 0, we can achieve that there exists a positive solution w(x) in
,. Secondly, we define ¢ € C4(I) by ¢(x):= 0 for x ¢ %,, and ¢(x) := e?™ if

1 .
x € U,, where q(x) := I x =& Then w and ¢ are admissible in Legendre’s
— Xl —
lemma, and it follows that
xgte b + 2
2p) = [ a'((p’+—aw<p> dx <0.

Because u is a weak minimizer of #, we have 2(¢) > 0 (cf. 4,1.1 Proposition),
whence 2(¢) = 0. Taking a(x) < 0 on %, into account, we now infer that

b+w

¢+ ¢=0

holds on %, for all ¢ >0 that are sufficiently small. However, this is a
contradiction since ¢’(x)/¢(x) depends on ¢ for 0 < |x — x,| < & while (b + w)/a
is independent of ¢. d
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For the sake of completeness, let us recall the following result from 4,1.1 (cf.
Proposition, (ii)):

Proposition 2. If u is a weak extremal satisfying
@ 2(p) > AJ (@* + ¢'*)dx forall p € C2(I)
and some constant A > 0, then u is a weak minimizer of u.

From (4) we infer that ¢ =0 is the absolute minimizer of
2p) — A sz (¢? + ¢’?) dx. Then Proposition 1 yields the strict Legendre con-
dition
5) a(x) = 3F,,(x, u(x), w'(x)) >4 onl.

Now we shall derive a condition which, together with the strict Legendre
condition (5), implies that (4) holds for some 4 > 0.

To this end we note that the Legendre equation (2) is a Riccati equation and
can be transformed into some homogeneous linear equation. In fact, suppose
that a > 0 holds on I, and that v is a Jacobi field which is strictly positive on I.
Then, as was first observed by Jacobi, it follows that

©6) wi= —<b + aﬂ)
v

is a solution of (2), and therefore (3) is satisfied for all ¢ € C3(I). Moreover, (6)

yields
b+w v’ ‘v—1 !
(p'+_~___(p=(p’__(p=(p—_(£=v<g)
a v v v

Thus we have arrived at

Jacobi’s lemma. If a > 0 holds on I, and if there exists a Jacobi field v e C*(I)
which is strictly positive on I, then the identity

(£)

It is not difficult to derive (4) from (7) if we employ

2
dx

%) 2(g) = J ar?

X1

holds for all ¢ € Cj(I).

Poincaré’s inequality. For every y € C*(I) with Y(x,) = 0, the inequality
@ j Yrdx < (x; —x,)? f Y2 dx

is true.
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Proof. From y(x) = Y(x) — ¥(x,) = |5, ¥'(t) dt, x € I, we infer that

X3 2 X2
) < (f '] dt) <(x; — x;)f Y1 dt

X1

holds, taking Schwarz’s inequality into account. Integrating with respect to x
from x, to x,, the desired inequality follows at once. O

Now we conclude:

Theorem. If a > 0 holds on I, and if there exists a Jacobi field v e C%(I) with
v > 0 on I, then u is a strict weak minimizer of #.

Proof. Let ¢ be an arbitrary function in C3(I). Then also y := ¢/v € Cj(I), and
we infer from Jacobi’s lemma and from Poincaré’s inequality that

X2 X2
2(p) = f av®y'? dx > inf {av?} J Y2 dx

xy 1
> inf {av?} —1—5 sz y?dx
I [x; — x4] x
> inf {av?} inf {—12-}—1 3 sz ¢?dx.
I 1 %) 1%y — x4 Xy

In other words, there is a constant u > 0 such that

*2

©) ﬂwzuf o? dx

X1

holds for all ¢ € C}(I).
We now claim that there is some A > 0 such that

(10) ﬂ@zAf”w*+¢ﬂh

is satisfied for all ¢ € C)(I); then Proposition 2 yields that u is a weak minimizer.
In order to prove (10), we recall that

2ep) = J (ap? + 2bpo’ + ce?) dx.

Setting

o:=infa, B := sup |b|, y = sup |c|,
I I I

we obtain that

X2

(1) aJ <P’2dxs-@(<0)+2ﬁj. I¢|I(P’IdX+7I ¢’ dx.

Xy X1
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Now we apply the inequality
2]xy| <ex? +e7'y?, £>0,

to the second integral of (11); it follows that

x

atj z(p’zdxs.@((p)+ef

x Jxy

Q%dx + (7182 + y)J. @2 dx.

Choosing ¢ = /2 and taking (9) into account, we arrive at

12) ; f o2 dx < 2(0) + Qa B + 9) f " ot dx
<[+ p7' Qa7 + 1)1 2(e).
Then (10) follows from (9) and (12). |

Remark. We shall see below that the converse of Theorem 1 holds true in the
sense that the existence of a “nonvanishing” Jacobi field along u is a necessary
condition for u to be a weak minimizer. More precisely, we have: If a > 0 on I,
and if u is a weak minimizer of &, then for any x, € [x,, X, ] the solution v of the
Cauchy problem

Fav=0, 0(x)=0, v(x0)=1

has no zeros different from x, in (x,, x,). This fact is often referred to as Hilbert’s
necessary condition.

2.2. Jacobi Fields and Conjugate Values

In order to gain more information about Jacobi fields, we note that Jacobi’s
equation

—(@'yY +(c—=bw=0

is equivalent to the equation

1) v+ pv'+qv=0,
with
, a b'—¢
(1 ) pD=—, q=
a. a

if we assume that a > 0 holds on I. For the sake of simplicity, we will in the
following suppose that a > 0 is true on I := (x, — 8y, X, + &), 65 > 0.

We use the fact that, for every x, € I and arbitrary numbers a, f € R, the
initial value problem

2 v(xo) = a, v'(x0) = B



282 Chapter 5. Weak Minimizers and Jacobi Theory

for (1) has exactly one C2-solution on I which will be denoted by w(x; x,, &, B),
and we can assume that o is a C2-solution of (1) on the larger interval I, =
(xl - 60, XZ + 60).

Fix some x, € I and set

3" v1(x) == o(x; xo, 1, 0), v,(x) := w(x; x4, 0, 1).
Then w(x; x4, &, B) describes all solutions of (1), and we can write
(3") o(x; Xo, &, B) = avy(x) + Pv,(x),

taking the uniqueness theorem into account. Hence the set of solutions of (1)
forms a two-dimensional linear space X over R. Every pair {v, v,} of linearly
independent vectors vy, v, € X is called a fundamental system or base of X.*

Proposition 1. Let v € X, and suppose that v(x) £ 0. Then the following holds:
(i) If xq € Iy and v(xy) = 0, then v'(x,) # 0.
(ii) The zeros of v are isolated in I,.
(iii) If xo € I, v(xg) = 0, and © € X, then v, ¥ are linearly dependent if and
only if #(x,) = 0.

Proof. (i) follows from the uniqueness theorem and implies (ii); (iii) is a conse-
quence of the two formulas (3’) and (3"). ad

Proposition 2. Suppose that v, v, € X, and let

W= f =, v; — V0]

vy V)

be the Wronskian of the pair {v,, v,}. Then we have:
(i) {vy,v,} is a base of X exactly if W(x) # 0.

(ii) For every x, € I, we have
1

4 W(x) = W(xo)a(x,) a)

forallxel,.
(i) If {vy, v,} is a base of X, then between two neighbouring zeros of v,
there lies exactly one zero of v,, and vice versa.

Proof. (i) follows immediately from the uniqueness theorem.

(ii) A brief computation yields W’ + pW =0 and p = a’/a, whence 0 =
a’'W + aW' = (aWYy; thus aW = const. The last relation implies (4).

(i) Since {v,, v,} is a base of X, we have W(x) # 0, and we may assume that
W(x) > 0. Let &, £* be two neighbouring zeros of vy, i.e., v,(x) # 0 for & < x < &*.

SFor general results about the theory of ordinary differential equations see e.g. Hartman [1] or
Coddington—Levinson [1].
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Since v}(&) # 0 and v} (&*) # O, it follows that v1(&) and v;(£*) have opposite
signs. From W(x) > 0 we infer —v;({)v,(€) > 0 and — v} (E*)v,(£*) > 0, and we
arrive at v,(&) > 0, v,(£*) < 0 or, vice versa, v,(£) < 0, v,(£*) > 0. Thus there
exists a zero of v, between £ and £*. If there were a second zero of v, in (¢, £*),
then by the same reasoning we could deduce the existence of another zero of v,
between ¢ and &* which is impossible. This proves one implication of (iii), and
the other is obvious. O

Property (iii) of the Proposition 2 is known as Sturm’s oscillation theorem.
For some fixed parameter values ¢ € I,, we now introduce Jacobi’s function

%) 4(x, &)= w(x; £,0,1).

In other words, v(x) = 4(x, &) is the uniquely determined Jacobi field on I, with
v(¢)=0and v'(¢) = 1.

Definition. The (isolated) zeros of A(-, &) will be called conjugate values to &,
irrespectively of whether they lie to the left or to the right of &.

Obviously ¢ is conjugate to £* exactly if £* is conjugate to &. The smallest
conjugate value &* with &* > & is called the next conjugate value to £ (to the
right). If &, £* is a pair of conjugate values, then the points P = (£, u(¢)) and
P* = (&*, u(&*)) will be called a pair of conjugate points on the extremal z = u(x).

Proposition 3. If (x,, x,] does not contain any conjugate point to x,, then there
is no pair &, £* of conjugate points contained in I.

Proof. Suppose that & &* €I are conjugate to each other. By assumption,
we have x; < & < &* < x,. Set v,(x):= 4(x, x;) and v,(x) = A(x, £). From
Proposition 1(iii) we infer that v,, v, are linearly independent whence, by
Sturm’s theorem, v, must have a zero between £ and £*, which, by assumption,
is impossible. O

Recall that we are actually interested in the piece z = u(x), x; < x < x,, of
the extremal u. We distinguish three possibilities for I = [x,, x,]:

Case 1: There exists no conjugate value to x, in I.

Case 2: There is a conjugate value to x; in int I = (x, X,).

Case 3: The value x, is the next conjugate value to x, in I.
Corresponding to these three cases, we can now state necessary as well as suffi-
cient conditions for u to be a weak minimizer.

Theorem 1. Suppose that the strict Legendre condition
a(x) = 3F,,(x, u(x), u'(x)) > 0

is fulfilled on I.
(i) If there exists no conjugate value to x, in I, then u is a strict weak
minimizer.
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(ii) If there is a conjugate value to x, in(x,, x,) = int I, then u is not a weak
minimizer.

(iii) If the value x, is the next conjugate value to x, in I, then it cannot be
decided without a more penetrating discussion whether u is a weak minimizer or
not.

Proof. Without loss of generality we can assume that a(x) > 0 holds on the
larger interval I = (x; — &g, X5 + 9;), 0 < Jp < 1.

(i) Suppose now that we are in case 1. Then, by assumption, 4(x, x,) >0
for all x e (x, x,]. On account of Proposition 1(iii), the two Jacobi fields
4(x, x,) and A(x, x,) have to be independent since 4(x,, x,) = 0.

We claim that there exists some xq € (x; — Jo, X;) such that 4(x, x,) # 0
holds on [x,, x,). If not, then there would be some conjugate value to x, in
[x1, x,); let x¥ be the largest of these. By Sturm’s reasoning, 4(x, x,) must have
a zero in (x%, x,) which by assumption is impossible.

With such a value x,,, we form 4(x, x,). Since 4(x, xo) = 0 but 4(x,, x,) #
0, the two Jacobi fields 4(x, x4) and A(x, x,) are linearly independent. Then it
follows that 4(x, x,) # 0 in (x4, x,] (in fact, 4(x, x,) > 0). Otherwise Sturm’s
reasoning would imply that 4(x, x,) possessed a zero in (x,, x,), and this is
impossible as was shown before.

Hence we have shown that, in case 1, v(x) := 4(x, x,,) forms a strictly posi-
tive Jacobi field on I = [x,, x,]. Now we may infer from the theorem of 2.1 that
u is a strict weak minimizer of &.

(i) The assertion for case 2 follows from the next theorem, and in case 3
nothing is to be proved as one can find examples for both situations.® O

Theorem 2. Suppose that the strict Legendre-condition a(x) > 0 on I holds, and
let v be a Jacobi field, v(x) # O, that vanishes at the endpoints of some proper
closed subinterval I' of 1. Then there exists functions ¢ € C(I) such that 2(¢) < 0,
and consequently u is not a weak minimizer of F.

Proof. We restrict ourselves to the case where I and I’ have the same left end-
point; the general case is handled in the same way.

Let I' =[x, x1], x; <X <X,. Since v # 0 and v(x,) = v(x;) =0, the
point x} is a conjugate value to x,. We consider the next conjugate value x¥ to
X;,1.e,x; < x¥ < x], and choose some f € (x¥, x,) such that the interval (x¥, §]
contains no value conjugate to x,. Then we introduce the two nontrivial Jacobi
fields

vl(x) = A(x’ x1)9 Uz(x) = _A(xs ﬂ)

Because of v,(f) # 0 and v,(f) = 0, the functions v, and v, are linearly inde-
pendent whence, by Sturm’s theorem, v, possesses exactly one zero o between

S Cf. Carathéodory [10], p. 295, and Bolza [3], §47, pp. 357-364.
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Fig. 2. The functions v, and v, in Theorem 2.

x, and x¥, and v,(x}) # 0. Moreover, v,(x) cannot vanish for any x € (x}, B).
Otherwise, by Sturm’s reasoning, v, had to vanish for some value in (x}, ), and
this would contradict our choice of f. Hence « is the only zero of v, in [x,, B),
and v53(f) = — 1 implies v,(x) > 0 in (&, §), and therefore v,(x) < 0in [x,, ®).

Now we consider the Wronskian W = v, v; — v,v; which, according to (4),
satisfies

ax)W(x)=C onl,
with a constant C # 0 which can be computed from
C = a(x;)W(x,).

Since a(x,) > 0 and W(x,) = —v,(x,) > 0, we infer C > 0.

Next we observe that also v,, v, — v, are linearly independent, and Sturm’s
theorem yields as well the existence of a zero y of v, — v, between x, and x¥,
whence v,(y) = v,(y) and o < y < x¥.

Finally we define the test function n by

v,(x) on[x,,y],

n(x):= { v;(x) onl[y B],
0 on [B, x,].

Note that # is continuous on I, piecewise of class C? and n(x,) = n(x,) = 0.
Moreover, ' and n” are only at x = y and x = f# discontinuous.
Since Q(x, z, p) is a quadratic form with respect to z, p, we have
2Q(x, 2, P) = zQz(x, 2, P) + pr(x’ 2, P)

and therefore

Q(X, n, ’7/) = %5Q(’1, ’7)-
It follows that

a(n) = f "0, 1) dx

X1

B
J 00(v,, v;) dx.

Y

=1 500y, vy) dx +
_5 . Ul,Ul x+§
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Since v, (x) and v,(x) are of class C? on [x,, y] and [y, B], respectively, we infer

.[ 0Q(vy, vy) dx = J- v, Lg(vy) dx + [v,Q,(x, vy, v)];,

Xy X1

J;ﬁ 0Q(v;, v;) dx = J;ﬁ v, Lo(v;) dx + [1v,Q,(x, v,, vlz)]g .
Moreover,
0(x, z, p) = a(x)p* + 2b(x)pz + c(x)z*
implies
30,(x, 2, p) = a(x)p + b(x)z.
Since v;(x,) = 0, v, () = v2(»), v2(B) = 0, and

LQ(vl) = 4, =0, LQ(vz) = f.0,=0,
we obtain
2(m = a@){o,()v1() — v2()v3 ()}
= a(){v,()1(y) — v, ()02 ()}
= —a(pW(y)= -C<0.

By “smoothing the corners” of n at x = y and x = B, we can construct a function
@ € C(I) such that also

2(p) <0

holds; in fact, we can even find some ¢ € C*(I) with 2(¢p) < 0. Therefore u
cannot be a weak minimizer. O

Hilbert’s necessary condition formulated in the remark following the theo-
rem in 2.1 is now an immediate consequence of Theorem 1 or Theorem 2.

2.3. Geometric Interpretation of Conjugate Points

Now we turn to a geometric interpretation of conjugate points due to Jacobi.

Suppose that the extremal u(x), x; < x < x,, is embedded in some one-
parameter family of extremals ¢(x, ) such that ¢(x, ag) = u(x) for x € I. Let ¢
be of class C* on I x (2 — 6, @y + 6), & > 0, and assume that ¢, (x, a,) is not
identically zero on I. Then v(x) := @,(x, a,) is a nontrivial Jacobi field along u(x)
as we have stated in the Corollary of 1.2.

Now we consider the particular case that, for x = x,, all extremals of the
family pass through the same point P, = (x,, z,), i.e.,

ox, )=z, forag—d<a<ay+ 9.
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Then we have v(x,;) = 0. Suppose that there is a next conjugate point P¥(x,) =
(¥, z¥), z¥ = u(x}), x; < x¥ < x,, to P; on the extremal u(x) = ¢(x, a,). Since
v(x,) = 0, it follows that v(x¥) = 0, and therefore also v'(x;) # 0 and v'(x¥) # 0;
that is,

(pax(xl’ aO) # 0 and (pax(xra aO) # 0.
Consider now the system of equations
(1) (p(x, (1) —Zz= Oa (Pa(xa a) =0

for the unknown variables x, z, « which has the solution x¥, z¥, a,. Because
of @, (x¥, xy) #0, we can apply the implicit function theorem and obtain a
C2-function x = &(a) with x¥ = &(a,) such that ¢,(é(x), @) = 0 holds. If we set
{(o) := (&(), &), then (x, z, &) = (&(), {(«), &), & € (o), iS @ parameterization
of the set of solutions of (1). If we assume that

(paa(xr9 aO) # 0,
then it follows from
Pual€(®), @) + @,x(E(@), W) E,() = 0

that &,(«) # 0 holds in some neighborhood %(a,) of a,, and therefore
& = {P¥(a): PX) = (¢(), {(®)), x € %(ao)}

describes a regular curve of class C2. It is part of the envelope’ of the extremals
z = @(x, a), x; < x < x,, emanating from the point P, = (x,, z,), and the conju-
gate point P¥ = P*(a,) lies both on & and on the extremal described by u(x).
More general, the condition ¢,(x, a) = 0 determines points on the extremal
€ (@) = {(x, 2): z = p(x, a), x € I} which are conjugate to P;.

If @,(x¥, ag) = 0, the solution set & of (1) can be rather degenerate, for
instance, a curve with a cusp at P, or even an isolated point (nodal point). In
all cases, whether degenerate or not, we shall denote & as envelope of the family
of curves €(x). Then we can state:

Theorem 1. Suppose that €(o) = {(x, z): z = @(x, a), x € I}, « € (ag — I, Ay + I),
is a family of extremals of & emanating from a fixed point P (x,, z,), i.e.,
o(x,,®) = z,. Assume also that ¢(x,a) is of class C* and that @)(x,, )=
@ux(x1, @) # 0 for |a — og| < 8. Then the envelope & of the family {€(«)} consists
of all points P*(x) € ¢(x) conjugate to P, a varying in (ag — 3, &g + 6). To be
precise, if P*(@) e €() N &, and if & is regular at P*(«), then P*(%) is a conjugate
point to P, with respect to the extremal €(x), and & is tangent to €(«) at P*(x).

If we imagine the extremals (o) as a pencil of light rays, we can interpret

the envelope & as its caustics.

7We recall that the envelope & of the family @(x, o) is defined by & := {(x, z): there is an « such that
7 = ¢(x, a) and ¢,(x, @) = 0}.
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We may briefly summarize what we so far have found:

Let u(x), x; < x < x,, be an extremal of the variational integral ¥ (u) =
{72 F(x, u, u’) dx which satisfies the strict Legendre condition (5) of 2.1 on I =
[x1, X, 1. Then the following holds:

1. The extremal u is a weak minimizer if I contains no value conjugate to x,,
but u is not a weak minimizer if there exists a conjugate value x¥ to x, in (x,, X,).
In particular, sufficiently small arcs of an extremal are weak minimizers. Starting
at the left endpoint Py, this minimum property prevails until the first conjugate
point P} to P, is reached. Beyond Pf the extremal arc between P, and P} no
longer furnishes a weak minimum of .

2. If there exists a nonvanishing Jacobi field on I, then u is a weak minimizer.

3. However, u is not a weak minimizer, if there is a nontrivial Jacobi field that
vanishes at the endpoints of a proper subinterval of 1.

4. The conjugate locus of a nontrivial pencil of extremals €(x) emanating
from a fixed point P,, i.e., the set of points P*(a) on €() conjugate to P, (with
respect to €(x)) is the envelope & of the curves €().

These are the principal results of the Jacobi theory dealing with the weak-
minimizer property of extremals, and thus we could end our discussion at this
point. However, we can draw some further information from the conjugate
point theory which will be of great value for the Weierstrass theory dealing with
sufficient conditions for strong minima. To formulate this resuilt, we need the
notion of a field of extremals.

Let a be a real parameter varying in some interval 4 < R, and consider a
set I"in IR? which is of the form

I'={(xo0:aed, xel(®},

where I() is an interval in R with the endpoints x, («), x,(«) which may or may
not belong to I(x). We assume that x,(«) and x,(«) are continuous functions of
a € A. Then int I is a simply connected domain in R2,

o V4
/[ /
/[ /
[ /
x| ——
[ ]
/ B -
p s b

Fig.3. Afield f:I'> GonG.
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Consider now a mapping f : I' - R? given by
xX=x, z=o@(x,a),

ie., f(x, &) = (x, ¢(x, a)), and suppose that f defines a difftomorphism of I" onto
G := f(I') which is of class C°, s > 1. This, equivalently, means that ¢ € C*(I'),
s> 1, ¢,(x, @) # 0 on I, and that for every point (x, z) € G there is exactly one
value o € A4 such that z = ¢(x, ). Denote this a by a(x, z); then we have

@ z=9¢(x,a(x,2) and a=a(x, ¢(x,a)),

for (x, z) € G and (x, a) € I, respectively.
For the mapping f, we have the following interpretation: Fixing « € 4, the
function ¢(-, ) describes a nonparametric curve

€ () := {(x, 2): x € I(x), z = p(x, a)}

in R2. Through every point (x, z) € G passes exactly one of the curves €().
Under the previous assumptions we call the family {€(x)},., a field of curves
covering G.

Consider the derivative ¢'(x, @) = ¢.(x, o) which is the slope of the curve
% () at (x, ¢(x, o)) with respect to the x-axis. Introducing

P(x, 2) == @'(x, a(x, z)),
we obtain that w(x) = @(x, a) is a solution of the differential equation
©) w' = P(x, w).

One calls 2(x, z) the slope function of the field {#(«)},. . The curves € () “fit”
into the direction field (1, 2(x, z)) on G. Clearly the slope function of a C*-field
is of class C*~1. Conversely, if G is a convex domain of R? and £ an arbitrary
function of class C*"1(G), s > 1, then, by solving (3) with a suitable initial curve,
we obtain a field of curves covering G.

Fig. 4. The slope P(x, z) of a field f.
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Py

Fig. 5. An improper field: a stigmatic field emanating from P,.

Sometimes one has also to consider improper fields. By this we mean map-
pings f : I’ - IR? such that f|;,, - is a proper field but f may degenerate at some
of the boundary points of 0I". A typical example of an improper field is provided
by a stigmatic field (or central field) formed by a pencil of curves emanating from
some fixed point. If ¢,(x, «) # 0 holds, the curves ¥(a) = {(x, 2): z = @(x, a)}
locally form a field but the field property gets lost as soon as we hit the envelope
of the (a).

We call a curve €* embedded into some field {€(o)},c, if there is some
o € int A such that €* is subarc of €(x,). If €* is given by z = u(x), x € I*, this
means that I* < I(x,) and u(x) = @(x, a,) for all x € I*.

Of particular interest is the question as to whether one can embed a given
extremal of & into some field of extremals (compare also Chapter 6). A suffi-
cient condition insuring the possibility of such an embedding is provided by the
next result; we stipulate the general requirements stated at the beginning of this
section.

Theorem 2. If the extremal u(x), x, < x < x,, satisfies the strict Legendre condi-
tion on I = [x,, x,], and if I contains no pair of conjugate values, then u can be
embedded into a C3-field of extremals given by z = ¢(x, &), x € A, x € I.

Proof. In part (i) of the proof of Theorem 1 of 2.2 we have demonstrated that,
if I contains no pair of conjugate values of u, then there exists some x, €
(x; — J9, x,) such that the Jacobi function 4(x, x,) is positive on (x4, X, J.

Let us now consider the initial value problem

Le(w)=0 on[xo, x,],
@

w(xo) = u(xo),  W'(xo) = a.

By virtue of the general theory of ordinary differential equations, there is a
number p, > 0such that, for every a € [ag — pg, 2o + Po ], %o := u'(x,), problem
(4) possesses exactly one solution w(x). We shall write
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w(x) = o(x, @)

in order to characterize its dependence on a. Then ¢(x, ay) = u(x), x € [xq, X, ],
and the general theory also yields that ¢(x, &) is of class C* on [x,, x,] X
[0 — Pos %o + Pol- Thus v(x) := @,(x, ay) is a Jacobi field on [x,, x,] which is
nontrivial and vanishes at x, because of

V'(X0) = @ya(X0, %) = 1, U(xo) = @4(xo, #0) = 0.
From Proposition 1 (iii) of 2.2 we then infer that
v(x) = 4(x, xo),
whence we obtain
v(x) >0 on(xg, x,].
By continuity, there are numbers p € (0, p,) and u > 0 such that
@ux,0) > p forall(x,a)e I,

where we have set I':'=1x A, I:=[x,,x,], A:=[ag— p, % + p]. Thus
Jx, 0) = (x, (x,2)), (x,a)el, describes a field of extremals %(a)=
{(x,2): xel,z = @(x,a)} into which the given extremal z =u(x), x€l, is
embedded. O

Remark. Recapitulating the proof, we see that the given extremal was em-
bedded into some stigmatic field emanating from a point P, = (x,, #(x,)) which
lies on the “prolongation of the given extremal to the left”. Choosing x, suffi-
ciently close to x;, x, < x,, the assumption on # guarantees that some suffi-
ciently thin pencil of these extremals forms a field containing the given extremal
in its interior. Clearly this field construction is not unique; for instance, the
nodal point P, can arbitrarily be chosen in some neighborhood (x, — 4, x,) to
the left of x,;. Many other field constructions can be carried out as well.

Finally, let us see how conjugate points are related to any two-parameter
family of extremals.

Consider some two-parameter family of solutions y(x, «, f) of the Euler
equation Lg(w) =0 on I, w = (-, a, ), where (a, B) varies in some neighbour-
hood of the point (g, f,) with the property that u(x) = Yy (x, ay, ;) for x € I. We
assume that y(x, o, f) is of class C3, and that

oW, ¥

3@ p) "

©)

holds, ¥’ := y,. Setting
(6) vl(x) = l//a(x’ %o ﬁo), UZ(x) = lpﬂ('x’ dos ﬂo),

we know that v, v, are Jacobi fields along the extremal z = u(x), x; < x < x,.
By virtue of Proposition 1(iii) of 2.2 we infer from (5) that v, and v, are linearly
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independent, and that not both v,(x,) and v,(x,) are zero. Thus
v(x) := v, (X)v,(x1) — v5(x)v4(x;)
is a nontrivial solution of the Jacobi equation satifying v(x,) = 0, and therefore
v and 4(-, x,) must be linearly dependent. Hence there is a constant ¢ # 0 such
that
A(x,x;) =cv(x) onl

holds, and we have found:

Proposition 1. If y(x, o, f) is a two-parameter family of solutions of the Euler
equation Lp(w) = 0,w = (-, a, B), containing the extremal u(x) in its interior, i.e.,
u(x) = Y(x, oy, Bo) for some pair ay, By, and if (5) holds, then the conjugate values
to x, are the roots x of the equation

)] Yol oo, ﬂo)'/’p(xn ao, Bo) — 'ﬁp(xs tos Bo)Wa(x1, 2o, Bo) = 0.

The gist of this result is the observation that, having found a complete solu-
tion Y(-, a, b) of the original equation Lg(y) = 0, we need not derive the Jacobi
equation and to integrate it. It suffices to form the partial derivatives ¥, and ¥,
and to determine the roots x of equation (7), if we want to find the conjugate
values to x;.

2.4. Examples

In this final subsection we shall discuss a few significant examples.

[1] The quadratic integral
1 a
Fu= ij (u?—Ku?)dx, KeR,
0

has the extremal u(x) =0, 0 < x < a. The accessory integral 2(v), corresponding to & and u, is
nothing but #(v), and therefore the Jacobi equation is given by

u" + Ku=0.
We obtain the Jacobi function 4(x, 0) as

sinh,/—Kx ifK <0,

1
J-K
4(x,0)={ x ifK =0,

1
—~=sin /K x if K > 0.
JK
Hence there exist no conjugate values to x = 0if K < 0. If K > 0, the first conjugate value to x = 0
is¢:= n/\/;(_. Thus the extremal u(x) = 0 on [0, a] has no conjugate value to x = 0in [0, a] ifa < &,
whereas for a > ¢ there is the conjugate value &.
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@ (b) ©

Fig. 6. The Jacobi function 4(x, 0) for (8) K <0, (®) K =0,(c) K > 0.

Sturm’s comparison theorem. Suppose that v(x) and w(x) are nontrivial solutions of

v" +a(x)p=0
and
w” + b(x)w =0,

respectively, in & < x < f, and assume that a(x) < b(x). Then between two consecutive zeros of w(x)
there can be at most one zero of v(x).

Proof. Let ¢, < ¢, be two consecutive zeros of w in a < x < f, and suppose that v has two con-
secutive zeros 7, and 7, such that &, <#, <n, < ¢,. We can assume that v(x) > 0 and w(x) > 0
in n; < x <n,. Then, multiplying the equation w” + b(x)w =0 by v and the first equation
v” + a(x)v = 0 by w, and subtracting the second result from the first, we obtain by an integration
that

n2
0= J [v(w” + bw) — (v" + av)w] dx
m

n2
= f (b — ayow dx + v'(n;)wlny) — v'(@2)win).
m

However we infer from v(x) > 0in n;, < x < n,, v(n,) = 0, v(y,) = 0, and from v" + a(x)v = 0 that

v’(n,) > 0 and v(n,) < 0. Hence the second integral above is positive, and we have a contradiction.
O

Sturm’s theorem implies that the zeros of nontrivial solutions v of
v" +a(x)p=0
draw together if a(x) increases. If, for instance,
K?<a(x)<K3, K,,K,>0,
we infer from Example [1] that, for two consecutive zeros x,, x, of v, the estimates
n/K; <|x; — x,| < w/K,
hold.

Geodesics with respect to a two-dimensional Riemannian line element. Consider some line
element

ds? = e(x, y) dx* + 2f(x, y) dx dy + g(x, y) dy*
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defined on R2 The geodesics c(t) = (x(t), y(t)) with respect to this metric are the extremals of the
generalized Dirichlet integral

1"
2() = 5-[ Le(x, y)%* + 2f(x, y)xy + g(x, y)y*] dt,

the Euler equations of which were derived in 2,4 [3]. The geodesics on a surface & in R are a special
case of this problem.® In fact, let z = (z!, z?, z3) be Cartesian coordinates on IR3, and suppose that
& is given as embedding of a planar parameter domain Q < R? into R3 by some regular smooth
parameter representation z = ¥/(x, y), (x, y) € 2. Then the line element ds? on & is given by

e=hl’x|2’ f=¢x'¢y’ g=|'l’y|2'

With a slight abuse of language, points (x, y) € £ will be identified with their image points y(x, y) on
&. Correspondingly, a geodesic can either mean a curve c(t) = (x(¢), y(t)) in , or the lifted curve
¥(c, 1)), and in the same way we can lift the notion of conjugate points from  to &.

Let us now treat the special case of a line element

ds? = e(x, y) dx* + dy?,

where e > 0, e(x, 0) = 1, e,(x, 0) = 0. Here the corresponding geodesics c(t) = (x(t), y(t)) are ex-
tremals of the integral

1 ("
5[ [e(x, y)%2 + y*] dt,
t

Ji

which has the Euler equations

4 fe(x, )51 - Loy, )52 = 0
E s Y, Eexx,yx =0,

Lo
7 = 56(x i =0.

These equations obviously have the solution ¢(t) = (x(z), 0) where x(t) is to be determined from the
equation

% — e (x,00x2 = 0.

This might look very special but it is not. In fact, if c(t) is some geodesic with respect to some general
line element ds?, then we introduce orthogonal curvilinear coordinates x, y on some part of R?2
containing ¢ such that ¢ corresponds to the line y = 0, whereas the lines x = const are chosen as
geodesics orthogonal to ¢ (with respect to the general metric ds?). With this choice of x and y one
reduces the general situation to the special one which was considered before. Here the extremal ¢
can be considered as piece of the x-axis, say; x; < x < x,, and it therefore makes sense to compare
it with nonparametric curves (x, #(x)), x; < x < x,. Since we now have fixed the parameter repre-
sentation, we are no longer allowed to work with the Dirichlet integral (the expression 1 + u'? will
not be constant) but have to investigate the length functional

L) = J. e(x, u) + u'? dx

instead of the Dirichlet integral. The Euler equation of % has the form

{ u' }’ 1 glouw)
\/e(x, u) + u'? 2\/e(x, u) + u’? B

and we read off that u(x) =0 is a solution as was to be expected. The accessory integral 2(¢p)

8Since our present notation is inadequate, the reader may get the impression that the following
discussion only applies to suitably small pieces of . This, however, is not the case.
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corresponding to % and the extremal u = 0 turns out to be

1 (>
2e) = 3 [ + de,,(x, 0)p*] dx.
On the other hand, by Gauss’s theorema egregium, the Gaussian curvature K(x) of the metric ds? at
the point (x, 0) of the geodesic is given by

K(x) = —1e,,(x, 0).

Thus we arrive at the formula
1 (=
2¢) = EJ [¢? — K(x)p?] dx

for the second variation.

Applying the results of [1] and [2], we see that the extremal u(x) = 0 contains no pair of conju-
gate points if K(x) < 0. If K(x) > k > 0, the distance of two consecutive conjugate values &,, &, is
bounded from above by

1€, — &l < n/i/x.

Since e(x, 0) = 1, the Euclidean distance |&, — &,| of the two conjugate values &, and ¢,
coincides with the geodesic distance [§2,/e(x, u(x)) + u'(x)? dx of the two points P, = (¢,, 0) and
P, = (¢,, 0) measured along the geodesic u(x) = 0. Therefore we have found that the geodesic dis-
tance of two consecutive conjugate points on the geodesic represented by u(x) = 0 is at most n/\/; if
K(x) satisfies the inequality K(x) > k > 0.

By the remarks made at the beginning, these results hold for any general two-dimensional
metric ds? and for every geodesic because the general situation can always be transformed to the
special one.

For a sphere ¥ of radius R, the next conjugate point P* to some given point P comes exactly
at a distance of nR, i.c., P* is the antipodal point of P on &. Hence the first conjugate locus of all
geodesics on & emanating from a fixed point P € & consists of exactly one point, the antipodal
point P* of P. This is a very special case because Carathéodory has shown that, for a compact
(closed) convex surface &, the first conjugate locus of some point P contains at least four cusps,
except if it degenerates to a single point (cf. Blaschke [5], pp. 231-232), and for an ellipsoid, the first
conjugate locus in general has exactly four cusps (see von Mangoldt [1], and von Braunmiihl [2],

[3D.

(4] Parabolic orbits and Galileo’s law. Let us consider the variational integral

ﬁ(u)::J. VH—u /1 +u?dx,
with the Lagrangian

F(x,z,p) = o(x,2) /1 +p?, o(x,2)=./H—z,

where H denotes a positive real number. Its extremals are closely related to the motions c(f) =
(x(t), z(z)) of a point mass m = 1 subjected to Galileo’s law

x=0, i=—g, g>0.

The constant field of forces (0, —g) possesses the potential energy V(x, z) = gz. The solutions
(x(t), z(¢)) of this system of differential equations describe the motion of a (very small) body in the
gravity field of the earth which we assume to act in the direction of the negative z-axis; the ground
be described by the x-axis {z = 0}.

Suppose that some projectile (point mass) is shot from the point (0, 0) with the speed v, > 0 at
an angle a. That is, x(¢) and z(¢) are to satisfy the initial conditions

x(0)=0, 2(00=0, %(0)=vocosa, 2(0)=uv,sina
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E 177

Fig. 7. Envelopes of geodesic flows (after v. Braunmiihl [1]).
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G ®

Fig. 8. (a) The envelope & of Galilei parabolae with a fixed value of v,. (b) A stigmatic field of
Galilei parabolae.

at some fixed time ¢ = 0. Integration yields
x(t)=tvgcosa,  z(t) = —igt? + tvy sin a.

If « % +m/2, the orbits of these motions are given by z = u(x), x € R, where
2

®) P 4xt
u(x) = —————+ x tang a.
203 cos? £
If we set
v}
a:=tanga, H:=—,
29
we obtain

2

X ax, aeR.
4H

1
u(x) = 9(x, @)1= —

2aH
This describes a parabola €(a) with vertex at x = —1—%. The envelope & of this one-parameter
a
family of parabolas ¥(a) is defined by
z= (p(x, a), (Pa(x’ a) =0,

and a brief computation shows that & is given by

2

X +H
2= —= .
aH
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Thus & is a parabola with the vertex (0, H) which intersects the x-axis at x = +2H. The parabola
%(a) touches &£ at exactly one point P*(a) = (¢(a), {(a)) given by

2
-1

L H, ifaro.
a

2H
t@=—, l@=

Set v(t) := \/x*(t) + y*(t). Then conservation of total energy yields

1v? + gz = const = $v3 = gH

v= /o JH=2.

On account of 3,1 [3], we infer that the parabolic orbits z = ¢(x, @), x; < x < x,, are extremals of
the action functional & defined at the beginning. The point P*(a) is the only point on ¥(a) which is
conjugate to P, = (0, 0). If a > 0, the only conjugate value £(a) to O lies to the right of x = 0, and it
lies to the left if a < 0. In the exceptional case a = O there is no value conjugate to x = 0 (with
respect to €(0)). Hence

or

1+a?

2
x*+ax, x;<x<x,,
4H > 2

u(x) = —

is a weak minimizer of & as long as x, < £(a) holds. This minimizing property gets lost as soon as
x, > &(a), that is, after the parabola #(a) has touched the envelope &.

We finally note that f : I' - R? defined by I':= {(x,a): ae R, 0 < x < &(a)} and f(x,a):=
(x, @(x, a)) defines a field of extremals z = @(x, a), 0 < x < &(a), covering the domain G :=

4H
By a simple coordinate transformation we can reduce the integral

sz,/bu+c«/l+u’2dx, b,ceR, b#0,

to the integral treated before; in particular, we can handle

J.XI\/; 14+ u?dx.

2
{(x,z):0<x<oo,z<H~—x—}.

Minimal surfaces of revolution. In this example we want to discuss the family of catenaries (a),
given by z = @(x, a) with

zy X — X,
@(x, o) := mccsh (a + Z cosh a) ,
which emanate from a fixed point P, = (x,, z,) in the upper halfplane of the x, z-space. In particular
we shall describe the envelope & of the catenaries ¢(a); it is the locus of the points conjugate to P;.
Furthermore, we shall determine all those points P, = (x5, z,) with z; > 0 which can be connected
with P, by a catenary %(a). We note that our discussion could be simplified if we would only
consider points P, and P, of equal height above the x-axis (i.e., z, = z,).

The reader, who wants to see a collection of the essential results known for the catenaries €(«)
and the associated minimal surfaces of revolution, should consult the list at the end of this example.

Minimal surfaces of revolution are the extremals of the functional

A () = ZnJ uy/1 +u'?dx.
As we have seen in 1,2.2 [7], the extremals are catenaries of the type

—-b
u(x) = acoshx , xeR,
a
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P*(®)

P, (o)

Fig. 9. Catenoids emanating from P, and their envelope &*.

where a, b are arbitrary constants, a > 0. For the sake of brevity we write
¢(x) := cosh x, s(x) := sinh x.

Let us fix some point P; = (x,, z,) in the upper halfplane, i.e., z, > 0. By means of a new parameter
o € IR we can express the catenaries passing through P, by

z, @
a=—- =X —Z—.
cla)’ M )

In other words, the catenaries through P, are written as one-parameter family z = ¢(x, a), x € R,
where

o(x, o) := ic(oz + ! c(a)).

c(a) z,

Denoting the differentiation with respect to x by ’, it follows that

o'(x,a) = s(a + e c(a)) .

21

In particular,
(P(xn a)=zl, (pl(xly.a):s(a)'

The vertex Py(a) = (xo(a), zo(a)) Of the catenary €() is given by

xolo) = %, — a2 Zo(®)

cla)’

On every catenary %(«), for which P, does not fall into the vertex Py(x), there is exactly one conju-
gate point P*(x) to P, . It is obtained by a construction due to L. Lindeldf, described in the following

=

Proposition 1. If P, coincides with the vertex Py(a) of 4(a), i.e., x; = x,(®), then there is no conjugate
point to P; on 4(0). If P, # Py(a), then there exists exactly one conjugate point P*(x) = (£(a), {(«)) to
P, on €(a), and we have

&(@) > xo(@) if x; < xo(w),

$(@) < xo(@) i x; > xo(%),
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Fig. 10. Lindel6f’s construction of the conjugate point P*(x) to P, on C().

that is, P, and its conjugate point P*() lie on opposite branches of the catenary with respect to the
vertex Py(a).

In order to obtain P*(a), we draw the tangent J,(a) to €(a) at P, and determine its intersection
point P(a) with the x-axis. Then we draw the tangent J () from P(d) to the opposite branch of €(c).
It touches € (o) exactly at the conjugate point P*(«).

Proof. Differentiating ¢(x, «) with respect to a, we obtain

c(az))
c(a))[ ‘c'(a)],

1
@u(x, 0) = —{ —(x, 0)s(x) + 2, ¢'(x, @) + x¢'(x, A)s(a) — x, ¢'(x, &)s(x)} .
c(a)

Pax, ) = z( ) ’(a)c(a +

# e (ar s

which can be rewritten as

If P, = Py(a), we have ¢'(x,, a) = s(a) = 0, and therefore

2,9'(x, a)
cl@)

But for x # x; = x4(a) it follows that ¢'(x, a) # 0, and consequently @,(x,a) # 0. That is, P,
possesses no conjugate point on ¥(«) if it coincides with the vertex Py(a) of €(a).

Suppose now that P, # Py(a), .., s(a) # 0, and consider some point P = (x, z) on ¥(«) different
from P,. Let J,(a) and J (a) be the tangent lines to ¥(a) at P, and P, respectively. Since 4(a) is
strictly convex, Z;(x) and 7 () are not parallel and intersect at some point P(a) = (Z(x), {())-

If ¢’(x, @) = 0, then J () is the parallel to the x-axis through P,(x), and we obtain

f(a) = zo(®).

If, however, ¢’(x, @) # 0, the coordinates of the intersection point P(«) have to satisfy

Polx, @) =
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Fig. 11. The tangent 4 and J in the proof of Proposition 1.

M0=21 1y By x o (=0

T BT

whence we obtain

H) = ¢ % 5@ %__ _olx0) 3}
@'(x, @) — s(@) Vo) s@f

This together with the previous formula for ¢,(x, «) implies

(@) palx, 0)

M= e —s@

These two formulas for {() imply the general result

¢'(x, ) — s(o) -
@, ) = ————{(2),
(@)
from which the other claim of the proposition follows at once if we also take the strict convexity of
%() into account. O

The complete description of the situation is contained in the following

Proposition 2. (i) The branch & := & n {x > x,} of the envelope & that is contained in the quarter
plane {x > x,,z > 0} can be described as graph of a strictly convex, real analytic function h(x),
X, < x < 00, which satisfies h'(x) > 0, h"(x) > 0, and

lim h(x) =0, lim h'(x)=0,

x=x;+0 xx;+0

lim h(x) = o, lim h'(x) = .

x—+o Pad- ]

(ii) Let P be some point in the quarter plane {x > x,, z > 0}, and denote by G the set above &,
or, more precisely,

G =P u {(x, 2): x > x;, h(x) < z < 0}.
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Pz g-{-
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P, ¢

b(e1)

(@
Fig. 12. Catenary arcs joining P, and P, (a) P, € int G; (b) P, e &*.

If P ¢ G, it cannot be connected with P, by any of the catenaries € («). Secondly, if P € &, it can be
connected with P, by exactly one catenary €(a), and P is conjugate to P, on €(a), that is, P = P*(a).
Thirdly, every point P in int G can be connected with P, by exactly two catenaries €(a,) and €(x,),
oy < a,. On €(a,), the conjugate point P*(a,) lies between P, and P, whereas on €(x,) the conjugate
point P*(ax,) comes before P, or past P. That is, €(a,) touches &* between P, and P and €(«,) after P
or not at all. Therefore, between x, and x, ¢(-, a,) is a weak minimizer while ¢(-, a,) is not weakly
minimizing.

(iii) The curves z = @(x, a), x, < x < &(a), a € R, form a field of extremals on G, and their
extension to x, < x < {(a) provides an improper field (in fact, a stigmatic field) covering G.

The proof of this result is not difficult but tedious; so we break it up in several steps.

Lemma 1. Let x > x, be a conjugate value to x, with respect to €(a), i.e., @,(x, ) = 0. Then it follows
that a < 0, ¢’'(x, @) > 0, and

@"(x,0) >0, oux,a) <0, PualX, a) > 0.

Proof. The assertions o < 0 and ¢'(x, a) > 0 are a consequence of Proposition 1, and ¢”(x, @) > 0
follows from

2
o(x, o).

P ))[ S(a)]

= o(x, a)c(@)s(@®) — [ @ ) - xl]‘

o'(x, ) =

Secondly,

Qux,a) =c (a +

On the other hand, we had proved that ¢,(x, «) = 0 implies the relation

o @)

*) Rt Ak

Therefore,

S(a)C(a)rp’(x, )
oux, 0) = —— ———<0.
1 (p (xa a)
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Finally, using ¢,(x, ) = 0, we obtain

_ o' a)sz(d){vl(x, )% @)zi 2} }

9ul ) = T @@ S

Inserting the expression for ¢j(x, a) derived before, we arrive at

_(pl(xa oc)sz(oc) (p(xs d) 3 Zy 3
o= o) ~s@l I

Moreover, relation (*) yields

o(x, a) 2 Z4
—_— =X Xyt ——>—,
@'(x, ) s(@)  s(a)
whence it follows that
Pualx, ) > 0. O

Lemma 2. For any fixed value x with x > x,, there is a value a(x) < 0 such that ¢(x, a) is decreasing
for —o0 < a < o(x) and increasing for 6(x) < a < 0, and lim,_, ., ¢(x, ) = 0. Moreover, we have
@ufx, a) <0 for —oo0 < a < a(x) and @,(x, @) > 0 for o(x) < a < 0. The value x is conjugate to x,
with respect to the catenary €(o(x)).

Proof. The relations lim, _, , , ¢(x, @) = oo are easily verified, and they imply the existence of some
oo € R such that ¢(x, o) = inf,. g @(x, a) holds, whence we infer ¢,(x, ay) = 0. Therefore x is conju-
gate to x, with respect to ¥(x,). On account of Proposition 1, it follows that s(ag) = ¢'(x,, a) <0,
and therefore a, < 0.

By Lemma 1, we have @,,(x, o) > 0 for every a with ¢,(x, a) = 0. That is, ¢(x, -) is strictly
convex in a neighbourhood of any stationary point . We claim that o, is the only critical point of
@(x, *). In fact, if we had two stationary points a, and a, with a; < a,, both were strict minima.
Then there had to be at least one relative' maximizer a5 in («,, a,) which, by ¢,,(x, ;) > 0, had
simultaneously to be a strict minimizer. Since this is impossible, a, is the only critical point of
¢(x, -). Then we infer from lim,., . , @(x, @) = oo that @(x, a) is decreasing and satisfies @,(x, ) < 0
for —o0 < a < ay, and that ¢(x, ) is increasing and fulfils ¢,(x, ) > 0 for ay < a < co. Setting
o(x) := ay,, the assertion is proved. O

Lemma 3. Let x > x,, and set h(x) := ¢(x, 6(x)) = inf,. g @(x, ). Then, for every z € (h(x), ), there
exist uniquely determined values a, € (— 00, 0(x)) and a, € (6(x), 00) such that z = ¢(x, a,) and z =
@(x, a,) holds. Moreover, we have x, < &(ay) < x and also x < &(a,) provided that o, < 0. Finally, the
relation h(x) = ¢(x, a) implies a = a(x).

The proof follows directly from Proposition 1 and Lemma 2.

Lemma 4. The graph of the function h(x), x > x,, describes the branch &* of the envelope &. The
function h(x) is real analytic and satisfies h'(x) > 0, h"(x) > 0, lim,_, ; 4o h(x) = lim, . ,o h'(x) = 0,
and lim, , . h(x) = lim,_, , h'(x) = co.

Proof. The assertion &* = graph(h) follows from Lemma 2. From the relation
h(x) = ¢(x, 6(x)),

we obtain that h(x) is real analytic as soon as we have proved that o(x) is real analytic, and this, by
virtue of the implicit function theorem, follows from the fact that a = ¢(x) is the uniquely deter-
mined solution of the equation ¢,(x, ) = 0 which, according to Lemma 1, satisfies ¢,,(x, 6(x)) > 0.
Differentiating h(x) = ¢(x, 6(x)), we obtain

h'(x) = ¢'(x, 6(x)) + @u(x, 6(x))0’(x) = ¢'(x, 5(x)) > 0
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and
h"(x) = ¢"(x, 6(x)) + @u(x, o(x))0'(x).
On the other hand, ¢,(x, o(x)) = 0 yields

@i, 6(x)) + ulx, 3(x))a’(x) =0,
and we arrive at
! 2
h(x) = 9'(x, ) — 12205 ZONE
(paa(xa G'(x))

Let us temporarily set & = ¢(x). In the proof of Lemma 1, we have derived formulas for ¢}(x, «) and
®aq(x, @) which imply

lgalx, ) _ c*(@) @*(x, 0)s*(@)

P 0) 22 @P(x, )5%(@) —zig'(x, 0 T

Since a < 0, it follows that s(a) < 0 and therefore
739'(x, @)® — 93(x, 0)s*(@) > 0.
Combining these relations, we infer

o(x, )z, ¢'(x, 9)*c*(@)

W) = o o — (e D7)

It remains to investigate the limit behaviour of h(x) and h'(x) as x - +0 and x — oo,
respectively.
Consider the vertex

zZ 0z
Py(a2) = Sl et
o Q‘d@d&
of the catenary €(a) for a < 0. Since Py(a) lies above &*, we infer from lim, ., _,, P,(®) = (x,, 0) that
lim, ., .o h(x) = 0, and secondly we get
z az
h(xo)sc—(;—) for xo = x, —T;).

Since we can extend h(x) continuously to x, < x < co by setting h(x,) = 0, we can apply the mean
value theorem to h(x,) — h(x,). Hence there is some 8 € (0, 1) such that

h(xo) = h(xo) — h(x,) = h'(x; + 8(xo — X1))(xo — X,),
whence
h(x) 1

< —-.
Xo — X3 o

B'(xy + 0(xo — x,)) =

Letting o — — o0, we obtain h'(x,) = 0.
The relation lim, ., h(x) = oo is an immediate consequence of the inequalities h'(x) > 0 and

h"(x) > 0. Finally, from
oy = _ Bl 9
Paalx, 0(x))

we infer that ¢’(x) > 0, taking Lemma 1 into account. Fixing some x > x, and setting « := o(x), we
then have o(x) > a for x > X, and therefore

mn=wumu»={an+*‘x%wmﬂ>s@+x_x%@0,

zy z,
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since s is increasing. From this equation, we infer

lim h'(x) = o0,

and the lemma is proved. ]

The proof of Proposition 2 can now be given without difficulty by combining the Lemmata
1-4.

We shall carry on the discussion of the catenaries and their minimizing properties in 6,2.3,
using Weierstrass field theory, and with more details in Chapter 8.

For the reader, who would like to see a survey of the properties of the catenaries €(a), we
present the following brief

List of results for the catenaries € (a):

(i) The branch &* := & N {x > x,} of the envelope & of the catenaries € () emanating from the
point P, = (x4, z,), z; > 0, is the graph of a strictly convex, real analytic function h(x), x; < x < ®©
with lim, ., .o h(x) = 0 and lim, , , h(x) = co.

(if) &* is the locus of the conjugate points P*(a) to the right of P,.

(iii) On every catenary €(a), there is exactly one conjugate point P*(x) with respect to P,, except
if P, coincides with the vertex of €(x). The point P*(a) lies to the right of P, if P, is contained in the
descending branch of €(v); otherwise P*(a) lies to the left of P,.

(i) If Pyisa point on &, then there is exactly one catenary % (a) connecting P, and P,, and P,
is the conjugate point P(a) on €(a).

) If P, = (x,, 2,), X; < X3, 2 > 0, then P, and P, can be connected by two catenaries €(a,)
and €(«,) provided that P, lies in the domain between &* and the axis {x = x,}. The “lower” catenary

P, oP,

dﬁ
Pl Q P] |

@

Fig. 13. (a) P, and P, are connected by two catenary arcs C(«,), C(x,) and the Goldschmidt curve
%. (b) Goldschmidt curve %. (c) P, and P, are connected by one catenary and %. (d) P, and P, are
only connected by ¥; there is no catenary linking P, with P,.



306 Chapter 5. Weak Minimizers and Jacobi Theory

%(a,) touches &* before P, and thus contains the conjugate point P*(«x) between P; and P,. Conse-
quently the arc of €(a,) between P, and P, is not minimizing, not even in the weak sense. The “upper”
catenary €(a,) lies above €(a,) and contains no conjugate point between P, and P,. The arc of €(a,)
between P, and P, is a strict strong minimizer.

On the other hand, P, and P, cannot be connected by any catenary €(a) if P, lies to the right of
&*. In this case, the Goldschmidt curve % connecting P, and P, (cf. Fig. 13) is the unique absolute
minimizer; moreover, there is no other relative minimizer.

(vi) In any case, the Goldschmidt curve 4 connecting P, and P, is a strict strong minimizer. If P,
is “sufficiently close” to Py, then the upper catenary €(a,) yields the absolute minimizer; otherwise 4
furnishes a smaller value for F than €(a,). The switch from €(a,) to ¥ being the absolute minimizer
occurs on a parabola-like curve # between &* and the axis {x = x, }.

3. Scholia

1. The eigenvalue criteria for the second variation have a long history with many ramifications to
other fields, in particular to eigenvalue problems of differential operators. We shall not try to
describe this fascinating development which has led to some of the most important discoveries in
mathematics, but we will only mention some of the chief steps connected with the investigation of
the second variation.

The history begins with H.A. Schwarz’s celebrated paper “Uber ein die Flichen kleinsten
Inhalts betreffendes Problem der Variationsrechnung” (Acta soc. sci. Fenn. 15, 315-362 (1885), cf. Ges.
Math. Abh. [2], Vol. 1, pp. 223-269). There, for instance, one finds for the first time the minimum
characterization of the smallest eigenvalue of an elliptic operator. Schwarz’s discovery greatly influ-
enced the further development of the eigenvalue theory by E. Schmidt, H. Weyl, and R. Courant. In
particular, it led to the maximum-minimum characterization of eigenvalues by Fischer—Weyl—
Courant; cf. Courant-Hilbert [1, 2], Vol. 1 and the last chapter of Vol. 2.

Combining the ideas of Schwarz with Hilbert’s analysis of infinitely many variables, Lichtenstein
developed a powerful method, by which he successfully treated the second variation theory of single
and double integrals. E. Holder used Lichtenstein’s method to complete the one-dimensional theory
in several respects; in particular, he treated the Lagrange problem. Other important contributions
are due to Boerner, Radon, G.D. Birkhoff, M. Morse and the Chicago school (for instance, Bliss,
Reid, Hestenes). Morse discovered the connection between the eigenvalue problem for the second
variation of geodesics and the topology of Riemannian manifolds, thus founding global analysis. A
selection of pertinent references is Lichtenstein [1]-[10], in particular [6]; E. Holder [1], [3], [4],
[6]-[10]; Boerner [1]; Radon [3], [4]; Bliss [1]-[5]; Bliss—Hestenes [1]; Morse [1]-[4]; Reid
[1, 3, 4, 51; McShane [2], [3]; Hestenes [1, 2, 4, 5] cf. also Contributions to the Calculus of Variations
1938-1945 (University of Chicago).

The development of functional analysis and of the theory of strongly elliptic systems of partial
differential equations permitted to simplify Lichtenstein’s method considerably, and to apply it to
multiple integrals. We particularly refer to van Hove [4], Hestenes [4], E. Holder [8], [9], Kl6tzler
[2], [4], and Hildebrandt [1].

2. In 3.5, the Jacobi theory for one-dimensional problems is developed independently of the
eigenvalue method of Schwarz-Lichtenstein, and very close to the original ideas of Legendre and
Jacobi. Except for a few minor simplifications, we have essentially followed the presentation of
Bolza [3], Chapters 2 and 3.

3. Sturm’s celebrated oscillation theorem as well as his comparison theorem have been proved®

9 Sturm, Mémoire sur les équations différentielles du second ordre, Journal de Liouville 1, 106—186
(1836).
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in 1836; the first rigorous proofs are due to M. Bocher (1898).1° Today, many extensions of Sturm’s
theory have been found. Of particular importance are Sturm’s comparison theorems in differential
geometry where they are used in a form discovered by Rauch; they are known to differential
geometers as Rauch’s comparison theorems. A presentation of these results can be found in Gromoll-
Klingenberg—Meyer [1] and Cheeger—Ebin [1].

4. The notion of a field of curves (extremals) is due to Weierstrass. It has been suggested to
leave the term field to the algebrists and to replace it by some more modern expression, say, foliation
(cf. Hadamard [4], L.C. Young [1]); but, in the whole, analysts seem to stick to the old name.

5. In the discussion of minimal surfaces of revolution (2.4 [5]) we have essentially followed
Bliss [2]. We refer the reader also to the treatments in Carathéodory [10], pp. 281-283, and in
Bolza [3].

6. Lindeldf’s construction of conjugate points. In 2.4 5] we have seen how pairs of conjugate
points of extremals for the integral fu./1 + u'? dx can be found by a geometric construction, which
is due to E.L. Lindelof [1]. According to this construction two points P and P* on an extremal ¢
are conjugate to each other if the tangents to € at P and P* respectively intersect the x-axis in the
same point. This construction remains valid for a considerably larger class of functionals. In fact, let

) Flu)= f ¥ Pt w()dx (n=N = 1),

x1

be a functional with the property that for any extremal u of # and for all real values of « and B,
a > 0, the function

1
@ ol f):=u@@(x+ ), x <x<x,

defines a two-parameter family of extremals of &. This, for instance, holds true if # admits the
2-parameter group of similarity transformations of R? mapping the x-axis into itself, because the
transformations (x, z) — (x*, z*) are of the form

x*=ax + b, z* =aqz.

Since the integrand of & is of the form F(z, p), the functional & is certainly invariant under the

Fig. 14. Lindelof’s construction of the conjugate point P* to P.

1°Bull. American Math. Soc. 4, 295-313 & 365-376 (1898); cf. also Kamke [3], pp. 125-128, and
260-261.
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translations x* = x + b, z* = z. Therefore we have only to assume that # is invariant with respect
to the group of similarity transformations x* = ax, z* = az or, what might be a weaker assumption,
that for any extremal u(x) of # also ¥(x, a) := (1/a)u(ax), « > 0, is an extremal of F.

By Jacobi’s theorem (cf. the Corollary in 1.2) the functions

03(x) == @y(x, 1, 0) = xu’'(x) — u(x)

and
v2(x) == @p(x, 1, 0) = u'(x)

are Jacobi fields for the extremal u(x). If uu” # O then v,, v, are linearly independent, and therefore
every Jacobi field v along the extremal u can be written in the form v = ¢, + U@, A pe R, thatis,
3) v(x) = pu'(x) + A[xu’(x) — u(x)].
If &, &* € [x,, x,] is a pair of conjugate values for u, then there is a Jacobi field (3) vanishing for
x = ¢and x = &*. If u'(£) # 0 and u'(£*) # O, this implies
@ —pu/A = ¢ —w)u'(&) = &* — u(*)/u'(E%)

which means that the tangent lines Z(x) := u(€) + u'(&)(x — &) and £*(x) := u(&*) + u'(E*)(x — &%)
of graph u at the points P = (£, u(£)) and P* = (£*, u(£*)) respectively intersect the abscissa in the
same point x = — u/A. Hence P and P* are related to each other by Lindel6f’s construction. On the
other hand, ife.g. u’(¢) = 0 and v(¢) = 0 then Au(&) = 0, and u(&) # 0 implies 4 = 0, i.e. v(x) = uu'(x).
Therefore we have v(é*) # 0 for all £* 5 £ if we assume that the extremal is strictly convex in the
sense that u” > 0, and so this case cannot occur if P and P* are a pair of conjugate points. Thus we
have proved the following result: Let u(x), x, < x < x,, be an extremal of (1) such that u > 0 and
u” > 0, and suppose that Y(x, a) := (1/a)u(ex), x, < x < x,, is an F-extremal for all « > 0. Then any
two conjugate points P and P* are related to each other by Lindelof’s construction.

One easily checks that the latter property is satisfied if F(z, p) is of the form

) F(z, p) = f(z)g(p) where f(2) is positively homogeneous.

Hence we in particular obtain: All strictly convex extremals u > 0 of a variational integral of the kind
X2

6) J. uw' /1 + u?dx,
Xy

s € R, have the property that any two of its conjugate points are related by Lindelof’s construction.
Furthermore, the derivative of the Jacobi field (3) is given by

v'(x) = (u + Ax)u"(x);

thus v(x) is nontrivial if u” > 0 and /A2 + u? > 0. Therefore Lindeldf’s construction is in our case
not only a necessary, but even a sufficient condition for pairs of conjugate points.

7. A similar reasoning shows that for variational integrals of the kind considered in 6 one can
construct the focal points from the knowledge of the two-parameter family of solutions (2), provided
that “free transversality” is the same as “orthogonality”, which is the case for variational integrals of
the kind

J‘xz fW)/1 +u?dx,

*1

see 2,4, Remark 2. This construction of focal points is sketched in Funk [1], Kap. IV, 2, Section 9.
For the definition of focal points cf. 6,2.4.

8. Consider a general variational integral #(u) = {F(x,u,u’)dx, n=N =1, and a one-
parameter family of extremal curves (o) given by

z=¢x o), xel,a, <a<a,.
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For a fixed value a,, of a, the function v(x) := @,(x, &) is a Jacobi field along u(x) = ¢(x, &), and we
assume that v(x) is nontrivial. Then the computation in the beginning of 2.3 shows that x = is a
zero of v(x) if and only if the envelope £ of the family € () touches the extremal curve €(a,) at
P = (& u()).

Suppose now that & = {7,} is a one-parameter group of transformations 7, : R? - R? such
that €(a) is the image of a fixed extremal curve € under 7, i.e. 7,€¢ = ¢(a), and assume that € is
not (part of) an orbit of the group G. Then each contact point P of ¢ with an orbit of ® lies on the
envelope & of the family {4(«)}. Thus we obtain the following

Theorem. Suppose that ® is a one-parameter group of transformations R?* - R? mapping extremals
into extremals. Then two consecutive contact points of an extremal € with orbits of ® are consecutive
conjugate points on 6.

For example, the integral | F(u, u’) dx admits the group ® of translations x* = x + &, z* = z.
Let u(x) be an extremal, and assume that £, £* are two consecutive zeros of u'(x). Then ¢(x, a) :=
u(x + o) is a one-parameter family of extremals, and the two parallels of the abscissa & =
{(x, 2): z = u(§)} and L* := {(x, z): z = u(¢*)} belong to the envelope & of the family of extremal
curves #(a) := {(x, 2): z = @(x, ®)}. Moreover, & and #* are orbits of & which touch ¢ :=
{(x, 2): z = u(x)} at the points P = (¢, u(£)) and P* = (&*, u(£*)). According to the above theorem, P
and P* are (consecutive) conjugate points of €. Of course, this statement is an immediate consequence
of the fact that x = £ and x = £* are (consecutive) zeros of the Jacobi field v(x) := ¢,(x, 0) = u'(x) of
the extremal u(x).

9. Scheeffer’s example presented in 1.1 was published in 1885 in his paper [2]. Scheeffer’s
papers [1]-[4] were quite influential for the development of analysis, see Goldstine [1], pp. 237-
245.

10. Traditionally the necessary conditions are listed as follows:

(I) Euler equations for weak local minimizers of class C?;
(II) Weierstrass’s necessary condition for strong minimizers;
(IIT) Legendre’s condition for weak minimizers;

(IV) Jacobi’s conjugate point condition.

References:
for (II): 4,1.2 and 2.1, Proposition 1;
for (III): 4,1.3;
for (IV): 2.2, Theorem 2.



Chapter 6. Weierstrass Field Theory
for One-Dimensional Integrals
and Strong Minimizers

The main goal of this chapter is the derivation of sufficient conditions for one-
dimensional variational problems. That is, we want to establish criteria ensuring
that a given extremal u of a variational integral

b
F(u) = J‘ F(x, u(x), u’(x)) dx
is, in fact, a strong minimizer. This will be achieved by a method the elements
of which were developed by Weierstrass. One of its basic ideas is to consider a
whole bundle of extremals instead of a single one, just as one investigates in
optics ray bundles instead of isolated single rays. This poses the problem to
embed a given extremal in an entire pencil of extremals. Among bundles of
extremals, those free of singularities are particularly important; they are called
extremal fields. The curves of such a field, the field lines, cover some domain G
of the configuration space simply, i.e., through every point of G there passes
exactly one field line. It will turn out that a special kind of extremal fields
satisfying certain integrability conditions will be particularly useful for the cal-
culus of variations; these are the so-called Mayer fields. A particular feature of
every such field is that it defines a scalar function S whose level surfaces form a
one-parameter family of hypersurfaces which are transversal to all field curves.
This function S is, up to an additive constant, uniquely determined by the field;
we call it the eikonal (or optical distance function) of the field.

Analytically the relations between a Mayer field and its eikonal S are ex-
pressed by the Carathéodory equations

1) . =F—2F,, S,=F,,

where the bar over F and F, indicates that the arguments (x, z, p) of these
functions are to be taken as (x, z, Z(x, z)), i.e. F(x, z) := F(x, z, #(x, 2)), etc., and
2 :G — RY denotes the slope of the field. That means, the field lines (x, u(x))
are defined by the ordinary differential equation u’ = 2(x, u).

The use of Mayer fields for the calculus of variations becomes apparent
from Weierstrass's representation formula which states the following: Let G be a
domain in the configuration space covered by some Mayer field. Consider two
points P, and P, which are connected by a field line (x, u(x)), a < x < b, and let
(x, v(x)), a < x < b, be an arbitrary nonparametric C'-curve in G connecting P,
and P,. Then we have

M. Giaquinta et al., Calculus of Variations I
© Springer-Verlag Berlin Heidelberg 2004
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Fig. 1. Light rays and wave fronts.

b

(03] Fw)y=FW+ f Er(x, v(x), Z(x, v(x)), v'(x)) dx,
a

where &5 denotes the excess function of the Lagrangian F.

Consequently, if the excess function is nonnegative, the subarcs of any field
line turn out be strong minimizers of #. Hence, a given extremal is a strong
minimizer if it can be embedded into some Mayer field, and if & > 0. Thus the
problem of establishing sufficient conditions is essentially reduced to the follow-
ing interesting geometric question: When is it possible to embed a given extremal
into a Mayer field?

The in some sense optimal answer to this question links the embedding
problem with the theory of conjugate points discussed in Chapter 5. The link is
provided by a special class of Mayer fields, the so-called stigmatic ray bundles.
Those are bundles of extremals emanating from a single point, just as light rays
emanate from a point source.

Using such bundles in an appropriate way, we shall see that every extremal
arc can be embedded into a Mayer field if it does not contain a pair of consecutive
conjugate points. This result then completes our reasoning, and we have found a
very satisfactory sufficient condition. By using other Mayer fields to be chosen
in a suitable way we can similarly obtain sufficient conditions which guarantee
that a given extremal is a minimizer with respect to free or partially free bound-
ary conditions.

Central tools in our discussion will be the notions of invariant integral and
of transversality. The invariant integral links the concepts of Mayer field and
null Lagrangian, whereas transversality relates Mayer fields to free boundary
conditions.
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A different method for deriving sufficient conditions is based on matrix
Riccati equations.! This elegant and very flexible analytic technique is also of
classical origin. We shall prefer the geometric approach since it is more intui-
tive and reflects the close connection between the calculus of variations and
geometrical optics. This is important since geometrical optics is the origin of the
Hamilton—Jacobi theory.

Field theory for multiple integrals is much more complicated and less satis-
factorily developed. One of the reasons for this is that there exists a multitude of
null Lagrangians if bothn > 1 and N > 1 while there is essentially only one type
of null Lagrangians if either n = 1 or N = 1. Therefore we shall defer the treat-
ment of field theories for multiple integrals to Chapter 7, except for the case of
codimension N = 1 which is treated in Section 3 of the present chapter.

1. The Geometry of One-Dimensional Fields

In this section we shall present the basic concepts of the one-dimensional field
theory developed by Weierstrass, A. Kneser, Zermelo, Hilbert, Mayer and
Carathéodory.

We begin in 1.1 by introducing the notions of a Mayer field and a Mayer
bundle, and we state the Carathéodory equations

(1) S,;=F-#2F,, S,=F

linking the slope 2 and the eikonal S of a Mayer field. The computations are
simplified by the use of differential forms. Particularly important is the 1-form

(b)) y=(F — p*F,)dx + F, dz',
which will be denoted as Beltrami form. We can use it to write (1) as
3 ds = p*y,.

where £(x, z) = (x, z, 2(x, 2)) denotes the slope field characterizing the Mayer
field, and 4*y is the pull-back of y with respect to .

A field will turn out to be a Mayer field if and only if its Lagrange brackets
vanish on all of its rays. This way we can easily construct examples of Mayer
fields, for instance, the stigmatic ray bundles consisting of rays which emanate
from a fixed nodal point.

In 1.2 we shall explain why Mayer fields are useful for the calculus of
variations, using an idea of Carathéodory. This approach has been called
“Carathéodory’s royal road to the calculus of variations”.

1See I.M. Gelfand and S.V. Fomin [1], Chapter 6, and also F.H. Clarke and V. Zeidan [1]. A
comprehensive treatment of matrix Riccati equation can also be found in the monograph of W.T.
Reid [6].
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Then, in 1.3, we shall present the formalism of field theory using Hilbert’s
invariant integral. The main result is Weierstrass’s representation formula from
which one can read off the minimizing property of all field lines of a Mayer field
if the excess function & is nonnegative. This leads to the concept of an optimal
field. A further consequence of the representation formula is A. Kneser’s trans-
versality theorem linking the field lines of a Mayer field with the level surfaces of
its eikonal. In particular we shall discuss these ideas for improper fields such as
stigmatic fields.

The problem of embedding an extremal arc into a Mayer field and related
issues and examples will be discussed in Section 2.

1.1. Formal Preparations: Fields, Extremal Fields,
Mayer Fields and Mayer Bundles, Stigmatic Ray Bundles

The main feature of Weierstrass’s field theory to be developed in the sequel is
that, instead of a single curve, one always considers curve bundles which simply
cover a fixed domain G of the configuration space R x RY £ RN*!, thought to
be the x, z-space. That means that, through every point of G, there passes
exactly one curve of the bundle. In the calculus of variations, such a curve
bundle is traditionally called a field on G (or a line field). Since we presently
investigate nonparametric variational integrals, all field lines are thought to be
nonparametric curves. As we saw earlier in the case N = 1, extremal fields (ie.,
fields of extremal curves) can be used to establish sufficient conditions for weak
minima. In the sequel we shall realize that fields can even be employed to derive
sufficient conditions for strong minima.

To make the theory of sufficient conditions more transparent and to free it
as much as possible from formal computations, it seems advisable to investigate
first some of the main features of extremal fields. In particular we wish to char-
acterize such fields in terms of their slopes with respect to the x-axis. This will

fg
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!

Fig. 2. A field.
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be achieved by deriving the modified Euler equations. The attempt to write these
new equations in a particularly simple form will lead us in a natural way to the
notion of a Mayer field, to the Carathéodory equations and to the eikonal. In this
way we arrive at the basic notions of the Weierstrass field theory as conceived
by Hilbert. Using Carathéodory’s approach, we shall see in the next subsection
why these notions are basic for the calculus of variations.

To give a precise definition of fields, we adjust the definition of 5,2.3 to the
present general case, except that we lessen the regularity requirements to allow
for suitable generality. Note that, by definition, fields will only be considered on
simply connected sets G of the configuration space R x R".

Definition 1. A field on a simply connected subset G of the configuration space is
a C-diffeomorphism f : I’ - G of a set I in R x R onto G with the following
properties:

(i) The mapping f is of the form

J(x, 0) = (x, 9(x, 0)),
and its set of definition I is a subset of R x RN which can be written in the form
I'={(x,c):cely,xel(c)},

where 1, is a (nonempty) parameter set in R", and I(c) denotes intervals on the
real axis with endpoints x,(c) and x,(c) which may or may not belong to I(c).

(ii) The partial derivative f'(x, c) (= f.(x, c)) is of class C*.

In many situations it will be sufficient to assume that I(c) does not depend
on c¢; in such case I' = I x I, is a cylinder above I,.

The slope (or: the slope function) 2(x, z) of a field f : I' > G with f(x, c) =
(x, @(x, c)) is the uniquely determined C!-map 2 : G - R such that

(1) ¢ = 2(f),
/\o\‘/

Y(x)

Fig. 3. A direction field of a field.
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or equivalently that

1) =@, 2(f),

holds true. It is easy to express 2 in terms of f and of its inverse g. Clearly we
can write g := f ! in the form

g(x, z) = (x, a(x, 2)).
Then we have

9] o(x, a(x, z)) = z, a(x, (x, c)) = c,

and ¢, ¢’ as well as a, a’ are of class C'. Moreover, (1) is equivalent to

©) ¢'(x, ¢) = P(x, ¢(x, c)).
Replacing ¢ by a(x, z) and taking (2) into account, we obtain
“ 2(x, z) = ¢'(x, a(x, 2)).

This computation firstly shows that 2 exists and is uniquely determined by f,
and we secondly see that 2 is of class C!(G, R").

The mapping f : I' > G and its slope #:G — R are interpreted in the
following way: If we fix ¢ = (¢}, ..., c¥) € I, the function (-, c) describes a
nonparametric curve

%(c) = graph ¢(*, ¢) = {(x, z): x € I(c), z = p(x, 2)}.

Through every point (x, z) of G passes exactly one of the curves €(c), and
(1, #(x, 2)) is its direction at (x, z). In other words, (1) expresses the fact that the
vector field I7: G - R¥*! défined by IT:= (1, ) is the direction field of the
bundle of curves €(c) which fiberize G, and

P(x, 2) = (P(x, 2), P2(x, 2), ..., PN(x, 2))

yields the slopes of the corresponding tangent vectors with respect to the z*-axis.
The curves €(c) are called the field lines of f.
Note that (1) can be written as

&) f=1(f),

and the equivalent equation (3) means that u:= ¢(-, ¢) is a solution of the
differential equation

6) u' = P(x, u).

This is expressed by saying that the curves €(c) “fit” into the direction field
II(x, z) = (1, Z(x, z)) on G. More generally we say that a curve €, given by

% ={(x,2):z=u(x),a <x<p},

fits into the slope field £ (or into I7) if it is contained in G and satisfies (6). In
this case we also say that € is embedded into the field f with the field lines €(c).
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We can recover a field f from its slope function £ by solving suitable initial
value problems. Hence, slope functions 2 : G —» R" and curve fields f : I' > G
are essentially equivalent objects since one can obtain one from the other. The
special connection (5) or (6) respectively between a field f and its slope function
2 is expressed by saying that the curves €(c) of the field f “fit” into the direction
field IT = (1, ) on G.

With any slope function 2 on G we associate a linear partial differential
operator D, defined by

o 9
(7) D_q = a + .W(x, Z)a—z—l

We can use this operator to state the Euler equations in a different form called
modified Euler equations. To this end we introduce the notion of an extremal
field which will just be a “field of extremals”. That is, among arbitrary fields,
extremal fields are characterized by the Euler equation Lg(¢) = 0. Our aim is to
characterize extremal fields by a condition on their slope function, and this
condition will be expressed by the “modified Euler equation”. So let us first
precisely define extremal fields.

Definition 2. A field f : I’ > G, given by f(x, ¢) = (x, ¢(x, c)), is said to be an
extremal field (with respect to the Lagrangian F(x, z, p)) if each of the functions
(-, ¢) is an extremal with respect to F.

With any field f(x, ¢) = (x, ¢(x, c)) we associate its prolongation into the
phase space R x RY x R £ R?¥*! defined by

(8) e(x1 C) = (x’ (p(x’ C), n(x’ C))
where we have set
) n(x, ¢) = @'(x, ¢).

By definition, a field f is an extremal field if its prolongation e satisfies the Euler
equations

(10) F.(e) — %Fpi(e) =0, 1<i<N,

in short, if
(10) Lg(¢) =0.

For any triple e(x, ¢) = (x, o(x, c), n(x, c)), we have the identities

0
(11) Fz"(e) - 'a—x_Fp‘(e) = Fz‘(e) - Fp‘x(e) - Fp'z"(e)(oi‘ - p‘p"(e)(p:x'
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If f(x, ¢) = (x, o(x, ¢)) is a field with the slope 2(x, z), then

(12) ¢ = 2(x, 9),
and therefore
(13) 0" = 2., 9) + 2, P(", 9).
By inserting (12) and (13) into (11), we arrive at
0
(14) in(e) - é;Fp.-(e)

= F,(e) — Fys(e) — F() (-, 9)
— Fppl 25, 9) — Fpip @22, 9)2°(", 9).
Because of (9) and (12), the right-hand side of this identity is just the function
F(x, z, ?(x, z)) — DgF,(x, z, ?(x, 2))

composed with the mapping (x, z) = (x, @(x, ¢)) = f(x, c). On the other hand,
the left-hand side of (14) is the i-th component of the Euler operator L, applied
to ¢. Hence we can write (14) as

(15) Ly(g) = [F(#) — DaFy(#)] 0 f,
where
(16) #(x, 2) = (x, z, P(x, z))

denotes the “full slope field” consisting of the base points (x, z) and the corre-
sponding slopes #(x, z).

Agreement. Given a fixed slope field 4: G — R?*N*, and an arbitrary function

é(x, z, p) on R2N*! we shall write

(17 p=d(f)=¢o 4,

that is,

17) #(x, 2) = §(x, z, P(x,2)) forany (x,2)€G.

Then the identity (15) takes the form
(18) Le(@) = (F, — DyF,) o f,
and we arrive at the following result:
Proposition 1. A field f(x, c) = (x, ¢(x, c)) is an extremal field with respect to

F (i.e., the relation Lg(p) = 0 holds true) if and only if its slope field f4(x, z) =
(x, z, P(x, 2)) satisfies

(19) F,—D,F,=0,
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i.e, if and only if
(19) F(x, z, Z(x, z)) — DgF,(x, z, #(x,2)) =0, 1<i<N.

Equations (19) or (19') are the modified Euler equations that we were looking
for. These new equations characterize extremal fields in terms of their slope
functions.

For later use we shall state another and equivalent version of the modified
Euler equations (19’) which, in explicit form, read as

in - {F_pix + F-pnpkg:} - [Fpiz’ + Fpipkgpzk/]gl =0.
Adding to the left-hand side F 2% — F,#% = 0, we arrive at

(F + FpPl) — (Fpix + FpupP%) — [PLFy + P/ (Fpye + FupP2)]1 =0,

which is equivalent to

0 — - 0 — 0 —
(20) @F—[gz{inl‘{‘ngFp.]:ani-
If the conditions
0 — 0 —
1 — F.=—F,
(2 ) alePk aszP

. . 0 = .
are satisfied, the bracket [...] can be written as W(Q”F ), and thus equations

(20) can be stated as

d = . b3}
(22 a—z—i(F—g’ F"/)_EE i+
Let us summarize these results.

Proposition 2. A4 field f : I’ - G is an extremal field with respect to the Lagran-
gian F if and only if its slope function 2 : G — R satisfies equations (20). These
equations are equivalent to (22) if (21) holds true.

This leads us to a particular subclass of extremal fields which will be called
Mayer fields.

Definition 3. A field f : I’ - G is said to be a Mayer field (with respect to the
Lagrangian F) if and only if its slope function 2 : G — RN satisfies the first order
system of partial differential equations

d- 8 - -
Fy=—(F ~2F),

d
ox

— 0 =
aszpi = E?Fpk

(23)

Remark 1. If N = 1, the system (21) reduces to a single equation which is satis-
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fied by any field. Therefore every extremal field is automatically a Mayer field if
N = 1 while, for N > 1, the class of extremal fields turns out to be much larger
than the class of Mayer fields.

As we shall see in the next subsections, Mayer fields play a fundamental role
if one wants to formulate sufficient conditions for strong minimizers. At the
present stage, Mayer fields are not much more than a formal curiosity, as for
this special class of extremal fields the modified Euler equations can be written
in the particularly elegant form (22). Their relevance for the calculus of varia-
tions, which temporarily lies in the dark, will immediately become clear by
means of Carathéodory’s approach which Boerner [5] has called a royal road to
the calculus of variations. This approach will be explained in the next sub-
section.

Presently we content ourselves by giving an interpretation of the defining
equations (23) of Mayer fields which will lead to the so-called Carathéodory
equations, and these will turn out to be the fundamental equations of field
theory. The solution of these equations will allow us to compute the integral

r F(x, u(x), u'(x)) dx

along all field curves %(c) of a Mayer field f : I' - G in terms of a single scalar
function S associated with the field f.

In fact, equations (23) just state that
(24) w:=(F —#-F,) dx + F, dz'
is a closed differential form of degree one on G, that is, (23) is equivalent to the
relation
(25) do =0.
Since G is simply connected, this means that w is an exact 1-form, i.e., that there
is a function S : G - R such that
(26) w=dS.

(To avoid any difficulties we think all Lagrangians F to be at least of class
C2.) Equation (26) is equivalent to the first order system of partial differential
equations ‘

@27 S;=F—-2F,, S,=F,,
which will be denoted as Carathéodory equations. By means of the Schwarzian
relations

sz" = Szix, Szizk = Szkzi 5

we can interpret (23) as integrability conditions for the sytem (27); this just
rephrases the relation dw = 0. Since G is simply connected, the integrability
conditions (23) are both necessary and sufficient for solving (27). Thus, to any
Mayer field f on G with slope 2 : G — R, there exists a solution S: G —» R of
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the corresponding Carathéodory equations (27). This solution is uniquely deter-
mined up to an additive constant and of class C*(G).

Consider an arbitrary function u € C?([«, ], R") such that graphu =
{(x, 2): z = u(x), x € [a, B]} “fits” into a Mayer field f on G with the slope # and
with the solution S of (27). By this we mean that

(28) graphuc G
and that
(29) u'(x) = 2(x, u(x)), a<x<§B.

In other words, graph u is supposed to be a subarc of one of the field lines €/(c)
of the Mayer field f. Let us introduce the mapping w € C%([a, ], R**!) by

(30) w(x) == (x, u(x)), a<x<3§.
Then (28) means that w([«, ]) = G, and (29) can equivalently be written as
(# 0 W(x) = A(w(x)) = (x, u(x), u'(x)),

whence

(F o w)(x) = F(x, u(x), u'(x)).
Moreover, we have

0 = du’ — u”(x) dx = du’ — P(x, u(x)) dx,

that is, the pull-back w*6' of the 1-forms

31 0 = dz' — Pi(x, z) dx
on G vanishes,
(32) w*0' = 0.
Hence we obtain for the pull-back w*w of the 1-form
o = Fdx + F,b',
the formula
(33) w*o = F(x, u(x), u'(x)) dx.
On the other hand, (26) yields
34) w*w = w* dS = d(S o w) = dS(x, u(x)),
whence
39 F(x, u(x), u'(x)) dx = dS(x, u(x)),

and therefore

8
(36) f F(x, u(x), u'(x)) dx = S(B, u(p)) — S(a, u(a)).



1.1. Formal Preparations 321

Let us write

Py = (0 u(@) =w(@), P:=(Bu(B))=w(p)
for the endpoints of € := graph u. Then (36) can be brought into the form
(37 F(u) = S(Py) — S(Py)

if, as usual, the left-hand side of (36) is denoted by % (u). This means that
the integral (4 F dx along any arc ¥ fitting into the Mayer field f can be ex-
pressed as difference of the value of S at the endpoints of 4. Interpreting ds =
F(x, u(x), u'(x)) dx as a “Finsler metric”, the integral [ F dx can be viewed as a
“distance” between the two points P, and P, along the “ray” ¥, and the formula

f F dx = S(P,) — S(P,)
€

tells us that this distance can be computed from the scalar function S. The
function S has therefore the meaning of a distance function on the field f. In
geometrical optics one interprets Mayer fields as ray bundles emanating from a
light source, and the corresponding functions S are called optical distance func-
tions or phase functions since the level surfaces {S = const} are viewed as wave
fronts of light. This is the first glimpse at the particle — wave dualism in optics
that in the sequel will be explored time and again. For the sake of brevity we
shall denote a solution S of the Carathéodory equations (27) corresponding to
the slope 2 of a Mayer field f as eikonal of the field. This notation, coined by
the astronomer Bruns, has also its origin in geometrical optics; its meaning will
be discussed in the context of the Hamilton—Jacobi theory.

Remark 2. As a precaution we have to mention that many of the classical authors and also
Carathéodory ([10], p. 209) use the notation “extremal field” for the object that we have called
“Mayer field”. This usage seems somewhat unfortunate to us. On other occasions, Carathéodory
denotes Mayer fields as “geodesic fields”, and this name has become quite customary. We prefer the
notation “Mayer field”, used in the American literature, which appears to go back to Bolza (see [3],
p. 643). Moreover, we note that the original eikonal of Bruns is not S itself but a function closely
related to S;cf. also 6.4 Scholia, Nr.7.

Sometimes it will be useful to consider improper fields. By this we mean
mappings f : I' - R¥*! into the configuration space such that f|;,, ,is a proper
field in the sense of Definition 1.

An important example of an improper field is furnished by stigmatic bundles
of extremals which are defined as follows (we are not aiming for the most gen-
eral situation):

Definition 4. A stigmatic bundle of extremals (or: a stigmatic ray bundle) is a
mapping f : I' - RN*! of the form

f(x’ C) = (xa (P(X, C))a (X, oel,
which is defined on a cylinder I’ = I x I, above some simply connected parameter
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Fig. 4. A stigmatic field.

domain I, = R¥ and satisfies the following conditions:

(i) f and f’ are of class C.

(ii) We have Lg(¢) = 0 for some C*-Lagrangian F defined on an open set
containing f(I'), i.e., the mapping ¢(-,c):1 - RN is an F-extremal for every
cel,.

(iii) There is some (xq, zo) € f(I'), i.e., xo € I and zy € ¢(xq, 1), such that

@(xg, ) =12y and det @ (xq,c)#0
forallcel,.
The point P, = (x,, z,) is called a nodal point (or stigma) of any field f as in
Definition 4 since all curves €(c) = graph f(-, c) intersect at P,.

Note that a stigmatic ray bundle can easily be generated by solving the
family of initial value problems

LF((p, (" C)) = 0, (p(x0’ C) =29, ‘P’(xo, C) =C.

We only need to assume some nondegeneracy condition such as det F,, # 0 in
order to transform the Euler equation Lg(#) = 0 into the normal form

u” = ¢(x, u, u),

and F € C3, so that ¢ € CL.

Let us now consider a stigmatic ray bundle f : I' - G in the neighbourhood
of one of its nodal points (x,, z,)- The Taylor expansion of ¢(x, c) with respect
to the variable x at the point x = x,, yields

(P(X, C) =2y + (P’(xo, c)(x - xO) + ...

where ... stands for higher-order terms in x — x,. Differentiation of ¢(x, ¢) with
respect to ¢ yields

@(%, ©) = @i(x0, €)X — Xo) + ...,

whence
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(38) det @,(x, ¢) = (x — xo)" det @i(xg, ) + ....

By passing from I, to a sufficiently small neighbourhood of some point ¢, € I,
which will again be denoted by I, we can assume that

|det @(xo, ¢)| = 6

holds true for some é > 0 and for all ¢ € I,. Moreover, the Jacobian of f is given
by

0
= det ¢,.

c

1
deth=’ ,
[0

Hence we infer that, for any pair ¢, ¢ with 0 < ¢’ < ¢ « 1, there is a neigh-
bourhood I; of ¢, such that f restricted to [xo + &, xq + €] x I or to
[xo — & xo — €] x I is invertible. Thus we have found:

Proposition 3. If f:I' > RN is a stigmatic ray bundle with the nodal point
(%0, 2o), then, to the left and to the right of x,, the bundle f locally forms a field
provided that we stay sufficiently close to the plane {x = x,}.

It is a more subtle question to decide how far to the left and to the right
of a nodal point a stigmatic ray bundle locally remains a field. This will be
answered later by means of the theory of conjugate points.

Now we want to show that whenever a part of a stigmatic ray bundle is a
field, it is not only an extremal field but even a Mayer field.

Let us begin by considering an arbitrary n-parameter bundle of extremals
f: - RN*! given by

f(x’ )= (x, (p(xa C))’ (x,0€el,

where I' is a “normal set” as in Definition 1. We assume that f, f'e€ C}(I),
and that F e C3(f(I') x R¥); some computations need even f e C*(I'). The
extremal property of f means that the Euler equation Lz(¢) = 0 is satisfied.

Denote by e: I'— R?*N*! the prolongation of f into the phase space which
is defined by

(39) e(x’ C) = (x’ (P(x, C)’ 7t(x, C)), TI(X, C) = (p’(x’ C).
The key result of our computations will be that the so-called Lagrange brackets

0F, 09' 0F, 0¢'
a Bl __P"" P77
(40) e €)= 5o 3eP ™ 3k a0

of the extremal bundle f are independent of x, i.e., the brackets [c® c#] are
invariant on every extremal orbit €(c) = graph ¢(-, ). Here the superscript ~
means the composition of F,; with the mapping e:

~

41) F,

pi = Fpioe=Fyle).



324 Chapter 6. Weierstrass Field Theory for One-Dimensional Integrals

The invariance of the Lagrange brackets becomes fairly obvious if we use the
calculus of differential forms. Our starting point is Beltrami’s form y defined on
the phase space (or, rather, on an open neighbourhood # of f(I') x R") by

42) y:=(F — p'F,) dx + F, dz'.

The usefulness of this 1-form is suggested by the formulas (24)—(27); note that
the 1-form w defined by (24) can be expressed as w = £*y, i.e., as pull-back of
the Beltrami form y under the slope-field mapping 4. Next we introduce on
RR2¥*1 (or on %) the 1-forms

43) 0i:=dz' — p'dx
and
(44) n; .= in dx — del s

1 <i < N. Then y can be written as
45) y = F dx + F,0',
and its exterior differential dy becomes
(46) dy =0 A n,.
In fact, we have
dy =dF A dx + dF, A ' + F, db'.
Since
dF A dx = Fdz' A dx + F,dp' A dx
and
do' = —dp' A dx,
we obtain that
dy=Fudz' Adx +dFy, A 0
= (dz' — p'dx) A Fudx + dF, A 0',

and this is just formula (46).

Moreover, the 1-forms n; can be used to express the Euler equation
Lg(¢) = 0.1In fact, if we freeze c and set e := e(-, c), the Euler equation is equiva-
lent to the system of equations

e*n;=0, i=12,...,N.

If we allow c to vary, we instead obtain

oF, . 09
*p = P @ * = B
e*n; 2 dc* and e*0 3P dck.
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Therefore, it follows that

) . do oF
*(gt ) = e*f* *p = B L4 a
e*(0' A n;) = e*@' A e*n; (6”‘1) (6c"dc)

@7

=Y [c%cP]dc* A dc?,
(a,B)

where the summation ), ,, is to be extended over all pairs (a, f) with « < .
Since e*(dy) = d(e*y), we infer from (46) and (47) that

(48) de*y)= Y [c%c?ldc® A dc’.
(@, 8)

If F and e are of class C3, we can once again apply the exterior derivative d to
both sides of (48) and, on account of the formula d? = dd = 0, we obtain

0= ) i[c“’, cldx A dc® A dc?
@h 0x

+ g —[c% c?] dc® A dc® A dc*.
&h oc’

This, in particular, implies the desired relations
49) 0 [c%,cf]1=0
ax s = Y

which express the fact that the Lagrange brackets are not depending on x.

Since we have only assumed that F € C2, f, f' € C! (instead of F € C3 and
@ € C?), we are not allowed to apply d to (48), and therefore these computations
are not quite justified. We could try to make them rigorous by using a suitable
approximation device, but it is easier to proceed by a direct computation. First
we infer from the Euler equations

d~ =
(50) o v =Fu

. 0 ~ N
that the functions — F, are of class C'. Hence Schwarz’s theorem implies that

ox *

% E(z—afp‘ exists and that
0 0 «~ d0 0 ~ 0 =~
FrErcl it e il PR

taking (50) into account. Hence the Lagrange brackets [c?, c?] are differentiable
with respect to x, and we obtain
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P 0 8. dp 8 - on
e eb1= 2 F.. 9 p.om
w1 = g g v 5 T gt 5

0 0 09" 4 & on
cPox ® dc*  ocP P Bc*

{aF,,- dp' oF,on' OF,0¢' 0F, 6ni}

¢ 0cP ' Bc* dc®? ock oc*  ocP oc*”

A straight-forward computation shows that {...} =0, and (49) is finally
established.

If f is a stigmatic ray bundle with the nodal point (x,, z,), we have
o(xo, ¢) = z, whence

@u(x9,¢)=0 forallcely, a=1,...,N.
This implies
[ ¢1lsms, =0,
and since [c% cf] is independent of x we arrive at
(51) [c®cf1=0 forl<a,B<N.
Let us summarize these results.

Proposition 4. The Lagrange brackets [c®, c?] of an arbitrary field of extremals
[ are independent of x, and they vanish identically if f is a stigmatic ray bundle.

Combining this result with formula (48), we obtain
Proposition 5. If f is a stigmatic ray bundle and e its prolongation into the phase
space, defined by (39), then we have
(52) d(e*y) =0,

i.e., the pull-back of the Beltrami form y with respect to e is a closed 1-form. Since
I is simply connected, the form e*y is even exact, i.e., there is a function Z'(x, c) of
class C*(I") such that

(53) ety =dX.

We shall see later that stigmatic ray bundles are not the only extremal
bundles which satisfy (52) or, equivalently, (53). This leads us to the following

Definition 5. A Mayer bundle is an extremal bundle whose prolongation e into
the phase space satisfies d(e*y) = 0.

Proposition 6. If f: I' - RY*! is a Mayer bundle with the property that, for some
subset I'' of I, the restriction f|. is a field, then f|r. is a Mayer field. In
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particular, f|r is a Mayer field if f: I — R*! is a stigmatic ray bundle and if
flrisa field, ' = I.

Proof. Suppose that f: I'— R"*! is a Mayer bundle and that f/ - is a field for
some set " in I'. Let 2(x, z) be the slope function of |, on G’ = f(I'"’), and let
#(x, 2) = (x, z, Z(x, z)) be the corresponding slope field. To shorten notation,
we agree to write f for the restriction f|, and g be its inverse f ' :G' —» I"".
Then we have

o' =n=2(,9)
or, equivalently
e=f*s.
By (52), it follows that
0 = d((f*A)*y) = d(f*(£*Y)) = [* d(£*y).

Pulling both sides back to G’ by means of g, we arrive at

| d(#*y) = 0.
Since w := #*y is just the 1-form

o = (F — #'F,) dx + F, dz*

introduced in (24), we have the relation

which is equivalent to the Carathéodory equations (23). Hence, f (or, rather,
f1r7) is a Mayer field. This proves the first assertion of Proposition 6. In con-
junction with Propositions 4 and 5 we then obtain also the second assertion.

O

1.2. Carathéodory’s Royal Road to Field Theory

In principle we are now prepared to set up the Weierstrass field theory and to
derive “sufficient conditions” for minima of one-dimensional variational prob-
lems. Using the basic notion of a Mayer field we could proceed rather quickly
by a few formal computations, thereby obtaining all basic results of field theory.
However, this approach might leave the reader somewhat unsatisfied as it lacks
motivation and geometric insight. Therefore we dispose it to 1.3. Instead we
presently want to investigate why the notions“Mayer field”, “eikonal”, “Car-
athéodory equations” are basic tools of the calculus of variations, and we want
to motivate the approach to sufficient conditions to be followed in 1.3. For
this purpose we want to describe a beautiful scheme known as Carathéodory’s
“royal road to field theory”.
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In order to explain Carathéodory’s approach, we consider a Lagrangian
F(x, z, p) which is defined for (x, z) € # and p € RY where % is an open set in
R x RY™, and we suppose that F is of class C2 Given an arbitrary F-extremal
u:[a, b] - RY with graph u c G, we want to find out if u is a minimizer of the
functional

b
1) F@) = J F(x, v(x), v'(x)) dx.
Then Carathéodory reasons as follows: Suppose that u is embedded in a field f
on G = % with the slope #(x, z) which has the nice property that, for any point
(x, z) € G, the Lagrangian F(x, z, p) vanishes if p coincides with the slope 2(x, z)
and is positive otherwise. That is, we assume that

2 F(x,z,#(x,2)) =0,
(3) F(x,z,p) >0 ifp+# P(x,z)

for all (x, z) € G. Then it is perfectly obvious that u is a strong minimizer of &#.
In fact,if v : [a, b] = R¥ is an arbitrary C'-map with graph v = G, we infer from
(2) and (3) that

Fu=0, F)=0,
since u'(x) = 2(x, u(x)) for all x € [a, b], ie,,
Fu) < F(v),
and a closer inspection even yields % (v) > 0 and, therefore,
Fuw<F©v

if v # u. In other words, u is a strict minmizer of # among all C'-mappings
v:[a, b] - RY with their graph contained in G which have the same boundary
values as u. In particular, u is a strong minimizer if G is open, and therefore it is
also an extremal.

However, the situation just described is certainly too nice to be true in
general: the assumptions (2) and (3) are not very realistic. So we might like try
the second best, to subtract from F a null Lagrangian M and to hope that
instead of F the modified Lagrangian F* := F — M satisfies (2) and (3). Then
the previous reasoning would imply that % *(u) < % *(v) holds true for every
v € C!([a, b], R") with graph v = G which has the same boundary values as u
and satisfies v # u. Since the functional .# corresponding to the null Lagran-
gian M would fulfil .#(u) = .#(v) we would also have the desired inequality
F(u) < Fv).

Amazingly enough this idea works perfectly well if one does not insist it to
function for all fields. In fact, this cannot be expected because the previous
reasoning shows that any field, for which the procedure is working, has to
consist solely of extremals. Thus we can hope to find a suitable null Lagrangian
only if the given field f is an extremal field, that is, a field whose field lines are



1.2. Carathéodory’s Royal Road to Field Theory 329

each and all extremals. However, the assumption that f be extremal is sufficient
only if N = 1 while, for N > 1, we shall see that the above construction can be
carried out if and only if f is a Mayer field. Moreover, the null Lagrangian M
of the construction cannot be chosen independently of f but will turn out to be
the expression

M(x, z, p) = S,(x, z) + S,:(x, 2)p’,

where § is the eikonal of f. The gist of the following discussion will be that,
given some F-extremal u : [a, b] - R", we have to find a solution {S, 2} of the
Carathéodory equations such that u fits into the Mayer field defined by the
slope 2.

Let us now consider Carathéodory’s approach in some detail. For a given
field f: I' » G with the slope function 2(x, z), and for a fixed Lagrangian F on
G x RY = f(I') x R¥ we try to determine some null Lagrangian M(x, z, p)
such that the modified Lagrangian

“4) F*(x, z, p) := F(x, z, p) — M(x, z, p)
satisfies for all (x, z) € G the equations

5) F*(x,z, #(x,2)) =0,

6) F*x,z,p) >0 ifp# P(x, 2),

which are the analogues of (2) and (3). By Proposition 1 of 1,4.2, any null
Lagrangian M(x, z, p) is of the form

M(xa 2, p) = A(x1 Z) + Bi(xa z)pia
where the coefficients A(x, z), B,(x, 2), ..., By(x, z) satisfy
Azi = Bi,x’ Bi,,k = Bk,zi .

(The coefficients 4 and B, are assumed to be of class C!(G) whence the Euler
operator corresponding to M is well defined.) Then there is a function S(x, z) on
G such that

A=S,, By =S,1,...,By=S,.
Clearly, § is of class C%(G), and we can write the null Lagrangian M as
)] M(x, z, p) = S.(x, z) + S,(x, z)"p.
Then the modified Lagrangian F* takes the form
® F*(x, z, p) = F(x, z, p) — Sx(x, 2) — p* S5,(x, 2).

From (5) and (6) we see that the function F*(x, z, -) assumes its strict absolute
minimum exactly at p = %(x, z). This implies the two relations

)] FY(x,z,?(x,2)) =0

and
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(10) Fy(x, z, #(x, z)) = 0.

Equations (5) and (9) are equivalent to the Carathéodory equations

a1 S.(x, 2) = F(x, z, Z(x, 2)) — 2(x, z)* F,(x, z, #(x, 2)),
Sa(x, 2) = Fu(x, z, #(x, 2)),

which we can write in the abbreviated form
(11" S,=F—-2'F,, S,=F,

using the notation F(x, z) := F(x, z, 2(x, z)), etc., introduced in 1.1. This shows
that Carathéodory’s method can be carried out if and only if {S, 2} is a solution
of the Carathéodory equations (11), that is, if and only if f is a Mayer field.
(Recall that the notions “extremal field” and “Mayer field” coincide exactly if
N=1)

Furthermore, the necessary condition (10) is equivalent to the “necessary
Legendre condition”

(12) F,_>0.

PP —
If the Carathéodory equations (11’) hold true, the sharp inequality (6) is just
F(xa z, P) - F(x’ z, 9(x9 Z)) - [p - g(x, Z)]'Fp(x, z, g(x’ Z)) >0

provided that p # %(x,z). By means of the Weierstrass excess function
&x(x, z, q, p) for the Lagrangian F which (by 4, (6)) is defined as

6p(x, 2,4, p) = F(x, 2, p) — F(x, 2,9) — (p — @) F,(x, z, q),
the last inequality can be written as
(13) 8r(x, z, P(x,2),p) >0 for(x,z)e Gand p # P(x, z).
This is the so-called sufficient (or strict) Weierstrass condition.
Thus we have proved:
Proposition 1. Let S(x, z) be a scalar function of class C*(G), and set
F*(x, z, p) := F(x, 2z, p) — S,(x, z) — p* S,(x, 2).

Then the Carathéodory equations (11) or (11') in connection with the strict
Weierstrass condition (13) are equivalent to the basic relations (5) and (6) of
Carathéodory’s approach. Secondly, equations (5) and (9) are equivalent to the
Carathéodory equations (11).

According to the reasoning given at the beginning of this subsection we
derive the following result from Proposition 1:

Proposition 2. If an F-extremal u:[a, b] - RY can be embedded into a Mayer
field f : I - G with the slope P such that the strict Weierstrass condition (13) is
satisfied, then we have
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F(u) < F(v)

for all v e C'([a, b], R") such that graph v = G and v(a) = u(a), v(b) = u(b), and
we even obtain

Fu) < F(©)

if also v # u holds true.

In other words, an extremal u : [a, b] - R¥ is shown to be a strict strong
minimizer of the functional

b
J F(x, v(x), v'(x)) dx
among all C'-curves v:[a, b] » R within a domain G = R x R" having the
same boundary values as u if one can embed u into a Mayer field on G satisfying
the strict Weierstrass condition. This embedding problem is essentially solved if
we combine the construction of stigmatic ray bundles considered in 1.1 (see
Propositions 4-6 of 1.1) with the theory of conjugate points investigated in
Chapter 4. A detailed discussion of this procedure will be given in 2.1.

We can summarize the results of this subsection by stating that the notions
“Mayer field” and “Carathéodory equations” are the key to sufficient conditions
for minimizers, and that this becomes evident via Carathéodory’s approach.

We finally mention that the eikonal of a Mayer field satisfies a partial
differential equation of first order. In fact, assuming

det F,,(x, z, #(x, z)) # 0,
we can eliminate £(x, z) from the equation
Fy(x, z, 2(x, z)) = S,(x, z)

and express it in terms of x, 2z, and S,(x, z). Inserting this expression into the
equation

F(x, z, Z(x, 2)) — P(x, 2)- Fy(x, z, P(x, z)) = S,(x, z),
we arrive at a scalar equation of the form
(14) @D(x, z, grad S) = 0.

This elimination process will be carried out in Chapter 7 as it is greatly sim-
plified by using a suitable Legendre transformation. The resulting equation will
be the so-called Hamilton—Jacobi equation.

Note that the equation for S is not uniquely determined since (14) implies
that

P(D(x, z, grad §)) =0

holds true for every function ¥(s), s € R, satisfying ¥(0) = 0.
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1.3. Hilbert’s Invariant Integral and the Weierstrass Formula.
Optimal Fields. Kneser’s Transversality Theorem

Now we resume the discussion where we left it at the end of 1.1. In principle
we do not need the results of 1.2 since they follow from the Weierstrass formula
to be stated in the sequel. However, the ideas presented in 1.2 will motivate
the coming considerations. In particular, they provide a motivation for the
following

Definition 1. Let S € C*(G) be the eikonal of some Mayer field f on G, and set

(1) M(x’ z, P) = x(xa Z) +p Sz(xa Z)
and
2 M (v) = fb M(x, v(x), v'(x)) dx.

Then #(v) is called Hilbert’s invariant integral for the Mayer field f.

Clearly, .#(v) is defined for every C'-mapping v:[a, b] » R" such that
graph v — G. Since S is uniquely determined by f modulo some additive con-
stant, Hilbert’s invariant integral is uniquely determined in terms of f. More-
over, .#(v) is even defined for functions v € D*([a, b], R") with graph v = G.
Here D'([a, b], RY) denotes the class of continuous mappings u: [a, b] > R"
which are piecewise continuously differentiable in [a, b]. By this we mean that
there is a decomposition

a=¢y<é << <ée=b
of [a, b] into subintervals I;:= [&;_y, &;] such that u|; € C'(I). That is, the
one-sided derivatives u’(&;) and u’ () exist but, possibly, u (¢;) # u_(¢;) for
1<j<k-1
Note that

® M (s, 000, 0(3) = 505, o)

for any v € C*([a, b], R") with graph v = G whence
@) M(v) = S(b, v(b)) — S(a, v(a)).

The same formula holds for any v € D*([a, b], R¥) with graph v = G. We merely
have to apply (4) to the intervals I; where v’ is continuous and then to add the
resulting formulas whence the desired result follows at once:
b k &5
M) = | M@, v,0)dx=Y M(x,v,v')dx

=1.J¢&,

= i [SCx, v BZY_, = SO, (b)) — S(a, v(a)).
=
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Now we derive a formula linking the notions of Lagrangian, excess func-
tion, Mayer field and eikonal. This formula comprises the ideas and results of
1.2 and will be the key to all of the following results. To avoid unnecessary
repetitions, we agree upon some notations:

Let G be a fixed simply connected set in the x, z-space R x R¥, the con-
figuration space. This set will later be thought to carry a Mayer field. Secondly
let F(x, z, p) be a fixed Lagrangian of class C* defined on  x R where % is an
open neighbourhood of G, and &x(x, z, g, p) be its excess function. All notions
like extremal field, Mayer field, eikonal etc. are to be understood with respect to
this fixed Lagrangian.

Theorem 1. (Weierstrass representation formula). Let f be a Mayer field on G
which has the slope 2 and the eikonal S. Then the functional

&) Fu) = Jlb F(x, u(x), u'(x)) dx

is defined for every u € D'([a, b], R") with graph u c G, and it can be expressed
by the formula
b

6) F(u)=S(b, u(b) — S(a, u(a)) + f &e(x, u(x), P(x, u(x)), u'(x)) dx.

Proof. Consider Hilbert’s invariant integral .#(u) associated with the Mayer
field f. By virtue of the Carathéodory equations

S,=F-2-F,, S,=F,
we can express the Lagrangian M(x, z, p) of .#(u) in the form
M=S+pS,=F-2F)+pF,=F+(p-2)F,
ie.,
)] M(x, z, p) = F(x, z, #(x, 2)) + [p — P(x, 2)]" F,(x, z, Z(x, z)).
Then the modified Lagrangian
®) F*(x, z, p) := F(x, z, p) — M(x, z, p)
can be written as
F*(x, z, p) = F(x, z, p) — F(x, z, Z(x, 2)) — [p — P(x, 2)]* F,(x, z, Z(x, 2)),
which states that

(9) F*(xa 2z, P) = JF(xy z, ?(X, 2)7 p)
Thus we obtain the crucial formula
(10) F(x, Z, P) = M(x! z, P) + JF(xa 2z, g(xa Z), p)

for all (x,z,p)e G x RY. Inserting z=u(x) and p=u'(x) for some
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u e C!([a, b], RY), we arrive at

(1) F(x, u(x), u'(x)) = ;;S(x, u(x)) + &(x, u(x), Z(x, u(x)), u'(x)),

taking (3) into account. Integrating both sides of (11) with respect to x from a to
b, we obtain the desired representation formula (6). By decomposing [, b] into

appropriate subintervals, the reasoning leading to (4) can be used to establish (6)
even for functions u : [a, b] - R¥ of class D*. O

Since & (x, z, p, q) = 0 if p = g, we obtain as an immediate application of
Theorem 1 the following result:

Theorem 2. Let f be a Mayer field on G with the slope 2 and the eikonal S. Then,

for any extremal u: [a, b] —» R fitting into the field f (i.e., u’(x) = P(x, u(x)) for
all x € [a, b]), we have

(12) F(u) := fb F(x, u(x), u'(x)) dx = S(b, u(b)) — S(a, u(a)).
Therefore, the relation

(13) Fo)=FWw+ [b Er(x, v(x), (x, v(x)), v'(x)) dx

holds true for every ve D*([a, b], R") such that graph v = G and v(a) = u(a),
v(b) = u(b). We conclude that

(14) F (v) = F (u) = S(b, u(b)) — S(a, u(a))
if &p(x, v(x), P(x, v(x)), v'(x)) = 0 on [a, b], and even
(15) F@)>Fw

if, in addition, &(x, v(x), P(x, v(x)), v'(x)) does not vanish identically.

By means of Taylor’s formula we obtain
(16) Er(x, v(x), P(x, v(x)), v'(x))
= [v'(x) — 2(x, v(x))]- AX) [v'(x) — 2P(x, v(x))],
where
A(x) == 3F,,(x, v(x), 2(x, v(x)) + 0(x) {v'(x) — P(x, v(x))}), 0<O<1.

Thus we can derive from Theorem 2 the following

Corollary 1. Let u:[a, b] —» R" be an extremal fitting into a Mayer field on an
(open) domain G. Then u is a weak minimizer of the functional & if it satisfies the
strict Legendre condition

17 F,(x, u(x), w'(x)) > 0 for all x € [a, b],
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and u is even a strong minimizer of & if it satisfies the strong Legendre condition

(18) F,,(x,u(x),p) >0 forallxe[a,blandallpe RY.

In the next subsection we shall prove that any extremal u:[a, b] - RY
is a strong minimizer of % (u) = [} F(x, u(x), u'(x)) dx if it satisfies the strong
Legendre condition (18) and if, in addition, the interval [q, b] contains no pair
of conjugate values of u. This will be the principal “sufficient condition”. Pres-
ently we can verify this result only for N = 1. Recall that in 5,2.3 we have
developed a criterion which ensures that a given extremal can be embedded into
a field of extremals which then is a Mayer field since N = 1. In fact, the field
construction leading to Theorem 2 of 5,2.3 was based on the choice of a suitable
stigmatic field which, in a neighbourhood of the given extremal, formed a proper
field. In conjunction with Theorem 2 we obtain the following preliminary result
for C3-Lagrangians F:

Theorem 3 (N = 1). An F-extremal u:[a, b] — R is a (strict) strong minimizer
of Z (u) = 2 F(x, u(x), w'(x)) dx if (i) the interval [a, b] contains no pair of conju-
gate values of u, and if (i) there exists an open neighbourhood % of graph u in R?
such that F,,(x, z, p) > 0 holds true for all (x, z, p) e % x R.

This a remarkable strengthening of Theorem 1 of 5,2.2. Note that assump-
tion (ii) implies

(19) 8:(x,2,9,p) >0 for(x,z)e¥ and p # ¢,
which in turn yields the strict Weierstrass condition
(20) 8Er(x, 2, P(x,2),p) >0 for(x,z)e ¥ and p # P(x, z).

In view of Theorem 2 we give the following

Definition 2. A Mayer field f on G with the eikonal S is called optimal field if the
Junctional & (v) := jﬁ F(x, v(x), v'(x)) dx satisfies

(21) Z (v) = S(b, v(b)) — S(a, v(a))

for every interval [a, b] and every v € D*([a, b], R¥) such that graphv c G.
Moreover, a Mayer field f on G is called Weierstrass field if its slope 2 satisfies
the strong Weierstrass condition

(22 Er(x, z, P(x,2),p) > 0
for all (x, z) € G and all p e R such that p # P(x, z).

As a consequence of Theorem 2, we obtain

Corollary 2. Every Weierstrass field is an optimal field.
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Before we go on with our discussion, we want to formulate part of our previous results in a
different way. Recall the definition of the Beltrami form y given in 1.1, (42):

(23) y=(F —p-F,)dx + F, dz' = F dx + F,0',
where
0 =dz' — p'dx.
The pull-back £*y of y with respect to the slope field
A(x, 2) = (x, z, P(x, 2))

of a slope function #(x, z) is just the 1-form

9 o=(F—2-F)dx+F, dz' = F dx + F*6'
defined in (24) of 1.1. If 2 is the slope of a Mayer field f on G, then we have
(25) = g%y =dS,

where S is the eikonal of f (see (26) of 1.1). Hence, for any C!-curve v: [a, b] - R" with graphv < G
we have

(26) M) = f o.
sraphv

That is, the line integral ., , @ = f5W*®, w(x) := (x, v(x)), is just Hilbert’s invariant integral. Let
u:[a, b] - R" be an extremal fitting into the Mayer field f. Then we have

@7 I o= f w
graph u graph v

provided that u(a) = v(a), u(b) = v(b), and the proof of Theorem 2 is essentially contained in the
following sequence of equations:

f(v)—f(u):f(v)—'f w=.7(v)—J. (7]
graphu graph v

(28) .
= J‘ 8r(x, v(x), P(x, v(x)), v'(x)) dx.

Now we shall discuss some relations between the field curves f(-, ¢) of a
Mayer field f: I' > G and the level surfaces

= {(x,2) € G: S(x,2) = 60}

of its eikonal S. The main result will be A. Kneser’s transversality theorem.
Recall that the slope 2 : G - RY of the Mayer field f on G and its eikonal
S :G — R are linked by the Carathéodory equations

(29) grad S=(F— 2F,,F,),
where grad S = (S,, S,) is the gradient of S, and F, F, are as usual defined by
F:=Fo4, F,:=F,o4,
where
#(x, 2) = (x, z, P(x, 2))
is the full slope field of f.
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Fig. 5. The complete figure of a field.

Since grad S is perpendicular to the level surfaces %, we infer that the
covector field

(30) vi=(F —-2F,F)

is perpendicular to the surfaces . This means that #: G —» R?N*! is a field of
line elements which is transversal to the level surface ¥,. (Here and in the sequel,
transversality means free transversality in the sense of 2,4.). Therefore, the sur-
faces ¥ are called transversal surfaces of the Mayer field f. Carathéodory has
denoted the system of field lines f(-, c) of a Mayer field f together with its
1-parameter family of transveral surfaces % as the complete figure of the field f.

Moreover, we infer from (29) that grad S(x, z) vanishes if and only if both
F(x, z) and F,(x, z) are zero, and we see by the relation

(31) grad S(x, z)- (1, 2(x, 2)) = F(x, 2)

that the vector (1, 2(x, z)) is nontangential to the level surface ¥, passing
through (x, z) if F(x, z) # 0. Thus we obtain

Proposition 1. A (nonempty) level surface %, of the eikonal of a Mayer field is a
regular surface (i.e., an N-dimensional submanifold of G) if

(32 (F(x, z, Z(x, 2)), F,(x, z, #(x, 2))) # 0

holds true for all (x, z) € &,. Hence the family of transveral surfaces %, provides a
foliation of G by regular leaves if (32) is satisfied on G. Moreover, if

(33) F(x,z,?(x,2)) #0 on %,

none of the field lines f(-, c) is tangent to the transveral surface %,.

Remark 1. Condition (33) is clearly satisfied if we assume that

(34 F(x,z,p)>0 forall(x,z p)e G x R¥.
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In this case, every Mayer field on G consists of curves which meet the corre-
sponding transveral surfaces of any complete figure on G are transversal to each
other in the sense of algebraic geometry. This may be not the case if we only
require that

F(x,z,p)>0 forall(x,z p)e G x RV,
or if we even allow F to change its sign. In fact, if there is a field curve f(x, ¢,) =
(x, u(x)), a < x < b, such that F(x, u(x), u'(x)) = 0, then graph u is completely
contained in some transversal surface % which may or may not be regular.
Let us look at some simple examples.

[1] LetN >1and
F(p) = |pI* ~ 1.
Then the stigmatic bundle
fx,¢e)=(x,cx), x=0, ceR",
of extremals ¢@(x, c¢) = cx with the nodal point (x,z)=(0,0) forms a Mayer field on G =
{(%, 7)€ R x R™: x > 0} with the slope 2(x, ) = ; Since

F(=2p, F()—p F()=~p’-1,
the Carathéodory equations (29) for the eikonal S(x, z) of the field are
|z)? 2
x
The solution, normalized by the condition lim,_, S(f(x, c)) = 0 for all c € R, is given by
S(x, 2) = E - X.
x

Note that
‘[ F(e'(t, ¢)) dt = S(f(x, c)).
o

The transversal surfaces % = {(x, z) € G: S(x, z) = 8} are the quadrics
zZ?=x*—60x=0, x>0,

which sweep G if 6 runs through all real numbers. Since F2 + |F,|* > 1, all transversal surfaces are
regular (note that 0, the vertex of the half cone %, is not contained in G). However, we have
F(2(x, z)) =0 if and only if (x, z) € %.

Hence all of the transversal surfaces % with 6 # 0 are nontangentially intersected by the field lines
f(-, c) whereas the half-cone %, is tangent to the field. In fact, &, consists precisely of the rays
f(x, €) = (x, cx), x > 0, with |¢| = 1. Note that all , for 6 < 0 and all & U {0} for 6 > 0 are sheets
of rotationally symmetric hyperboloids.

For N>1and
F(p) = |pI*,
again the stigmatic ray bundle

f(x,¢)=(x,cx), x>0, ceR",
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considered in [1]forms a Mayer field on the right halfspace G = {(x, 2): x > 0}, and its slope is given
by P(x, z) = z/x. The Carathéodory equations for the corresponding eikonal are then

s = |z} 2
= S5
and
2
s(x,z)=ﬂ
x

is the unique solution if we require lim, _,, S(f(x, ¢)) = 0. Note that

f " F(@t, 9) de = S(f(x, o).
0

The transversal surfaces % are described by the equations
1zZ>=6x, x>0,60=>0.

These surfaces are regular if 6 > 0; in fact, they are paraboloids touching the hyperplane {x = 0}
while % is degenerate: ¥, is just the positive x-axis which is also a ray of the bundle f. For § > 0,
all & are intersected by the rays of f under an angle different form zero.

Let N =1and
F(z, p) = p* — Kz2.
The corresponding Euler equations are equivalent to
u" = —Ku,

and we want to consider the stigmatic bundle f(x, ¢) = (x, ¢(x, ¢)), x > 0, of extremals emanating
from the origin. That is, we require
@"(x,c) = —Ko(x, c), @0,c)=0, @'(0,¢c)=c.
Then we have
csin(/Kx)  ifK>0,
@(x,c) =< cx ifK=0,
csinh(,/—Kx) ifK <0.
If K <0, then f furnishes a Mayer field on the right halfplane {(x, z): x > 0} whereas f forms a
Mayer field on the strip {(x, z): 0 < x < n/\/E} if K > 0. In the latter case we have two nodal points
P, =(0,0)and P, = (x,,0), x, = n/\/K.
The corresponding slope fields are given by
z,/K cot(,/Kx) ifK>0,
P(x,z) = < z/x ifK=0,

z/—K coth(,/=Kx) ifK <0.
Moreover, we have
F —pF,= —p* - Kz?, F,=2p,
and the corresponding Carathéodory equations lead to

2
S(x,2) = 22\ /K cot((/Kx) ifK>0, S(x,z)=— ifK=0,
P

S(x, z) = 22/ —K coth(,/—Kx) ifK <0
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if we require lim, ., S(f(x, ¢)) = 0. One computes that
.[ F(o(t, o), ¢'(t, c)) dt = S(p(x, ¢)).
o

Asin[2], only &, is degenerate. This set is just the positive x-axis, i.e., &, coincides with the extremal
curve f(x, 0) = (x, 0) if K < 0; if K > 0, then % is the interval (0, /,/K) on the x-axis. The surfaces
%4, 6 > 0, are regular and nontangential to the field curves. Close to the origin, the complete figure
looks approximatively the same in all three cases K > 0, K = 0, K < 0 as one verifies by a simple
limit consideration.

The situation described in [3] is more or less typical for quadratic Lagrangian of the kind
Q(x, z, p) = ay()p’p* + 2by(X)z'p* + cyz'zh,

where 4 = (a;) is positive definite. For instance, the accessory Lagrangian Q(x, z, p) of some
Lagrangian F and some F-extremal u is of this form if A(x) = F,,(x, u(x), ¥'(x)) > 0.
Letv,,v,,..., vy be N linearily independent Q-extremals, i.e., solutions of the Euler equations

£.0,,9) ~ 0. 9) =0.
Since these equations are linear, it follows that every linear combination v = c'v, + - + ¢y,
c'e R, is a Q-extremal. Set w; := @,(", v;, v;). Then the family of extremals
{(x, €)= ctoy(x) + - + cNoy(x)
defines a bundle
#(x, &) = (x, {(x, 0)),
which is a Mayer bundle if and only if all of the brackets
[i, k] == w; v, — w0,

vanish.

A system {v;, v,,..., vy} of N linearily independent Q-extremals with [i, k] = 0 is called a
conjugate base of Q-extremals.

Since {(x, 0) = 0, the trivial Q-extremal v,(x) = 0 belongs to the family {(x, c).

Set

A(x) := det(v,(x), ..., vy(x)).
Since we have
A4 = det {, = det D¢,

the determinant 4(x) is just the Jacobian of the mapping ¢. Hence, between two consecutive zeros
x, and x, of 4(x), the map ¢ defines a Q-Mayer field on the strip G = {(x, 2): x;, < x < x,,z€ R"}.
We note that [2] and [3] are special cases of the present example where x, = 0 and x, = oo or n/./K
respectively.

The zeros of 4(x) are called focal points of the bundle ¢. It is one of the principal results of the
linear theory that all focal points are isolated (see 2.4).

The preceding examples show that “transversality” does in general not mean “orthogonality”.
In fact, we have

Proposition 2. A positive Lagrangian F of class C'(G x RY¥) has the property that F-transversality is
equivalent to orthogonality if and only if it is of the form

(33) F(x,z,p) = o(x, 2)3/1 + |p*,

where w(x, z) denotes some positive function of class C!(G).
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Proof. We have pointed out in Remark 2 of 2,4 that (35) with @ > 0 is certainly sufficient for the
equivalence of orthogonality and F-transversality. Thus it remains to show that the condition is also
necessary.

In fact, if (free) F-transversality is the same as orthogonality, we have for all (x, z, p) € G x R¥
that

(F(x, z, p) — p* Fy(x, 2, p), Fy(x, 2, p)) ~ (1, p)-

Omitting the arguments x, z, p, we can write this relation in the form

F—pF,=A4, F,=ip
for some A € R, whence

PF —p(p-F)) = F,,

and therefore

|pI>F — |pi*p-F, = p-F,.
Since F > 0, we infer that

o> _pF,
1+|p* F

)

which is equivalent to

.0 F
p a_l’ilog\/T——IW =0
F(x, z, p)
V1i+ip?
o

i T = 0
p ap,(p)

Fix (x, z) € G and consider ¥(p) := log as a function of p alone. Then we have

for all p e R”. By Euler’s theorem we infer that

Y(ip) = Y(p) foralli>O0andallpeRY.

Since ¥ is a continuous function on RP, this relation is even satisfied for 1 = 0, whence
¥(p) = y¢(0) forallpeRY.
This implies (35) where w(x, z) := F(x, z, 0). O

Now we state A. Kneser’s transversality theorem which is a direct conse-
quence of the Weierstrass representation formula written in the form (12) or (13).
In differential geometry, when dealing with geodesics, the content of this theo-
rem is known as Gauss’s lemma.

Theorem 4 (Kneser’s transversality theorem). Let f:I'— G be a Mayer field
on G whose slope 2 satisfies F(x, z, #(x, z)) > 0 on G, and denote by S the eikonal
of f. Consider any two level surfaces %, and %, of S with 0, < 0,, and let I, , be
the set of c € I, such that the field curves f(-, ¢): I(c) — G are intersected both by
S, and %,

(i) For ce I, ,, the transversal surfaces % and %, excise subarcs €*(c) from
the field curves f(-, c) such that the variational integral | F dx has a constant value
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Fig. 6. Kneser’s transversality theorem.

along all excised arcs €*(c). In fact, we have

J‘ F dx == 02 - 01 N
€*©)

(ii) Let m be the infimum of the values [ F(x, u(x), u'(x)) dx among all D*-
curves in G with endpoints on % and %, respectively. If 1, , is nonempty and if
f is an optimal field, this infimum is 0, — 0,, and it will be assumed on all excised
subarcs €*(c), c € I, ,, and only on these arcs if f is even a Weierstrass field.

[6] Fermat's principle. In geometrical optics, one is concerned with the investigation of light rays
or, rather, of bundles of light rays. One imagines that light penetrates optical media. Such a medium
is thought to be a set G in the configuration space (= x, z-space) which is equipped with an index of
refraction w(x, z, p) > 0. This is to say, the refraction of a ray passing the medium in general depends
not only on the locus (x, z) but also on the direction (1, p) of the ray at (x, z). Such a general medium
is called anisotropic. If w is merely a function of the locus, the medium is said to be isotropic, and it
is called homogeneous if w is independent of the locus. According to Fermat’s principle, every light
ray penetrating the medium {G, w} is thought to be an extremal of the integral

Fl) = I ™ 0%, (), w )T+ WGP dx,

X1

whose Lagrangian is given by

(36) F(x,z,p) = w(x, z, p)y/1 + Ip|*.

If we interpret ds = \/ 1+ |u'Pdx= \/ dx? + |du|? as the line element along the curve (x, u(x)) and

d.
» = 1jw(x, u(x), u'(x)) as the speed of a fictive light particle moving along the curve, we have » = d_i’

1
and therefore w ds = — ds = dt. That is, #(u) is viewed as the time T needed by the light particle
v

to move along € = {(x, u(x)): x, < x < x,} from the point P, = (x,, u(x,)) to the point P, =
(x5, u(x,)). Fermat’s principle distinguishes the true light rays from all virtual paths by the require-
ment that they are to afford a stationary value to the total time T needed by the light to travel from
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one point to another. (This model tacitly assumes that the light is monochromatic, and it does not
take phenomena like interference into account which are connected with the fact that light has a
finite wave length.)

Mayer bundles of the Lagrangian (36) are interpreted as bundles of light rays in the medium
{G, w}, and every light-ray bundle is thought to be a Mayer bundle. If a ray bundle is free of
singularities, it forms a field on G. Let S be the eikonal of such a Mayer field of rays, and let
% = {(x, z) € G: S(x, z) = 0} be the corresponding transversal surfaces. By Kneser’s theorem, the
value 6, — 6, is the time needed by a light particle to pass from a surface %, to another surface %,
along a ray, 6, < 6,. Hence, we can interpret the transversal surfaces % as the wave fronts of light.
For instance, if in every point of a given surface %, at a fixed time § = O there starts a light particle,
then, for a sufficiently small time interval 0 < 6 < T, the particles move on rays forming a Mayer
bundle and, after a time 6 < T, they have arrived at the transversal surface %. This explains why we
can view the eikonal S of an optimal field of light rays as an optical distance function.

Any complete figure of Carathéodory consists of a field of light rays and the transversal family
of wave fronts whose optical distance is just the time needed by light to travel from one front to
another. If the optical medium is isotropic, then the corresponding Lagrangian is of the kind (35).
Exactly in this case transversality means orthogonality (cf. Proposition 2). Hence isotropic media
are precisely those optical materials where light rays meet the wave fronts perpendicularly.

For an isotropic homogeneous medium, the index w is a positive constant. In such a medium,
all extremals are linear functions, and the associated extremal curves are straight lines. Hence, in an
isotropic homogeneous medium, the ray bundles are Mayer bundles of straight lines, and the
corresponding transversal wave fronts form a one-parameter family of equidistant surfaces (in the
sense of Euclidean geometry) which are perpendicularly intersected by the rays.

Remark 2. It is interesting to note that also the converse of Kneser’s trans-
versality theorem is true. Precisely speaking we have the following result: Let
F # 0, and suppose that f : I - G is an extremal field on G and {%,} a foliation
of G by regular surfaces &, = {(x, z) € G: Z(x,z) = t}, X € C*(G), VX(x,2) # 0
on G such that the field curves f intersect the leaves &, transversally. Then f is
a Mayer field and the surfaces &, are just the level surfaces of the eikonal S
corresponding to f.

Actually, a much stronger result holds true which we are now going to
derive:

Theorem 5. A field f : I > G of extremals is automatically a Mayer field if there
is a (possibly degenerate) hypersurface & in G which is transversally intersected
by each of the field lines f(-, c).

This result immediately follows from the next proposition if we take 1.1,
Proposition 6 into account.

Proposition 3. An extremal bundle f:I' - G is a Mayer bundle if there is a
hypersurface & in G which is transversally intersected by each of the field curves

fC. 0.

Proof. Let e(x, c) = (x, o(x, ¢), n(x, c)) with n(x, ¢) = ¢'(x, c) be the prolonga-
tion of the extremal bundle f(x, ¢) = (x, @(x, ¢)) into the phase space where
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(x, c)e I'and
(37 I'={(xc:cely,xel(c)}.

To state the transversality assumption in a precise way, we assume that & is a

hypersurface in G given by the parametric representation x = £(c), z = {(c) =

(&(c), ¢), c € I, which is of class C2. Set A(c):= n(&(c), ¢), a(c) := (&(c), {(c)),

&(c) == (&(c), L(c), Ac)). Then & = a(l,), and &: I, - R*N*! is a field of line ele-

ments along &% which is tangent to the extremal field f. By assumption, the line

element ¢&(c) is transversal to the corresponding tangent space of & spanned by
a(c)

0
the tangent vectors o a=1,...,N.
c

This means that the vectors %(c) are perpendicular to the vector v(c)
defined by
(38) v(c) := (F(&(c)) — A(c) Fy(e(c)), Fy(e(c))).

In terms of the Beltrami form y = (F — p- F,) dx + F,: dz', this orthogonality
relation can be expressed by the relation

(39 e*y =0
which implies
(40) d(e*y) = 0.

Let us introduce the initial value map a: I, - I" defined by
a(€):=((c),0), cel,.

Then we have ¢ = e o a = a*e, and we infer from (40) the relation

(41) 0 = d(e*y) = d(a*(e*)) = a*(d(e*y)).

On the other hand, we have shown in 1.1, (48) that

42) dle*y)= Y, [c% cPldc* A dct.
(@,8)

By (41) we conclude that [c? c#]oa = 0, and the invariance of the Lagrange
brackets along extremals (cf. 1.1, Proposition 4) then yields [c% cf]=0on I,
whence

43) d(e*y) = 0. 0
For the convenience of the reader we include a proof of Theorem 5 which

does not directly use Proposition 6 of 1.6; however, the underlying ideas are
very similar.

Proof of Theorem 5. Since I' is simply connected, we infer from (43) that there
is a function X' € C%(I') such that
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(44) e*y=dX.

Moreover, if 4: G — R?*¥*! is the slope field of f, we have
(45) e=f*#,

whence

(46) FHp*) = d=.

Let g: G — I be the inverse of the mapping f : I’ - G. If we pull both sides of
(46) back by g, we obtain

(47) £*y =g*dx) =d(g*L)=d(Z o g).

Introducing the function

48) S:=Xoge C¥G),

we arrive at

(49) #*y =ds,

which states that f is a Mayer field with the eikonal S. O

Remark 3. Note that, in Proposition 3 and Theorem 5, the representation
o:1, - G was not assumed to be an immersion, i.e., the “transversal surface”
& = a(l,) can be highly degenerated and may even be a point. Of course,
f:I' > G cannot be a field if ¢ is not an imbedding; in this case we have to pass
to some suitable part f|,. of f such as in Proposition 6 of 1.1. If & is degener-
ated to a point, Theorem 5 is essentially the statement of 1.1, Proposition 6.

Remark 4. The transversal hypersurface in Theorem 5 turns in hindsight out
to be one of the level surface (= wave fronts) of the eikonal S of the field
f:I'> G. Namely, S oo = o*S = a*X whence d(S o 0) = d(a*2) = a*(d2) =
a*(e*y) = e¢*y = 0 by virtue of (44) and (39). This shows that S is constant on .

Remark 5. We can use Theorem 5 to construct Mayer fields which emanate
from an arbitrarily chosen regular (embedded) hypersurface & in R¥*! in such
a way that & becomes a level surface of the corresponding eikonal. For this
purpose we choose a parametric representation ¢ : I, - R¥*! of & which we
write as x = &(c), z = {(c), i.e., ¢ = (&, {). Then we determine a field of line ele-
ments &(c) = (€(c), {(c), A(c)) such that ¢*y = 0, ie., the line elements &(c) are
chosen transversally to &. Finally we construct an N-parameter family ¢(-, )
of solutions of the Euler equation Lr¢(:,c) = 0 satisfying the initial value
conditions ¢(&(c), ¢) = {(c), ¢'(¢(c), ¢) = A(c). Sufficiently close to &, the bundle
f(x, ¢) = (x, ¢(x, ¢)) then forms a Mayer field which has & as one of the level
surfaces %, of its eikonal. The level surfaces % are equidistant surfaces with
respect to the “metric” provided by the “distance function” | F dx (in the sense
described before). One can use (6, ¢) as geodesic coordinates on the domain G
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where f is defined as a field. In differential geometry it has become customary to
denote such coordinates as Fermi coordinates around &.

Of this construction, only the determination of the A(c) has remained. We
dispose this question to 2.4 and Chapter 10. (In full generality this problem can
be settled by means of Legendre transformations and Holder transformations.)

Let us briefly return to the notion of an optimal field given in Definition 2. Per definitionem,
any optimal field is a Mayer field. Interestingly, we can characterize optimal fields by means of the
inequality (21) alone if we add the assumption that the equality sign is assumed if graph v fits into
the field. This fact can be seen as a global analogue of Carathéodory’s approach in 1.2 which is more
of a local nature. Precisely, speaking, we have the following result:

Theorem 6. A field f on a domain G = R¥*! is optimal if and only if it has the following two
properties:
(i) There is a function S € C*(G) such that the inequality

b
(50) I F(x, u(x), u'(x)) dx > S(b, u(b)) — S(a, u(a))

holds for all ue C'([a, b], R"), a < b, with graph u c G.

(ii) The equality sign in (50) is assumed if u fits in the field, i.e., if u'(x) = P(x, u(x)) holds for
a < x < bwhere 2 denotes the slope function of f.

Moreover, if (i) and (ii) hold true, the function S is just the eikonal of the Mayer field f.

Proof. The necessity of (i) and (ii) follows directly form the definition of an optimal field. So we have
only to show that (i) and (ii) imply that f is a Mayer field with the eikonal S.

For this purpose we fix some u € C!([x — J, x + 6], R"), § > 0, with graphu = G. If 6 « 1,
the function

o) = J‘t F(&, u(8), w'($)) dE — [S(t, u(®)) — S(x, u(x))]

is well defined for |t — x| < & and of class C!, and

(51) D'(2) = F(t, u(2), w'(t)) — S.(¢, u(®)) — w'(8)" S.(¢, u(t)).
Since (50) implies @(t) > 0 = P(x), it follows that &’'(x) > 0, and (51) yields
(52) F(x, u(x), u'(x)) — S,(x, u(x)) — u'(x)- S,(x, u(x)) = 0.

Because of (ii), the equality sign holds true if u'(t) = 2(t, u(t)) for |t — x| < 4.
Given(x, z) € G and p € RN, we can always find some & > 0 and some u € C!([x — 8, x + 6], R")
with graph u c G and z = u(x), p = u'(x). Hence we infer from (50) that
F(X, z, P) - Sx(x, Z) -p S:(x: Z) 2 0
and
F(x, z, #(x, 2)) — S;(x, 2) — 2(x, 2)* §,(x,2) = 0

for all (x, z) € G. These are the relations (5) and (6) of 1.2 (except that we do not have the strict
inequality in (6) which, however, is inessential for the following reasoning). By the straightforward
arguments of 1.2, we arrive at the Carathéodory equations for {2, S}, and therefore f is a Mayer
field with the eikonal S. 0

We close this subsection with some results on stigmatic fields. These are
improper fields on a set G of R x R¥ which become true fields if one removes
their nodal point from G. To have a clearcut situation, we assume the following:
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Let f: "> R x RY be a stigmatic ray bundle which is defined on a param-
eter domain
I'={(x,c)e R x R":x, < x < b(c), c € I}

and has P, = (xq, zo) as its nodal point, ie. f(x,, c) = P, for all c € I,. The
parameter set I, is supposed to be the closure of a bounded domain. (Note that
we have slightly altered the form of I" in comparison with Definition 4 of 1.1.
This, however, is of no consequence for the validity of Propositions 3-6 in 1.1.)
Moreover, we set

I''={(x,deR x R": x, <x <b(c),cely},
and we assume that f|is a field. By Proposition 6 in 1.1, the field f| is even a
Mayer field on G := f(I'). Set G := G U {P,} = f(I').

Definition 3. A mapping f : I'— G with the afore-stated properties is called a
stigmatic field on G with the nodal point P,,.

We shall see that the eikonal S of a stigmatic field f: I' - G can be com-
puted in a simple way via the so-called value function X(x, c) defined in formula
(54).

Theorem 7. Let f:1'— G = G U {P,} be a stigmatic field with the nodal point
P, in the sense of the preceding definition, f(x, ¢) = (x, @(x, c)), and let g(x, z) =
(x, a(x, z)) be the inverse g:G — I" of f|r. Then the eikonal S(x,z) of f| is
obtained by

(53) S(x, z) = Z(x, a(x, 2)), (x,2)eq,
where X (x, c) is defined by

(54) Z(x, )= f FE 0(& o), /(& ) dE

X0

for all (x, c) e I, and we have limp_,p S(P) = 0 (for P € G).

Proof. First we verify that £ € C1(I"), S € C'(G), and that
(55) S.(x, 2) = Z(x, a(x, 2))- a,(x, 2).
Moreover, the identity z = ¢(x, a(x, z)) implies

a,(x, z) = 97 (x, alx, 2)),
whence
(56) S, (x, 2) = Z(x, a(x, 2))- 971 (x, a(x, z)).
On the other hand, (54) yields
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Zo(x, ) = Jx Le(e(-5 ) o+, ) dx + [Fp(x7 o(x, ¢), ¢'(x, ©)) @.(x, C)];o

= Fy(x, ¢(x, c), ¢'(x, ) ¢c(x, 0),
and, by virtue of (56), it follows that
(57 S.(x, 2) = Fy(x, z, Z(x, 2))
if we also take the differential equation
@'(x,¢) = P(x, o(x,c)) for(x,c)el’

into account.
Secondly, from

2(x, ) = S(x, ¢(x, c))
we infer the equation
2x(x, ¢) = 8:(x, @(x, ¢)) + S.(x, ¢(x, ) ¢'(x, ¢),
which is equivalent to
(58) 2. (x, a(x, 2)) = S,(x, z) + S,(x, 2): P(x, z).
On the other hand, from (54) we derive the equation
25(x, ¢) = F(x, ¢(x, c), ¢'(x, ¢))

or, equivalently,

(59) 25(x, a(x, ¢)) = F(x, z, Z(x, z)).
Combining equations (57)—(59), it follows that
(60) S.(x, 2) = F(x, 2, Z(x, 2)) — P(x, 2) F,(x, z, #(x, z)).

However, equations (57) and (60) are just the Carathéodory equations
s,=F-#F, §,=F,

for the pair {2, S}. This proves that S is the eikonal of the Mayer field f|, in
particular that S € C2. Moreover, we have

(61) 2(x, ¢) = S(z, (x, 0)),
and definition (54) implies that
lim ZX(x,¢)=0

x—+xo+0
uniformly in c € I,. Thus we finally obtain
lim S(P)=0

PP,

for PeG. O
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Note that in the proof of the relation “S(P) - 0 as P - P,” we have used
the fact that I, is a compact set. If we want to allow for more general stig-
matic fields, only a less strong result may be true, but we can always show that
S(P) — 0 as P moves to P, along a field line.

Combining Theorem 7 with the preceding reasoning, we obtain the follow-
ing generalization of Theorem 2 for stigmatic fields:

Theorem 8. Let f: "> G =Gu {P,} be a stigmatic field with the nodal point P,
(in the sense of Definition 3), and suppose that the strict Weierstrass condition

Ep(x, z, P(x,2),p) >0 for(x,z)e G and p # P(x, 2)

holds true. Finally, let P, = (x,, z,) be an arbitrary point in G, and denote by
J(, ¢y) the uniquely determined field curve passing through P, which satisfies
f(x4, ¢;) = P,. Then u(x) := @(x, c,) is the uniquely determined minimizer of the
functional

F @)= fxl F(x, v(x), v'(x)) dx

X0

among all functions v : [x,, x,]1— IRY with graph v = G and v(x,) = zo, v(x,) = z,,
which are of class C* or D'.

Proof. By assumption, f|is a Weierstrass field and, therefore, also an optimal
field on G. Let us now choose an arbitrary function v as described in the asser-
tion of the theorem, and some ¢ with x, < ¢ < x,. Then the Weierstrass repre-
sentation formula yields

(62) f B F(x, v(x), v'(x)) dx=S(P,)—S(P)+ f B &(x, v(x), Z(x, v(x)), v'(x)) dx
4 4

where P := (&, v(£)), and § is the eikonal of f|. If £ - x4 + O, then S(P) - 0 (by
virtue of Theorem 7) and

lim fxl F(x, v(x), v'(x)) dx = F (v).
E-+x0+0 J&

Therefore also the integral on the right-hand side of (62) tends to a limit, and we
obtain

(63) FW)=F W+ j ™ Er(x, v(x), P(x, v(x)), v'(x)) dx,

since we easily see that # (u) = S(P,). If v(x) # u(x), then the strict Weierstrass
condition implies

F () > F(u). a
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The presuppositions of this theorem can be weakened in various ways
which is seen best by looking at specific examples.

The construction of the distance function which led to Theorem 7 can be carried over to
certain other improper fields. This can be seen by strengthening the reasoning used for the proof of
Theorem 5. Another proof can be obtained by using the arguments employed in the proof of
Theorem 7. To this end we consider an improper field f : I'— G which is defined in the same way as
a stigmatic field except that I" and " are replaced by

I'={(x,c) &) <x <bl),cely},

I'= {(x,c): &) < x < blc), ce Iy},
and the stigmatic condition is substituted by a condition

9(8(), ©) = {(0).
Moreover, we assume that
# = (&) L) c € I}

is transversally intersected by f, and we have to set

G=fI), G=f=6us.
If we now replace (54) by

S, 0)= j F(t, 00, ) 9'(t, ) dt,
&(©)

then it follows that
Zc(xv C) = —'F(t: (P(t: C), ‘p’(t: c))|:=g(c) : é‘.(c) + [Fp(ts (0([, C), (P'(t’ C)) ‘pc(t: C)]::E(c)
and
@£(0), ©) = —9'(¢(c), )¢clc) + L()-
This implies
Zi(x, ©) = Fy(x, 9(x, &), ¢'(x, ) @clx, &) — {F, {(0) + [F — ¢'(£(c), o) F,)E0)},

where the superscript ~ indicates that the argument has to be taken as &(c), @(¢(c), ¢), ¢’(¢(c), c).

Since & is transversally intersected by the improper field, we have {...} = 0. Thus we arrive at

Z(x, ¢) = Fy(x, o(x, ¢}, 9'(x, )" @c(x, c).
From here on we can repeat the computations of the proof of Theorem 7, and we see that
S(x, 2) := Z(x, a(x, 2))

is the eikonal of the field f|, with the inverse g(x, z) = (x, a(x, z)). We leave it to the reader to
complete the discussion and to formulate complete results analogous to Theorems 7 and 8.

2. Embedding of Extremals

We shall now discuss the problem of embedding a given extremal into a Mayer
field.

In 2.1 we shall see that an extremal arc can be embedded into a Mayer field
if it does not contain a pair of consecutive conjugate points. This embedding is
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only local, i.e., it will be carried out on a sufficiently small C°-neighbourhood of
the given extremal arc. In 2.2 we shall see that this construction even leads to a
global embedding provided that n = N = 1. As an interesting by-product we
obtain Jacobi’s envelope theorem which generalizes classical results on bundles
of straight lines and on the evolute and the involute of a given curve. In 2.3 we
shall consider certain integrals of the kind [} w(x, u)\/1 + > dxforn=N =1,
and we discuss the brachystochrone in some detail since its weight function
o(x, z) = 1/\/H — z is singular at the left end point P = (a, H).

Finally, in 2.4 we consider certain generalizations of stigmatic bundles
which are called field-like Mayer bundles, and their singular points which are
denoted as focal points. The focal points form the focal set (or caustic) of the
field-like bundle. Between two consecutive sheets of its caustic, a field-like bun-
dle is, in fact, a Mayer field, and it will turn out that focal points play the same
role for field-like Mayer bundles as conjugate points for stigmatic bundles.

2.1. Embedding of Regular Extremals into Mayer Fields

Fix some Lagrangian F(x, z, p) which is defined on Q2 x R where Q is an
open set in the x, z-space (= configuration space), and let u: [a, b] = RY with
graph u — 2 be an F-extremal. Since we want to work with the Jacobi equations

4y Fo=0

corresponding to the extremal u, we assume for the following discussion that
F is of class C*. Moreover, we shall suppose that all line elements #(x) =
(x, u(x), u'(x)) of the extremal u are regular, i.e., the matrix

2 A(x) = (Fpipu(x, u(x), u'(x)))
is supposed to be invertible for all x € [a, b]. Then we can write (1) in the form
3) v" = H(x)v + K(x)v',

with suitable matrix functions H(x) = (h;(x)) and K(x) = (k;(x)) which can be
computed in terms of the matrices 4 := F,,0¢, B:=F, 0/, C:=F,_ 0 ¢ and
their first derivates. The matrices H(x) and K(x) depend continuously on x.

Then we can extend u as an F-extremal to some slightly larger interval
[ao, bo] such that ay < a < b < by, and that A(x) is also invertible on [a,, b, ].
Correspondingly we consider the Jacobi equations (1) or (3) on the larger
interval [ay, by ].

Let us recall that the solutions v : [a,, by] = RY of (1) or (3) are denoted as
Jacobi fields (with respect to the extremal u). The set of all Jacobi fields forms a
real vector space which will be denoted by ¥". For any ¢ € [a,, b, ], we introduce
the linear subspace
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@ Yo(8):={ve¥:0() =0}
of Jacobi fields v that vanish at x = £.
Lete, =(1,0,...,0),...,ey = (0, ..., 0, 1) be the canonical base of R". For
any ¢ € [ay, by] we consider the Jacobi fields v,, ..., vy, Wy, ..., wy satisfying
(&) =¢, w(E)=0,
vi(6)=0, wi()=¢.
For prescribed values of v(£) and v'(£), equation (3) possesses exactly one solu-
tion v: [ag, by] = R¥. This implies that

©®)

©) ¥ =span{v;, ..., Uy, Wi, ..., Wy}
and
™ ¥o(§) = span{wy, ..., wy}.

It is now an immediate consequence of (5) that the 2N Jacobi fields v, ..., vy,
Wy, ..., wy are linearly independent elements of ¥". Hence they form a base of
v ,and wy, ..., wy provides a base of ¥,(£). In particular, we have

®) dim¥ =2N,  dim %,(¢) = N.

Now we want to characterize pairs of conjugate values &, &* € [a,, by] with
& # &* for the extremal u : [a,, by] — RY, extending this way the results of 5,2.2
to the case N > 1. Recall that &, £* are said to be a pair of conjugate values in
[ao, bo] if & # &* and if there is some v € ¥~ which is nontrivial (i.e. v # 0) and
satisfies v(&) = 0, v(&*) = 0.

Lemma 1. Let w,, ..., wy be a base of ¥,(&) for some & € [ay, by ], and set

()] A(x) := det(wy(x), ..., wy(x)) for x € [ag, bo].

Then, for £* € [ay, by] — {£}, the couple &, &* is a pair of conjugate values if and
only if A(&*) =0.

Proof. (i) Suppose that &, £* is a conjugate pair of values in [a,, b, ]. Then there

is some v € ¥(&) such that v # 0 and v(¢*) = 0. Since v # 0, there exists a non-

trivial linear combination A/w; of wy, ..., wy such that v = Jw;. By v({*) =0
N

we obtain Alw,(&*) + -+ + ANwy(E*) = 0, and since Y’ |A/]? # 0 it follows that
=

4" =0.

(i) Conversely, if 4(¢*) = 0, then there is a nontrivial N-tuple (4, ..., A") e
RY such that Aiw,(¢*)=0. Set v:= A/w;. Then v#0, ve¥’, and v({) =0,
v(&*) =0. O

Another characterization of pairs of conjugate values is provided by

Lemma 2. Letv,, v,, ..., v,y be an arbitrary base of ¥, and set
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— v1(x), ..., 2n(x)

(10) D(x, &) := det (01(6), o vw(é)) Jor x € [aq, by],

where & is a fixed value in [ay, by]. Then, for &* € [aq, by] — {&}, the couple &, &*
is a pair of conjugate values if and only if D(£*, £) = 0.

Proof. (i) If (&, £*) is a conjugate pair, there is some ve ¥, v # 0, such that
v(¢) = 0 and v(¢*) = 0. Hence there is some 2N-tuple ¢ = (¢, ..., ¢*") # 0 such
that v = c'v, + --* + ¢*¥v,y = c*v,. We infer from c®v,(¢) = 0 and c*v,({*) =0
that D(&*, ) # O since ¢ # 0.

(ii) Conversely, the relation D(£*, ) =0 implies the existence of some
c=(c,...,c*") e R?N, ¢ # 0, such that the system

() =0, c0,(*)=0

is satisfied. Then v ;= c"v, is a nontrivial Jacobi field vanishing at x = £ and at
x = &*, a

We can use Lemma 2 to show that nonexistence of pairs of conjugate values
in the interval [a, b] is a stable property with respect to small changes of the
endpoints a, b.

Proposition 1. If there is no pair of conjugate values £, £* (with € # £*)in [a, b],
then, for 0 < d < 1, also the interval [a — 6, b + 3] does not contain pairs of
conjugate values.

Proof. Choose 4 >0 so small that ay <a— 9 <b+ J < by. Then, for (e
[a — d,b + 4], we consider a base v(-, ), 1 <j < 2N, of ¥" whose elements
satisfy the initial conditions

Uj(éa §)= ¢ vj,(éa §)=0, vN+j(§a §)=0, U;V-Fj(c, §)= ]

for 1 <j < N. Let D(x, £) be the corresponding determinant defined by (10);
for the sake of brevity, we write v/(x) instead of v;(x, {). Then our assumption
implies that

(11) D(x,8) #0 for x € [a,b], x # ¢, (¢ e[a,b]),

if we take Lemma 2 into account.
Moreover, we can write

vj(x) - Uj(f )=(x—-¢ )wj(xa ),

where
1

wj(x, §) = J (€ + tlx — ) dt.

0

We infer that
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&) =d 0;(x) — v1(&), ..., von(x) — Uzn(f))
S “( 21() .., v2x(®)

n g @10% 8., @2n(x, &)
=G0 det( 01(8), .., v25(8) )

Let us denote the last determinant by D(x, £). Then we have
(12) D(x, &) = (x — &)"D(x, &) forx,ée[a—6,b+ 6],
and w;(&, &) = vj(£) implies that
(13) D &)= +1 forallée[a—4d,b+6].
It follows from (11)—(13) that
(14) D(x, &) #0 forall x, & € [a, b].

Well-known results on the dependence of solutions of initial value problems on
their initial data imply that D(x, £) is a continuous function of (x, £) on the
rectangle [a — 6, b + 8] x [a — §, b + 6]. Then we infer from (14) that

D(x,&)#0 forallx,¢e[a—d,b+ 5]
if 0 < 6 « 1. Hence, by (12), we obtain that
D(x,&)#0 forallx,ée[a—4,b+ 0] withx #£&.
By virtue of Lemma 2, we conclude that [a — 6, b + d] does not contain a pair

of conjugate values ¢, £* with & # £* provided that 0 < d « 1. O

Let us now return to the extremal u: [a, b] — IR that we considered in the
very beginning. It was thought to be extended to a larger interval [aq, by],
a, <a <b < b, Set

(15) 2o = u(ay), Co == u'(ao),
and consider the initial value problem
(16) LF(q’(’ C)) = 0’ (P(ao, C) =1Zp, (p,(a09 C) =c

for the function z = ¢@(x, ¢). If we restrict c to a sufficiently small neighbourhood
Iy(e):={ceRN:|c —¢col <&}, €>0,

of c,, the uniquely determined maximal solution ¢(-, c) of the initial value
problem (16) is defined on I :=[ay, by]. Thus we can view ¢ as a mapping of
=1 x I,(¢) into RY, and f(x, ¢) := (x, @(x, c)), (x, c) € T, defines a stigmatic
ray bundle in the sense of Definition 4 of 1.1, since the initial conditions of (16)
imply

(P(ao, C) = Zyp, det ‘Pé(ao, C) =1.

The nodal point of the bundle f : I'— R¥*! is the point P, = (ao, zo). By Propo-
sition 3 of 1.3 it follows that f is a Mayer bundle.
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Moreover, by the results of Chapter 5, the functions
0
(17) w9 = 2 o5 c), 1<a<N,
are Jacobi fields along the extremal u, i.e., wl, w,, ..., wy € ¥7, and we infer from
the initial conditions of (16) that
(18) Wa(aO) = 0’ wa(aO) = €4, 1 <a< N.

Hence wy, w,, ..., wy is a base of ¥,

Suppose now that [a, b] does not contain a pair of conjugate values &, &*
with ¢ # £*. Then the same holds true for [a,, by] if a — a, and b, — b are
sufficiently small (see Proposition 1), and, by Lemma 1, (17) and (18), we obtain
that

det(@.1(x, €o)y .- -5 (X, ¢0)) #0 fora, < x < b,.

Hence, for any x, € (aq, a], we can find a sufficiently small value of ¢ > 0 such
that

det . (x,c) #0 ifxo <x < byand |c — ¢co] < €.

or=(5):

the Jacobian #; of the mapping f : I' > RM*! js given by

Because of

S, =det g,.

Then the implicit function theorem in conjunction with a simple covering argu-
ment yields that the restriction of f to [x,, by] x Iy(e) is a field provided that
0 < ¢ « 1. Combining this result with Proposition 3 of 1.1, we infer that f|ris a
field on G = f(I') if we define I" by

I:=1x1Iye), I:=(agby], 0<exl,

and Proposition 6 of 1.1 implies that f|,:I" — G is a Mayer field on G. Accord-
ing to Definition 3 of 1.3, the mapping f : I'-G:=GuU{P,)} = f(I') is a stig-
matic field on G with the nodal point P, = (aq, o).

Let us summarize the results just obtained:

Theorem 1. Let F(x, z, p) be a C3-Lagrangianon Q x R¥,and u: [a, b] - R” be
an F-extremal in Q with regular line elements, i.e., the matrix F,,(x, u(x), u'(x)) be
invertible for all x € [a, b]. Suppose also that the interval [a, b] contains no pair
of conjugate values of u. Then we can embed u into a stigmatic field f: ' G =
G U {P,} with the nodal point P, = (ay, z,), where I' = I x Io(e), I = [ay, by},
ao<a<b<by, Ie)={cilc—col <€}, €>0, and f(x,co) = (x, u(x)) for
a < x < b. The restriction of f to I' =1 x Iy(¢), I = (aq, by ], is a proper Mayer
field on G = f(I).
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By the results of 1.3, we then obtain the following generalization of Theo-
rem 3in 1.3:

Theorem 2. An F-extremal u:[a, b] - RY is a (strict) strong minimizer of
F(u) = [2F(x, u(x), u'(x)) dx if the following conditions are satisfied:

(i) F,p(x, u(x), u'(x)) is invertible for all x € [a, b];

(i) &(x, u(x), u'(x), p) > 0 for all x € [a, b] and all pe RN — {u'(x)};

(iii) the interval [a, b] contains no pair of (different) conjugate values of u.

Remark 1. We can replace (i) and (ii) by the more stringent assumption that
F,,(x,z, p) > 0 holds true for all (x, z, p) € # x RY where % denotes a suffi-
ciently small neighbourhood of graph uin R x R¥.

Remark 2. The condition (ii) of the preceding theorem implies that
F,,(x, u(x), u'(x)) > 0. Hence, (i) is equivalent to

F,(x, u(x), u'(x)) >0 for all x € [a, b]

if also (ii) is required.

2.2. Jacobi’s Envelope Theorem

We now want to consider singular Mayer fields in the case N = 1. Such a field
is just a one-parameter family of extremals loosing the field property at its
boundary.

Let us begin by looking at a stigmatic bundle f of class C?,

(1) fx, o) = (x, o(x, ), xo<x<b(a), x€eA,

with the nodal point Py = (x,, zo) € R2. We assume that ¢(-,a) is a one-
parameter family of extremals with respect to a C3-Lagrangian F where o is a
real parameter varying in an interval 4, i.e.,

@ Le(o(-, a)) =0.
We assume that F is elliptic on the line elements of f, that is,
(€) Fpp(x, @(x, a), ¢'(x, )) > 0,

and we suppose that [x,, b(«)) is the maximal interval of existence to the right
of the solution ¢(-, &) of (2). Moreover, we have

4) o(xo, ) = 2o, 1ie, f(xo,a) =P
and
(5) Qu(x0, ) #0 forallae A4,

since f is assumed to be a stigmatic bundle with the nodal point P,
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Then, for every a € A, the function v(x):= ¢,(x, ®) defines a nontrivial
Jacobi field v along the extremal ¢(-, «), and v(x,) = 0. It follows that v'(x) # 0
whenever v(x) vanishes. That is, we have ¢, (x, a) # 0 at all values x where
@,(x, a) = 0, and therefore we have found:

For all x € (x4, b(2)) conjugate to x, we have @,(x, a) # 0.

The envelope & of the bundle f is just the conjugate locus of f, i.e., the locus
of the conjugate points of the extremal curves f(-, ®). It is described

(6) & = {(x, p(x, ®)): xo < x < b(a), & € A, P (x, a) = 0}.

(Precisely speaking, it is the envelope of the “open” bundle f(x, @), x, < x < b(a),
aeA)

Denote by &, the first conjugate locus of f consisting of all conjugate points
f(&, a) of the extremal curves

™ () :=f(:, ),

such that ¢ is the first conjugate value of the extremal ¢(:, @) to the right of
x = x,. Of course, there might not exist a conjugate point of €(«) and, in partic-
ular, &, could be empty.

Let us presently assume that, for every a € A, there is a first conjugate value
&(a) € (xq, b(x)) to x = x, for the extremal curve €(«). Then

® P(@) = (§(@), {@), (@) = o(&(2), @)

is the first conjugate point of €(a) to the right of P,. However, we are not
allowed to conclude that P(«) is the only intersection point of &; with the curve
€ (o).

We infer from (6) that

9) @ (é(),x) =0 forallaec A,
and by the afore-stated remark we have
(10) Ou(é(@), 0) 0 forallae 4.

Hence we can apply the implicit function theorem and obtain that &(«) is a
C!-function of « € A. By differentiating (9) with respect to a, we obtain

‘pax(f(a)’ (Z) éa(a) + (paa(é(a)s a) =0,

whence
d¢ Paa((), )
11 % 0= —Pulsl® 0
v = o@D
Moreover, we infer from (8) and (9) that
d d
(12 0= 0@ .

Therefore, the first conjugate locus &, = {P(«): a € A} is a regular C'-curve if we
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assume that
(13) OualE(@), ) #0 forallae 4.

In fact, the relations (11) and (13) imply that :—i(a) # 0 for all « € A. Hence the

function x = &(«) possesses a C!-inverse a = a(x) defined on some interval I on
the x-axis, and &, turns out to be the graph of the function h(x) := {(a(x)), x € I,
ie.,

(14) & = {(x, h(x)): xeI}.
Now we introduce the sets /" and I” by
I:= {(x, a): xg < x < &(a), x € A},
Ii={(x,a):xo < x < &), x € A}.
We claim that f|ris a field, and that each “restricted” curve
(16) E*0) = S5 Dlep,

meets the first conjugate locus &, exactly at the point P(a).
It suffices to show this assertion under the additional assumptions

(15)

@u(x, ) >0 for x5 < x < £(a),
Pua(l(@), ) <0 forae A,
and
Pux(E(@), @) >0 foraeA.

Then &(x) is a strictly increasing function of € A4, a(x) is a strictly increasing
function of x € I, and ¢(x, «) is strictly increasing for « € A(x) := A N {a > a(x)}.
Therefore, f maps the segment {x} x A(x) bijectively onto the segment {x} x
@(x, A(x)). This proves the assertion.

Furthermore, one infers from (12) that h(x) is strictly monotonic if

17 @ (@), ) #0 forallae A.

Let us summarize our results as

Theorem 1. Let f(x, ) = (x, ¢(x, a)), x € A and x, < x < b(a), be a stigmatic
bundle of extremals (N = 1) with the nodal point P, = (xq, zo) = f(xq, ®), and
suppose that, for every o € A, there is a first conjugate value &(a) € (x4, by(x)) to
Xo With respect to the extremal (-, o). Suppose also that (3) holds and that

Oua(é(@), @) #0 forallae A.

Then f is injective on {(x,a): a € A, xo < x < &(0)} and the restriction f| to
I'={(x,0)a€e A, xo <x <&} is a Mayer field. The first conjugate locus
&, = {P: P = f(&(0), @), a € A} is the graph of a C'-function z = h(x), xel
(= interval in R) which is strictly monotonic if (17) holds true. Each field
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Fig. 7. Jacobi’s envelope theorem for extremals emanating from a fixed point P,,.

curve €)= f(-, @), ey Meets &, exactly at its first conjugate point P(a) :=
Sf(&(«), ®). In particular, the restriction f|pto I' := {(x, a): o« € A, xo < x < &()} is
a stigmatic field. The first conjugate locus is part of the envelope & of the bundle
£, and this envelope is defined by the equations

z=¢@(x,a) and @, (x,a)=0.

Note that this result can be viewed as a “global” embedding theorem of a
given extremal up to the first conjugate point to its left end point.

An obvious variant of the preceding theorem is that a stigmatic bundle
furnishes a stigmatic field if its envelope is empty, or, equivalently, if its (first)
conjugate locus is empty, provided that N = 1.

We remark that here as well as in Theorem 1 the assumption N = 1 is
crucial.

Theorem 2. (Jacobi’s envelope theorem). Suppose that N = 1, and that we have
the situation of Theorem 1. Then, for two arbitrary values o, a, € A with &(a;) <
&(ay), it follows that

&) &)
f F(x, o(x, y), ¢'(x, 2,)) dx + f F(x, h(x), h'(x)) dx

%o Ha)
(18)
)

= j F(X, (p(x’ “2), (P/(x, “z)) dx’
xo
or, in a sloppy but more suggestive notation

(18) F(8) + F(61)) = F(%,).

Here %, and %, denote the extremal curves f(x, a,), Xo < X < E(ay), and f(x, a,),
Xo < x < &(a), respectively, and &,, stands for the arc z = h(x), £(a;) < x <
&(ay), of the first conjugate locus between the endpoints of €, and €,.
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Proof. Let S be the eikonal of the field f:I'—> G where G := f(I'). We can
extend S from G to G U {P,} such that S(P) - S(P,) = 0 if P tends to P, along
an extremal emanating from P, (see Theorem 7 of 1.3). Secondly we can extend
the slope function #(x, z) to a continuous function on G U &, by setting

P(x, h(x)) := h'(x) = ¢'(x, a(x)),

where a = a(x) is the inverse of x = £(a). Then, by employing the Carathéodory
equations
S;=F-2F,, S8.=F,

we can extend S(x, z) to a continuous function on G U &;. It follows that
d
it h(x)) = 5,(x, h(x)) + S.(x, h(x))h'(x) = F(x, h(x), b'(x)),
whence we obtain

&laz)
L( ) F(x, h(x), b’(x)) dx = S(P(a;)) — S(P(x,)).

On the other hand, we have

&)
‘[ F(x’ (p(x, ai)’ (p’(x’ (X,-)) dx = S(P(ax))

*o

for i = 1, 2, and the assertion is proved. O

Remark. We already know that an extremal cannot furnish a minimum and not
even a weak minimum if its interval of definition contains a pair of conjugate
values. That is, an extremal arc f(-, a) emanating from P, = (x,, zo) to the right
loses its minimizing property beyond the first conjugate point P(x) to P,. In the
situation assumed in the envelope theorem it is clear that none of the extremals

E*(@) := {(x, p(x, ®)): xo < x < &(a)}

between P, and P(a) = (¢(a), {(«)) is a minimizer or even a weak minimizer.
In fact, if a, € 4 is not the left endpoint of A, then there is an g, > 0 such
thatae Aifa, — ¢y < @ < a,. We now set

._ {«p(x, ) if xo < x < Eay),
V=) i) < x < ),

where a, is an arbitrary number in (x, — &y, ®,) and &(x) is assumed to be
increasing. Then v is of class C', has the same boundary values as ¢(-, a,) and
satisfies

F ) = F(o(, 22))

by virtue of (18). It is easy to see that, therefore, the function v is a weak mini-
mizer of F if a, is sufficiently close to a,, provided that ¢(-, a,) is a weak
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minimizer. In particular, the restriction h|; of h to the interval I := [£(a,), &(x,)]
has to be a weak minimizer. Because of (3), the Legendre condtion

19) F,,(x, h(x), h'(x)) > 0
holds true, and therefore h|; is an F-extremal. Moreover, the Cauchy problem
Lp(u) =0, u(x)=h(), u'(x)=h(x) for x = &(a3)

has only one solution whence h(x) = ¢(x, a,) for all x € I since h(x) = ¢(x, ;)
and h'(x) = ¢'(x, a;) at x = £(«,). Thus we have arrived at a contradiction to
Theorem 1.

The loss of minimum property exactly at the conjugate point with regard to
the left endpoint occurs in most cases, but there are exceptional situations. It
was discovered by A. Kneser? that one has such an exceptional case if the
envelope has a cusp at the point P(x) conjugate to P, which points towards F,.

As we are in the case N = 1, no new ideas are needed to carry over the preceding results to an
arbitrary bundle of extremals

fx,0) = (x, o(x, ), xo(0) < x < b(a), x€ 4,
satisfying
Oulx0(@), ) #0 forallae 4.

We know that f is a Mayer bundle. Suppose that x, € C? and x,, # 0. Then the left endpoints
Py(a) = (xo(a), zo(ar)) with zg(@) := @(xq(a), a) of the rays f(-, a) form a regular curve

Sy 1= {Pyla) a € A}.
Let x = £(a) be the first zero of ¢,(x, @) to the right of x = x,, and set {(a) := ¢(&(a), a), P(a) :=
(&(a), £(x)). Then P(a) is called the first focal point on the extremal curve €(a) := f(-, «), and
&, = {P(o): x € A}

is said to be the (first) focal curve of the bundle f. Assume that on every € () there is a first focal point
and that

ualE(@), @) # 0.

Then the focal curve is a regular C'-curve which has a nonparametric representation as graph of a
C-function z = h(x), and the rays €*(«) of f between &, and &, form an (improper) field. This is
proved in exactly the same way as Theorem 1.

Suppose now that %, is transversal to the rays of the improper field f. Then %, is a level line of
the eikonal S of f. Let us consider two rays ¢, and %, of the field whose left endpoints on the
tranversal line are Py and Py, and which meet the focal line &, at P, =(¢,,{,) and P, = (&5, {,)
respectively. Let £, < £, and denote by &, the subarc of &, connecting P, and P,. Then Jacobi’s
envelope theorem takes once again the form

(20) F (&) + F(61)) = F(%,).

We can view (20) as a generalization of a classical result on evolutes (or involutes). The evolute & of

2Cf. Carathéodory [10], p. 295, and Bolza [3], pp. 363-364.
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y
P
‘ x
F; 0 F,
Fig. 8. Jacobi’s envelope theorem for extremals Fig. 9. Evolute of an ellipse.

intersecting a curve S, tranversally.

a given curve ¢ is by definition the envelope of the normals to €. Consider two normals .#; and 4,
to ¥ emanating from P) and P; € ¢ and touching & at P, and P, respectively. Then |P, — Pg| —
|P, — Py| is equal to the arc &,, on the evolute & between P, and P,, provided that & is regular.
Conversely, if € is a given curve, one obtains the involute € corresponding to & by the following
geometric construction: We imagine a flexible but inextensible thread which is attached to some
subarc of the curve & and stretched so that the nonattaching part of it extends tangentially away
from the curve. Then, as we unwind the thread from &, its free endpoint P, will describe a curve €
which is called the involute of &. Clearly, the original curve & is the evolute of its involute €.

For instance, the involute of a cycloid is itself a cycloid which can be obtained from it by a rigid
motion. This fact was discovered by Huygens and used for the construction of a cycloidal pendulum.
It is well known that such a pendulum can be used to build a “perfect” pendulum clock as every
cycloid is a tautochrone.

The involute of the circle x = cos ¢, y = —sin ¢ is seen to be the spiral-like curve

x=cos @ + @sin @, y= —sin¢ + ¢ cos ¢,

and the involute of an astroid is an ellipse or, vice versa, the evolute of an ellipsoid is an astroid. This
provides us with an example of a transversal surface %, for which the envelope (= focal line) of the
rays orthogonal to %, has cusps.

2.3. Catenary and Brachystochrone

Many examples lead to variational integrals of the kind

x2
Fu) = J. o(x, u)/1 + u'? dx,

Xy

with the Lagrangian
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Y F(x,2,p) = o(x, 2)y/1 + p?,

where w(x, z) is defined on G, = R?, and p e R.

Suppose that w is sufficiently smooth on G, and satisfies w(x, y) > 0 on G,
(we can, for instance assume w € C? to fulfil the general assumptions of this
section but the reader will easily verify that usually less will do). From

gF(xi Z, D, q) = F(xa 2, ‘1) - F(xa Z, P) - (q - p)Fp(x7 2z, P)
=34q—p’F,(x,z,p+d(g—p), 0€(01)
and

w(x, z)
F,,p(X, z,p)= ‘{“l_q__pT}ﬁ s

we infer that
&e(x, 7, p, 9) = 3(q — Polx, {1 + p*} 72,
where p = p + 6(q — p), 0 < § < 1, and therefore
&e(x,2,p,q9) >0 ifp+#q.

Thus we have proved: Every extremal field of (1) is an optimal field.
By virtue of the results in 1.3, 2.1 and 2.2 we obtain:

Let f be an extremal field covering G < G,, and assume that u(x), x, < x < X,, is
an extremal which fits into f. Then u is the unique minimizer of the functional (1)
among all D*-curves v(x), x, < x < X,, with graph(v) = G which have the same
boundary values as u.

Similarly we obtain:

Let u:[x,, x,] = R be an extremal with the left endpoint P, = (x,, z,), and sup-
pose that u fits into a stigmatic field of extremals with the nodal point P;. Then u
is a strict minimizer of # among all D*-curves in G U {P,}.

Recall that for Lagrangians of type (1), free transversality means ortho-
gonality provided that w > 0. Moreover, for every o > 0, any corresponding
stigmatic field with the nodal point P; looks like a pencil of straight lines ema-
nating from P,, and the associated transversal lines are nearly circular arcs
centered at P, (cf. Figs. 10a and b). For singular densities w(x, z) vanishing at P,,
the situation can be more complicated (see Fig. 10c). In such a case, a careful
analysis of the behaviour of the eikonal S in the neighbourhood of P, is needed.
An example of this type is furnished by the brachystochrone problem to be
discussed below.

Let us mention that the expression

ds = w(x, z)\/dx* + dz?
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Fig. 10. (a—c).

defines a non-Euclidean line element which is conformally equivalent to the Euclidean line element
Jdx? + dz? provided that we assume w(x,z) >0 on G,. Then G, equipped with the metric ds
becomes a two-dimensional Riemannian manifold. Its Gauss curvature K(x, z) at the point (x, z) can
be computed by the formula

1
=——4] ,
il

2 az
where 4 = o + 32 is the ordinary Laplacian (see Supplement).
x z

If Gy = {(x, z) € R?: z > 0} is the upper half-plane and w(x, z) = 1/z, we obtain K(x, z2) = —1,
i.e., (Go, ds) is a two-dimensional model space of constant negative curvature. We shall look at this
example in[3].

The integral

L) = r w(d)|é] dt

is the length of a curve c:[a, b] > G,. In particular, #(u) = (2 w(x, u(x))\/1 + w'(x)* dx is the
length of a curve in G, which is represented as a graph of some function , i.e., c(x) = (x, u(x)).
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A good illustration of the Weierstrass field theory is provided by 5,2.4 [4] and [5] where we had
constructed stigmatic fields together with their envelopes &.

Consider the integral

f(u):J‘XI./H—u./1+u’zdx,
0

with H > 0, x, > 0. In 5,2.4 [4] we had seen that the Galilei parabolas

2

1 .
z=o(x,a):= — 4Ha x> +ax, 0<x<&*a), aeR

(with &*(a) = oo if a <0, £*(a) = 2H/a if a > 0) form a stigmatic field of extremals covering the
domain

' f ®)

Fig. 11. (a) A family of congruent parabolas with their vertex on & and their axes perpendicular to
&, together with their orthogonal trajectories (= lines of constant action = wave fronts), which are
Neil parabolas. (b) Parabolic orbits of particles in the (vertical) gravitational field of the earth. The
particles are projected horizontally in a vertical plane from points on the same vertical line with
such velocities that their total energies are equal to a fixed constant h, together with their orthogonal
trajectories (= lines of constant action). (c) Parabolas emanating from a fixed point P, describing
orbits of a particle within the gravitation field of the earth having fixed initial speed v; their envelope
& and their orthogonal trajectories (= lines of constant action = wave fronts).
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2
G =14(x,2): 0<x<oo,z<H——x~ s
4H

which lies below the envelope & and to the right of the z-axis. Hence P, = (0, 0) and any point
Py =(x,, zy) in G can be connected by an arc z = ¢(x, a), 0 < x < x, < &*(a), of one of the field
curves, and u(x) = @(x, a) minimizes % (u) among all v € C*([0, x, ]) with graph(v) = G and v(x,) = z,,
v(0) = 0.

Note that P,, P, € G can be connected by exactly two parabolic arcs z = ¢(x, a), 0 < x < x,,
but for one of them 0 < £(a) < x, holds true. This arc is not contained in G, and it is not minimizing
since there is a point P*(a) conjugate to P, on the arc between P, and P,.

Secondly we consider the area functional

x2
.:zl(u)=27tJ‘ u/1+u?dx

*1

of surfaces of revolution generated by meridian curves z = u(x), x, < x < x,, with u(x) > 0. Its
x—b

extremals are the catenaries u(x) = a cosh , x€ R, with a >0, b e R. The one-parameter
family of catenaries

Zy

o(x, 0) = cosh<a+x_xlcosh a), aeR,

cosh a z,

describes all extremals passing through the point P, = (x,, z,). They cover the set
G ={P,} U {(x, 2: x> x,, h(x) <z < 0}

between the positive z-axis and the branch &* of their envelope which is given by the parabola-like
function z = h(x), x > x,. Every point P, € int G can be connected with P, by exactly two extremals
@(x, a,) and @(x, a,). If &, < a5, then ¢(x, a,) < ¢(x, a;), and the conjugate point P*(x,) to P, lies
between P, and P, whereas the conjugate point P*(a,) comes behind P, (if there exists a conjugate
point to P, at all to the right of P,).

The catenaries z = ¢o(x, ), x; < x < &(a) for « <0 and x; < x < o for « > 0 form an im-
proper stigmatic field covering G, which is proper on int G.

Therefore every point P, = (x5, z;) in int G can be connected with P; by exactly one mini-
mizing catenary. This catenary is the unique minimizer of the functional o/ among all u € C*([x,, x,])
with u(x,) = z,, u(x,) = z, and graph(u) = P, uint G.

However, if we also admit parametric curves c(t) = (x(t), z(t)) contained in the half plane
{z > 0}, this minimizing curve will not always be the absolute minimizer.

Consider the so-called Goldschmidt curve 4 formed by the vertical connections P, Py and P, P,
of P, and P, with the x-axis, and by the horizontal piece P; P, on the x-axis, connecting the foots P,
and P, of P, and P,, respectively. It can happen that ¢ is the absolute minimizer of the surface area

P2
ZnI z/dx? + dz?,
Py

and in any case ¥ is a relative minimizer of surface area if we admit all rectifiable curves c(t) in
{z = 0} for competition. Here we have an example of a so-called® discontinuous solution of a varia-
tional problem. For instance, if P, and P, are “far apart”, there will be no catenary joining these
points. Nevertheless, there is always a Goldschmidt curve connecting P, and P, which then will
furnish the absolute minimum of 27 {2 z|¢| dt among D*-functions c(¢) such that |é(t)| # 0.

3 Clearly c(t) is not discontinuous in the present-day terminology but only nonsmooth, i.e., é(t) is
discontinuous. The name derives from the old notation of the Leibnizian age where “continuous”
roughly speaking meant: representable by analytic expressions.
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A detailed account on minimal surfaces of revolution and on the role played by the
Goldschmidt curve will be given in Chapter 8.

Now we consider the Lagrangian F(x, z, p) = o(x, z)/1 + p? with
1
o(x,z) =-
z
corresponding to the line element
2 1 2 2
ds* = —(dx* + dz?).
z

As we had remarked earlier, the upper halfplane G, = {(x, z) € R%: z > 0} equipped with the metric
ds becomes a two-dimensional Riemannian manifold with the Gauss curvature K = —1. Every
(nonparametric) extremal u(x) of

X2 l
f(u):J —J1+u?dx
x U

describes a circle, the center of which lies on the x-axis. Hence any two points P, = (x,, z,) and
P, = (x,, z;) in Gy with x, < x, can be connected by exactly one extremal arc. Let @, = (£,, 0) and
Q, = (&,, 0) be the intersection points of the full circle determined by this arc with the x-axis, and
let {; and {, be the two complex numbers defined by {, := x, + izy, {; := x, + iz,. Then the length
F (u) of the extremal arc (x, u(x)), x; < x < x,, connecting P, and P, is found to be

'g:(u) = IOg D(él! CZ’ Cl’ 62);

where

& — Cz . &—0
61 - Cl ' 52 - Cl
is the cross-ratio of the four complex numbers ¢,, {,, {,, &,.

The two-dimensional space (G,, ds) is known as Poincare’s model of the hyperbolic plane. It is
a model of a two-dimensional non-Euclidean geometry where the extremal circles are the non-
Euclidean straight lines. In order to complete the model we have to add the lines {x = const} which
are extremals of the parametric integral

by
J —JX2+ 32 dt.
a 2

It can be seen that all extremals u of # (1) in the upper half plane are global minimizers.

D(CU CZa Cl’ 62) =

The next example will also show the necessity of suitable enlargement of the class of admissible
functions beyond C!.

[4] The brachystochrone problem, posed by Johann Bernoulli in 1696, is the problem of quickest
descent:

For two given points P, and P, in a vertical plane, find a line connecting them, on which a movable point
M descends from Py to P, under the influence of gravitation in the quickest possible way.

We assume that the point slides frictionless in the x, z-plane from P, = (x,, z,) to P, = (x,, z,),
X; < X5, Zy > 2,, where gravity is acting in direction of the negative z-axis. Assume that only
nonparametric paths z = u(x), x, < x < x,, are admitted for competition. The actual motion of the
point will be denoted by

c(t) = (x(@®), z(t)), ty<t<t,,
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where c(t;) = P, and c(t,) = P,. Since we consider a constrained motion along an arbitrarily chosen
path z = u(x), there will be reaction forces A(r)n(t) perpendicular to the path direction forcing the
point mass to stay on the path. Thus Newton’s equations of motion take the form

= —ge;, + An,

where g is the gravity acceleration, e, = (0, 1) the unit vector in direction of the z-axis, and n the unit
normal of the curve. As pointed out in 3,1 |2 we have

- . uz
¢=0t+—n,
p

where t =|—z| is the tangent vector, v = |¢|, and p is the curvature radius of the path. For the
tangential component we obtain the equation
V= —gf ,
v
i.e.
(Bv?) =vo = —g3,
and therefore
1v? + gz = const := h.

If c(ty) = P, = (x,, z,) and |é(t,)} = v, = 0, it follows that

h=1%v} +gz,.

In the classical brachystochrone problem it is assumed that, at ¢t = ¢,, the point starts to fall with the
initial velocity zero, i.e., v; = 0. As this will lead to a singular integral, we first assume v, > 0, and
then v, = 0 is treated by a limit consideration.

Introduce the arc length s = s(t) by § = v. Then it follows that

d
5 = V2=,
and therefore the total fall time T = ({2 dt from P, to P, is given by
- J' = ds L [ ds
o S2h—g2) J2gJs JH—2
where
2
vy
H:= k, ki=—.
z, + %

The required path z = u(x), x, < x < x,, has to minimize T among all virtual paths connecting P,

1
and P,. Since the factor \/—Z is irrelevant and ds = /1 + u'? dx, we have to minimize the integral
X2 1
) Fuu) = J. 1+u?dx
xy H-—u

among all C!-curves z = u(x), x, < x < x,, with u(x,) = z,, u(x,) = z,, and u(x) < H. If we cut off
all bumps of u(x) which lie above the linear function I(x) = ax + b with l(x,) = z,, l(x,) = z, and
replace u by the function w(x) defined by

i) ifu(x) 2 I(x),
YO = V) ifu) < 1),
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I(x) P,

Fig. 12.

then Fy(w) < Fy(u)if there is some x € [x,, X, ] with u(x) > I(x). This suggests that, for determining
a minimizer of %, we can restrict our investigation to functions u with u(x) < I(x). Unfortunately,
the function w(x) constructed above will not be of class C* and, in general, not even of class D! but
only of class AC. Although this would not pose a serious problem, we want to avoid the use of
absolutely continuous functions at the present level. However, a slight modification of the previous
reasoning by rounding-off corners shows that every admissible u can be replaced by another admis-
sible C*-function w satisfying w(x) < z, for x € (x,, x,] and Fu(w) < Fy(u). Thus we may require
that admissible functions u(x) are satisfying u(x) < z, if x; < x < x,.

Now we are going to determine an extremal z = u(x) connecting P, and P,. In fact, we shall
embed this extremal into some extremal field covering the quarter plane G = {(x, z): x > x;,2z < z,}
provided that k > 0 (i.e. v, > 0).

By 1,2.2[7], we know that the expression F — PF, is a first integral of the extremals u(x) of #.

Thus a brief computation yields

1+ u’z\/HTu = const
or
3) (A +u?)H—u)=2r

for a suitable constant r > 0. This first order differential equation can explicitly be integrated if we
introduce for z the new variable 7, setting

H—z=r( —cos 1) = 2rsin? /2.
Then z = u(x) is transformed to some function t(x), and from (3) we derive the equation
4r’t?sint 12 =1,
and therefore
rt'(l —cost)= +1.

We choose the branch with +1 on the right-hand side and integrate with respect to x. Then we
obtain

x = Xo + r(t — sin 1),

where x, and r > 0 are arbitrary integration constants. Together with the defining relation for t we
arrive at the equations

X = Xo + r(t — sin 1),

@

z=H—-r(l —cos1),
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Py z=z,=H

Fig. 13.

which describe a two-parameter family of cycloids. For fixed r, every such cycloid is generated as
orbit of some point on the periphery of a circular wheel of radius r that rolls on the lower side of the
straight line z = H towards the right. The cusps of these cycloids lie on the line z = H and point in
direction of the z-axis.

d
Consider the function x(z) = x¢ + r(r — sin 1) for 0 < 7 < 2x. Since d—x(t) =r(l—cost)>0
1

for 0 < t < 2, the mean value theorem implies that x() is strictly increasing for 0 < t < 2n. Hence
there is an inverse function T = 7(x) which is continuous on the closed interval [x,, x, + 27r] and
real analytic in its interior. Thus we can write (4) nonparametrically as z = z(t(x)) = u(x), or, if we
mark the parameters, as

z=y(x; H,xo,7), Xo < X< X9+ 2mr.

For x, < x < xo + 2nr and arbitrary H, x, € R, r > 0, { is a real analytic function of its four
variables, and the expansion

) Y(x; H,xg, 1) = H—3r'36%3(x — xg)® +... forx—x,+0

shows the asymptotic behaviour as x — x, + 0.

Fix x, and H. Then (4), restricted to 0 < t < 2x, describes a family of cycloidal arcs €(r) which
are similar to each other with respect to the center of similarity Py(H) := (xo, H). Consider for
instance the arc ¢(1). It is not only convex, but every straight line emanating from P,(H) and not
parallel to the x- and z-axis intersects 4(1) in exactly one point different from P, (H). Hence, for fixed
Xo and H, the family

z=y(x; H, X0, 7), Xo <X <Xq+ 27r,

describes a “stigmatic extremal field” for the functional #, covering G := {(x, z): x > X,z < H}
with the nodal point Py(H) = (x,, H). In particular, for every point P, = (x,, z,) € G, there is exactly
one value of r such that P,(H) and P, are connected by €(r), i.e., P, = Y/(x,; H, x,, r). (Note that the
family {€(r)} merely describes a weak stigmatic field since the assumptions of Definition 4 in 1.1 are
not satisfied. The following discussion will show how to remedy this weakness.) Since Py(H) = P, =
(x4, zy) if k = 0, the boundary value problem to connect P, and P, with an extremal of # is solved,
provided that H = z, (or k = 0), and simultaneously we have solved the embedding problem: to
embed this extremal into some “stigmatic field” with center P,.

-2z

H
Now we want to do the same if H > z, (or k > 0). For 2r > H — z, we have 0 < <1,

and thus we can find some 7, > 0 such that

. H—z,
T, = 2 arcsin o

(where arc sin denotes the principal branch of arcus sinus). For fixed H and z,, the quantity t, is to
be considered as function of r: ; = 7,(r). Then we define the function x,(r) by

Xo(r) := x; — r(ty4(r) — sin 7,(r)).
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N\ /A A A R B U3

Fig. 14.

This way we select from (4) the one-parameter family of cycloidal arcs

x = xo(r) + r(z — sin 1),
(t,(r) < 1 < 27m),
z=H—-r(l —cos1),

which, on account of
H —z, =2rsin?1,/2 =r(l —cos 7,),
all pass through P, = (x,, z,). This family has the nonparametric representation
z=@(x, 1), x; <x<x¥r), r>%H-z),
where we have set
o(x, 1) := ¥(x; H, xo(r), 1),

and x*(r) € (xy, xo(r) + 27r) is to be determined from ¢(x*(r), r) = z,.
From the discussion of the case H = z, it is not difficult to derive that f(x, r) = (x, @(x, r))
describes a stigmatic field with the nodal point P, which covers

G:={(x,2): x> xy,z < z;}.

Thus we have solved the boundary value problem and the corresponding embedding problem for
h>z,:

The points P, and P, can be connected by an extremal of %y, and this extremal can be embedded into
a stigmatic field f(x, r) covering the quadrant G and having P, as its center.

For H > z,, the function ¢(x, r) is real analytic for x, < x < x*(r), r > 4(H — z,). Moreover,

for integrands of the type
F(x, z, p) = w(x, 2)/1 + p?,

transversality means orthogonality. Thus the level lines %, = {(x, z): S(x, z) = 8} of the eikonal S of
the field f intersect the field curves orthogonally. Inspecting the field, it then becomes evident that
limp_p S(P) = 0 for P e G. By virtue of 1.3, Theorem 8, there exists a unique minimizer of %
among all nonparametric curves u € C'([x,, x,]) with u(x,) = z,, u(x,) = z, and u(x) < z, for
x €(x,, x,], given by a cycloidal arc. By the remarks made at the beginning, this arc even minimizes
among all curves with u(x) < H, and we have proved:

If the initial speed v, is positive, then the brachystochrone problem has exactly one solution for
any two boundary points P, = (x,, z,) and P, = (x,, z,) with x, < x, and z, > z,. This solution is
given by a cycloidal arc z = ¢(x, r), x; < x < x,, without any cusp.

For v, = 0, basically the same is true except that the arc which is expected to be the solution of
the brachystochrone problem, now has a singularity at x = x, since it is vertical, and thus the solu-
tion will not be in C'([x,, x,]). In other words, the singularity of the integrand \/1 + p?/\/z, — z
at z = z, forces us to enlarge the class & of admissible functions in order to find a minimizer within
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the class. We define & as
o ={w:weC°on[x,, x,], we C" on (x,, x,], w(x) < z, for x > x,, w(x,) = z,, w(x;) = z,}.

Moreover, let u, be the cycloidal arc joining P, and P, which is an extremal for #. By (5), it follows
that
#,,u,) <,
and Lebesgue’s theorem on dominated convergence yields
lim Fyluy) = £, (u,).
H=z;+0

Let now w be an arbitrary function in #. If &, (w) = oo, then trivially &, (w) > %, (u, ) holds. If
#,,(w) < oo, then also Fy(w) < oo for every H > z,. We now can proceed as in the proof of Theo-
rem 2 of 1.3 and obtain

x2
(©) Fy(w) = Fyluy) + J. & (x, w, Py(x, w), w') dx,

Xy
where &7 denotes the excess function of %, and 2 is the slope function corresponding to the field
for the parameter value H (cf. 1.3, formula (6)). Since &, (w) < o0, Lebesgue’s theorem on dominated
convergence implies

lim Fy(w) = £, (W).
H-z,+0
By the discussion in the beginning we have £ > 0, and therefore we can apply Fatou’s lemma to
{32 &8(...) dx. Then we infer from (6) that
x2
F.wW2F u)+ J &1 (x, w, Z, (x, w), w') dx

holds for every w e o, whence &, (w) > &, (u,) if w # u,,. Consequently also for H = z,, the
cycloidal arc z = u, (x), x; < x < x,, joining P, and P, is the unique minimizer of &, within the
class /. Together with the remark made at the beginning we conclude that u, is the unique solution
of the brachystochrone problem for v, = 0 among all nonparametric paths from P, to P, below z = z,
which are continuous on [x,, x,] and of class C* on (x,, x,].

We note that the minimizing property of the cycloids can also be proved by the convexity
method, either by reversing the roles of x and z (that is, x becomes the dependent variable and z the
independent one), or by transforming the variational integral # into a strictly convex functional; cf.
4,2.2 and 2.3[4]. The “method of reversing the roles of x ad z” only functions if the prospective
minimizers have an inverse. In other words, at most the first half of a cycloidal “festoon” can this
way shown to be a minimizer.

24. Field-like Mayer Bundles, Focal Points and Caustics

In 2.1 we had solved the embedding problem of extremals by means of stig-
matic bundles. Now we want to carry over some of these results to general
Mayer bundles. This will lead us to the concepts of focal point and caustic of a
regular Mayer bundle, and we shall be able to derive sufficient conditions for an
extremal to minimize the integral

Fu)= J‘b F(x, u(x), u'(x)) dx,

with respect to free boundary conditions.
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Let us recall some facts on stigmatic fields. Such a field is a mapping f
whose field lines x — f(x, ¢) = (x, ¢(x, ¢)) are extremal curves, all of which pass
through a single point P, = (x,, z,) Which is called nodal point of the field f.
The singular points of the field curves of f different from P, form the conjugate
locus with respect to P,, and this conjugate locus (together with P,) is just the
envelope of the field curves of f.

Now we want to replace stigmatic fields by regular Mayer bundles. Follow-
ing Carathéodory, we shall substitute the epithet “regular” by the notation
“field-like”. Then the analoga to conjugate points of a stigmatic field will be the
focal points of a field-like Mayer bundle whose union is the caustic of the
bundle, and the caustic corresponds to the conjugate locus in the former case.

Definition 1. A Mayer bundle f(x,c) = (x, ¢(x,¢), (x,c)e 'R x R", is
called field-like or regular if the matrix function

(q’c) _ ((pc‘-)
@ Qe 1<i,a<N

has rank N everywhere on I.

In order to interpret this definition appropriately, we need a few simple facts
on Jacobi fields which are more or less obvious. Consider some F-extremal
u: [a, b] = IRY which is to be elliptic, i.e., we assume that

(1) F,p(x, u(x), w'(x)) > 0 forall x € [a, b].

Let ¥~ be the 2N-dimensional space of Jacobi fields v along u, that is, of the
solutions v of the Jacobi equation _#,v = 0. Because of (1), we can write the
Jacobi equation in the equivalent form

) v" = H(x)v + K(x)v',

where H(x) and K(x) are continuous N x N-matrics. We infer from (2) that the
assumptions

vey and v(¢)=0,v'(()=0 forsome ¢e€[a,b]
imply that v(x) = 0, i.e., v = 0. This observation immediately yields

Lemma 1. Let vy, v,,..., v, € ¥". Then the rank of the matrix

(vl (X), Uz(x), LERE} vk(x))
v (x), v3(x), ..., vx(x)

is constant on [a, b].

Nearly as obvious is the following result.

!

V1y03s ey U,
Lemma 2. Let vl,vz,...,vkeV,andsetf:=< 1r2 e ",) Then
Uy, U3y .05 U

3) dim span{v,, v,, ..., 0,} = rank 7.
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Proof. Note that span{v,, ..., v, } is a linear subspace of ¥". Thus the left-hand
side of (3) is well defined. The right-hand side is to be interpreted as rank 7 (x),
and this function is constant because of Lemma 1. Hence equation (3) makes
sense. Clearly, it suffices to prove that

rank 7 = k if and only if dim span{v,,..., v} =k.

(i) Suppose that rank J (x,) < k for some x, € [a, b]. Then there exists
some A = (1}, ..., A¥) e R¥* such that A # 0 and

1 Ul(xo) k(”k@%))
] =0.
4 (v;(xo)> Tt M vxg))

Set v:= A'v; + -+ + A*v,. Then v € ¥, and we have v(x,) = v'(xo) = 0 whence
v =0, ie., the Jacobi fields v,, ..., v, are linearly dependent. Consequently we
have dim span{v,,..., v} <k.

(ii) Conversely, if dim span{v,, ..., v} <k, then there is a nontrivial k-
tuple (A%,..., A¥) e R* such that A'v, +--- + A*y, =0 whence A'vy +-—-+
A¥v; = 0, and consequently

At (”}(x)) +ooet ,1*(”’,‘(")) =0 forall xe[a, b].
v (x) k()
This implies rank 7 (x) < k for all x € [a, b]. ]
If f(x,c) = (x, @(x, ¢)) is an N-parameter family of F-extremals, then, for
any admissible ¢ = (c’, ..., c¥), the vectors

(4) Uy = (Pc‘(" C), cery Uy = (PCN(', C)

are Jacobi fields along the extremal u := ¢(-, ¢). The extremal bundle f is a
field-like Mayer bundle if the Jacobi fields v,, ..., vy satisfy

5) dim span{v,, v,,..., 08} =N
and
(6) W, vp—wgv,=0 forl<a,B<N,
where
) W= 2y, 0,0 9/(1 ).
a aca p
If we introduce the accessory Lagrangian Q(x, z, p) by
®) 0(x,z,p) == 3{p- A(x)p + 2z B(x)p + z* C(x)z},
where

A(x) == F,p(x, u(x), u'(x)),
©) B(x) := sz(x’ u(x), u'(x)),
C(x) := F,(x, u(x), u'(x)),
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we obtain from (7) that
(10) ‘ W, = Av, + BTva = Qp(.a Vg5 Ug)-

These formulas motivate

Definition 2. Let u: [a, b] = RY be an F-extremal with the accessory Lagrangian
Q defined by (8) and (9). Then, a system {v,, v, ..., vy} of Jacobi fields v, along
u is called a conjugate base of Jacobi fields if the following two conditions are
satisfied:

(i) dim span{v,,v,,..., vy} = N.

(i1) Let w,:= Q,(*, v, v,), 1 < a < N. Then we have

(11) W vp—wp 0, =0 forl<a,f<N.
This notation, due to von Escherich [2], is somewhat misleading since a conjugate base

{v4, ..., vy} of Jacobi fields spans an N-dimensional subspace of the 2N-dimensional space ¥~ of
Jacobi fields along u, and it does not form a true base of ¥".

We can write (10) in the form

12) (:’v>=(:r 3)(2) 1<a<N,

where E is the N-dimensional unit matrix. By (1), we have det A > 0, and
therefore

E 0
(13) det (BT A) > 0.
We infer from (12), (13) and Lemma 2 the following result:

Lemma 3. Let {vy,..., vy} be a conjugate base of Jacobi fields, and let w, =
Q,(:, vy, v,) be the “momenta” of the vectors v,. Then both the matrices

— Ul(x)’ tee UN(X) — vl(x)s cees UN(x)
14) T (x): <U'1 ). vk (x)) and U(x): <W1 o), wN(x)>

have constant rank N.
Furthermore, we have

Lemma4. Let {v,,..., vy} be a conjugate base of Jacobi fields, and suppose that
Uy, ..., Dy are N linearly independent vectors in span{v,, ..., vy}. Then the system
{0, ..., Oy} is also a conjugate base.

Proof. If v = A%, and w, = Q,(*, v,, v,), we infer from (10) that w = Q,(-, v, v')
is given by w = A°w,. Hence, if w, = Q,(", 7,, U,) are the momenta of N indepen-
dent vectors ¥, ..., Uy in span{v,, ..., vy}, it follows from (11) that

Walﬁﬂ—v—vﬂ.ﬁa=0' D
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Let us now introduce the Mayer determinant A(x) of a conjugate base of
Jacobi fields v, ..., vy by

(15) A(x) := det(v,(x), v5(x), ..., vy(x)).

Although the matrix 7 (x) defined by (14) satisfies rank  (x) = N, the determi-
nant 4(x) may very well vanish. However, we shall see that its zeros are isolated.

Proposition 1. The zeros of the Mayer determinant A(x) of a conjugate base of
Jacobi fields v, ..., vy are isolated.

Proof. Set ¥3F := span{v,,..., vy}, and let by, ..., Uy be a system of N indepen-
dent vectors in ¥3*. Then {7,, ..., Oy} is another conjugate base spanning ¥
whose Mayer determinant be denoted by 4. It is easy to see that there is some
number ¢ # 0 such that 4(x) = ¢ 4(x).

Consider any zero x, of 4(x); we can assume that x, = 0, i.e., 4(0) = 0.Let

k := dim span{v,(0), ..., vx(0)},

0 < k < N.Ifk = 0, then we have v,(0) = --- = vy(0) = 0. Since rank 7 (0) = N,
it follows that

d(0) := det(v1(0), - .., vy(0)) # 0.
On the other hand, we have

0,(x) = xv,(0) + O(x?)
and therefore
A(x) = x¥d(©0) + O(x"*Y).

Consequently, x = 0 is an isolated zero of 4(x) if k = 0. Thus we may assume
that 1 <k < N. Let {e,, e,, ..., ey} be an orthonormal base of R" such that

span{v,(0), ..., v5(0)} = span{e,, ..., }

and

(span{v,(0), ..., vy(0)})* = span{e,,s, ..., ex}.
We can choose a base {7, ..., Ty} of ¥} such that
(16) 50 =¢ fl<j<k, 0/0=0 ifk+1</<N.
Let W, = Q,(-, D, U,) be the momenta of the Jacobi fields o,. Since

W, Oy — Wy 0, =0,

it follows that
17 w0 =0 forl<j<k, k+1</<N.

Thus we have

el,..., e,,, 0 LXERXY 0 )
*,...., *,Wk+1(0),---,WN(O) ’

A0) = (
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where # and 7 be defined in terms of 7, ..., Ty as % and J are defined in terms
of vy, ..., vy (see (14)). On account of Lemmata 3 and 4 we have

rank #(0) = N.

Consequently, the vectors w; ., (0), ..., wy(0) are linearly independent. Therefore
we can choose 7y, ..., Dy even in such a way that

(18) w,0) =e, ifk+1<¢<N,
if we also take (17) into account. Hence we have

= fe,...,e 0,.,0
(19) 0”(0)_<*,....,*,e,‘ﬂ,...,en)'

Suppose in addition that
(20) A(0) = E := identity.
Then equations (10} and (19) imply that
1000=¢ if1<j<k, 7,00=¢, fk+1</<N,

and we obtain the Taylor expansions

U(x)=¢;+0(x) ifl<j<k,

7,(x) =xe, + O(x?) ifk+1<¢<N.
Therefore, the Mayer determinant 4(x) of {7,, ..., by} can be writen as
Ad(x) = +xV7*F 4+ O(xN**1),

since det(e,, ..., ey) = *1, and it follows that x = 0 is an isolated zero of 4(x).
Because of the identity
A(x) = c 4(x)
for some c # 0, we now infer that x = 0 is also an isolated singularity of 4(x).
Finally we note that the assumption (20) is no restriction of generality as we

can reduce the general case to the special one by a suitable affine transformation
of the dependent variables, taking 4A(0) > 0 into account. O

As a consequence of Proposition 1 and of the formulas (4)—(10) we arrive at
the following result.

Proposition 2. Let f(x, c) = (x, ¢(x, c)) be a field-like Mayer bundle. Then, for
every admissible c, the Jacobi fields

V= @u(0),  vi=a(50), ..., Oyi=@a(,c)

along the extremal u := (-, c) form a conjugate base. Therefore, for every admis-
sible c, the zeros x of the Mayer determinant

(21) 4(x, ¢) := det @.(x, ¢)

are isolated.
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Definition 3. The zeros x = x, of the Mayer determinant A(x, c) of a field-like
Mayer bundle f(x, ¢) = (x, ¢(x, c)) are called focal values of the extremal u =
o(-, ¢), and the corresponding points Py = (xq, 2o) = f(x¢, ¢) are called focal
points of the bundle f corresponding to the extremal f(-,c). The set of focal
points P, of f is denoted as focal surface or caustic of the field-like bundle.

For afixed ¢y = (cd, ..., c)), the zeros x = x, of 4(x, ¢,) are isolated. Hence
the focal values x, and the focal points Py = (x,, 2,) of a field-like Mayer bundle
f corresponding to the extremal f(-, ¢,) are isolated. Nevertheless there might
exist other focal points of the bundle on the curve f(-, ¢,) corresponding to
other values of the parameter c. In fact, it is not difficult to find examples of
field-like bundles where the focal points fill a whole subarc of a fixed field curve
f(, co); cf. Fig. 15 and 7,2.2[1].

Clearly, any stigmatic field f(x, ¢) = (x, @(x, ¢)) is a field-like Mayer bundle.
In fact, if P, = (x,, z,) is the nodal point of f, then we have

<¢c(x0’ C)) = < 0 )
@i(Xo, ) @iXo, )

rank @;(xq,c) = N.

and

Because of Lemma 1, it follows that

rank ((pc) =N.
P

Furthermore, we know already that every stigmatic field is a Mayer bundle
whence the assertion is proved. Comparing our preceding results with those of
2.1, we see that the focal points of a stigmatic field are just the conjugate points
of this field with respect to its nodal point P,, and the caustic of a stigmatic field
is the conjugate locus corresponding to P,.

Now we want to formulate sufficient conditions for partially free boundary
problems analogous to the results of 2.1.

Fig. 15.
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Assumption (T). Let & be a regular hypersurface of class C? in the configuration
space R x RY carrying a normal vector field of the form

(22) N(x,2) =(—1, v(x, 2)),

where v: &% — RY is of class C', and let P be some point outside of &.

Moreover, we assume that u : [a, b] - R¥ is an F-extremal such that the left
endpoint P, = (a, u(a)) of the corresponding extremal curve

%o = {(x, 2): z = u(x),a < x < b}
lies on &, whereas its right endpoint (b, u(b)) coincides with P. Suppose that %,

minimizes the functional
b

(23) F (%) :=J. F(x, v(x), v'(x)) dx

among all C'-curves
€ = {(x, z): z = v(x), x, < x < b}

connecting & with P. In other words, the left endpoint P, of the admissible
comparison curves ¢ may freely vary on & while their right endpoint is kept
fixed and is to be the preassigned point P. We know already that the minimum
property of ¥, implies that %, meets the support surface & transversally at
P,, ie., the line element ¢, := (a, u(a), u'(a)) tangent to 6, at P, = (a, u(a)) is
transversal to the surface element o, := (P,, v(P,)) tangent to & at P,. Set
Po := u'(a). Then the transversality is expressed by

(=1, v(Po)) ~ (F(£o) — Po* F,(¢0), Fy(¢0))
or, equivalently, by

Fylo)

24) W) = = F = po Fi)’

if we assume that
(25) F(¢o) — Po- Fy(¢o) #0.

Now we turn to the converse question:

Given some extremal curve €, = graph u with the endpoints P, and P which meets
& transversally at P,, is it a minimizer of the functional & (€¢) among all curves
€ = graph v sufficiently close to u, which are of class C* (or D) and connect &
with the preassigned point P?

To obtain a positive answer to this question, we shall try to embed the given
extremal u in a Mayer field whose field lines intersect the surface & transver-
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sally. That is, the field is to be constructed in such a way that & becomes a level
surface of the corresponding eikonal. The first step of this construction is to
secure that, close to P,, the surface & carries a uniquely determined direction
field Z(x, z) = (x, z, n(x, z)) which is transversal to the field of surface elements
o(x, z) = (x, z, v(x, z)) of & and satisfies a(P,) = £, where P, = (a, u(a)), £, =
(Pos Po), Po = u'(a).

To perform this first step we make the following assumption.

Assumption (T1). The Lagrangian F satisfies
F(x,z,p) #0, F(x,z,p)—p F,(x,2,p) #0, detF,(x,z,p)#0
forall(x,z,p)e & x RN,

It will turn out that (T1) implies

Assumption (T2). For 0 < ¢« 1, there is a uniquely determined mapping
n: % n B,(Py) - RY of class C*' such that n(P,) = p, and

F,(x, z, n(x, 2))
" F (%, z, m(x, 2)) — 7(x, 2) Fy(x, z, n(x, 2))

Jor all (x, z) € & N By(P,).

(26) v(x, 2) =

Remark 1. In order to show that (T1) implies (T2), one conveniently uses both
Legendre’s transformation and E. Holder’s transformation. This will be carried
out in Chapter 10. Presently we just note that it is easy to verify (T1) and (T2)
for Lagrangians of the form

@7 F(x, z,p) = o(x, 2)/1 + |pI?,

where w(x, z) > 0. In fact, we have

w(x, z
(28) F(t,2,0) = pFylo 2, p) = 22
V1+1pl
F,

(29) =D,

F—pF,
and from the equation

w(x, 2) ; ;
(30 Fpip(x, 2, p) = (1+—|p|2?/—2 [ + |pI*)6™ — p'p*]

it follows easily that F,, > 0.

We remark that formula (26) expresses the fact that the field of line ele-
ments Z(x, z) = (x, z, n(x, z)) on & is transversal to the field of surface elements
a(x, z) = (x, z, v(x, z)) tangential to &, and (29) expresses the fact that, for
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Lagrangians of the form (27), transversality is the same as orthogonality, and
that we have n(x, z) = v(x, z).

Let us now choose a parametric representation
(31) x=2¢&c), z=c), cel,cR¥,

for & N B,(P,) which is of class C and satisfies det {, # 0 and P, = (¢(c,), {(co))-
Then we define an N-parameter family of extremals

z=(p(x,c), XEI(C)a CGIO,
which satisfy the initial value conditions
(32) (e, 0=, '), c) =m((c), L(c)).

Then, by Proposition 3 of 1.3, the extremal bundle f(x, ¢) := (x, ¢(x, c)) is a
Mayer bundle since its rays f(-, c) are transversally intersected by the surface &.
Moreover, we have f(x, c,) = (x, u(x)) for a < x < b because of ¢(a, ¢;) = u(a)
and ¢'(a, ¢,) = u’(a). By a standard reasoning, we conclude that there is some
& > 0 such that Bj(c,) < I, and [£(c), b] < I(c), i.e., the extremals ¢(x, c) are at
least defined on [&(c), b] if |c — ¢col < 0.

We claim that

(33) det ¢.(¢(c), ) #0 for|c — ol < 0.
Otherwise, we could find some 1 = (41, ..., A¥) e R¥, 1 # 0, such that
A*pa(&(c), ¢) = 0.

Because of

{eale) = 9'(S(), O)8alc) + @l (), ©),
it follows that

A%ele) = ¢'(E(c), o),
where we have set
T 1= A% .(C).

Since det {, # 0, we have A% # 0, and therefore 7 # 0; hence we may assume
that t = 1, i.e.,

¢'((c), ) = A%ulc).

A geometric interpretation of this relation can be obtained as follows. Let
7:[0, 1] - R¥ be a curve in the parameter domain I, such that y(0) = ¢ and
7(0) = A. Then

P@R):=(E0®) L00), 0<t<1,

defines a curve on & with the initial point

P(0) = (£(c), ¢(c))
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and the initial velocity
V(0) := P(0) = (1, ¢'(£(c), ¢)).

Consequently, the tangent vector f'(£(c), ¢) = (1, ¢'(£(c), ¢)) to the ray f(-, c) at
the point f((c), c) would be tangent to &. By virtue of Proposition 1 in 1.3, this
is impossible since F > 0 and & is a transversal surface. Thus we have verified
(33).

Let us now restrict f(x, c) to the set

I''={(x,c): &) < x <b,|c—col <0}.

Then the preceding results show that f:I'—> R x R" is a field-like Mayer
bundle, and f(-, c,) is just the given extremal curve €, = graph u.

Suppose now that there is no focal value of the extremal ¢(-, ¢,) = u in
[a, b], i.e., there is no focal point of the bundie f on the extremal arc €, corre-
sponding to this arc. Then we have

det ¢.(x,co) #0 fora<x<b

and, by the reasoning of 2.1, we infer that f furnishes a diffeomorphism of I"
onto G := f(I") provided that 0 < § « 1. (Cf. 2.1, Theorem 1.)

Thus we have embedded u in a Mayer field of extremals provided that
%, = graph u contains no focal point of f.

Remark 2. Since the construction of the Mayer bundle f only depends on the
data of & and u, the absence of focal points on %, = graph u is merely an
assumption on the extremal u and the transversal surface & in a small neigh-
bourhood B,(P,) of the left endpoint P, of %,. Thus, any focal point P* of f on
%, (corresponding to P,) could be called a focal point of & on %é,.

By the results of 1.3 we then obtain (see also 2.1, Theorem 2):

Theorem 1. Let €, = graph u be an extremal curve with a preassigned right end-
point P which meets a support surface & transversally at its left endpoints F,.
Suppose also that the following assumptions are satisfied:

(i) (T), (T1) and (T2) hold true;
(ii) F,p(x, u(x), p) > 0 for all x € [a, b];
(iii) %, contains no focal point of &,:= ¥ N B,(P,),0 <e« 1.

Then there is an open neighbourhood G, of %, in the configuration space R x RY
such that

F (&)< #(®)

for all D*-curves € = graph v contained in G, which connect & with the point P.

We recall that (T1) implies (T2), and that both assumptions can easily be
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verified for Lagrangians of the kind F(x, z, p) = w(x, 2)/1 + |p|%, @ > 0; cf.
Remark 1. Thus we obtain the following corollary of Theorem 1:

Theorem 2. Let F be a Lagrangian of the form
F(x, z, p) = o(x, z)/1 + |p|?, w(x,z) >0,

and let (&, P) be a boundary configuration consisting of a surface & and a point
P which satisfy (T). Moreover, suppose that 6, = graph u is an extremal curve
which transversally meets & at its left endpoint and has P as right endpoint.
Finally, assume that €, contains no focal point of &,:= ¥ NnB,(P,), 0 < e« 1.
Then there is an open neighbourhood G, of €, in R x RY such that F(%,) <
F (%) holds true for all D*-curves € = graph v contained in G, which connect &
with P.

If N = 1, we can easily formulate global embedding results by deriving an
analogue to Theorem 1 of 2.2. Such a result yields global minimality of an
extremal curve %, in a boundary configuration (&, P) provided that %, meets
& perpendiculary at its left endpoint. However, if N > 1, then the question of
global minimality is much more subtle.

More generally, we can consider boundary configurations (&, P) where & is an m-dimen-
sional submanifold of R x R",0 < m < N, and P is some point outside of &. If m = N, we have the
case that was just treated, and if m = 0, then & reduces to a single point, and we have the ordinary
two-point boundary problem studied in 1.3 and in 2.1-2.3. Hence it remains to consider the cases
m=1, 2, ..., N— 1. In principle, one can proceed as for m = N. First one determines all line
elements £(x, z) = (x, z, n(x, z)) which are transversal to #. By this we mean that £(x, z) is transver-
sal to any surface element (x, z, v(x, z)) which is tangent to & at the point (x, z) € &. Then we define
an extremal bundle f(x, ¢) = (x, ¢(x, ¢)) emanating from & in the transversal directions that were
just determined. This bundle is seen to be a field-like Mayer bundle if we take the necessary precau-
tions similar to assumptions (T), (T1) and (T2). If we exclude focal points by choosing sufficiently
small parts of f, we obtain a Mayer field to which the reasoning of 1.3 can be applied.

Finally, we can treat the minimum problem for boundary configurations (¥, &, ) consisting
of two hypersurfaces &, and &,. Let %, be an extremal curve which transversally meets &, and %,
at its endpoints P, and P, respectively. Then we first construct the field-like Mayer bundle f whose
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rays are transversal to &,. If no focal point of f lies on %,, we can assume that f is a Mayer field, by
passing to a sufficiently thin pencil of rays close to €,. Let S be the eikonal of this field, and be &*
that level surface of S which passes through P,. Then, obviously, %, minimizes # (%) among all
curves € = graph v which lie in the domain covered by f and whose endpoints lie on %, and %,
respectively, provided that &* is tangent to % at P,, and that % is curved away from &* in the
opposite direction with respect to %, (see Fig. 16). This turns out to be the case if the first focal point
P of &, on &, (to the right of #,) lies behind the first focal point P” of &, on ¥, (sufficient condition
of Bliss). Cf. Bolza [3], pp. 327-331.

3. Field Theory for Multiple Integrals
in the Scalar Case: Lichtenstein’s Theorem

In this section we want to extend the results of Sections 1 and 2 to the case
n> 1, N = 1, ie. to scalar valued extremals of multiple integrals. The presenta-
tion will not be self-contained as we shall rely on results for elliptic operators, in
particular, on regularity theory.

H.A. Schwarz [1] was the first to derive sufficient conditions for extremals
of the two-dimensional area functional. Lichtenstein [1] extended Schwarz’s
result to scalar extremals of general two-dimensional variational integrals, and
Morrey [1] carried Lichtenstein’s method over to n-dimensional integrals.

The main task in Lichtenstein’s approach is to embed a given extremal in a
field of extremals, i.e. in a foliation by extremal surfaces of codimension one.
This embedding problem is of greater technical difficulty than the correspond-
ing problem in Section 2 since we have now to solve a boundary value problem
for a partial differential equation instead of an ordinary differential equation.
On the other hand, the task is conceptually simpler than the previous one since
we have not to distinguish between extremal fields and Mayer fields: no integra-
bility condition enters.

We begin by defining the notion of a field of (nonparametric) hypersurfaces
inIR""! = R" x R. Let ¢ be a real parameter varying in some compact interval
Z < R, and consider a set I"in R"*! which is of the form

I'={(x,0):0€Z,xe ()},
where Q(o) are bounded domains in R”. We also assume that int I" is a domain
in R"*!, given by
int I' = {(x, 6): ¢ € int Z, x € Q(0)}.
Consider now a mapping f : I' - R"*! defined by
x=x, z=¢(x0),

that is, f(x, 6) = (x, ¢(x, 0)), and suppose that f defines a diffecomorphism of I"
onto G := f(I') which is of class C™, m > 1. This means that ¢ € C™(I") and
@,(x, 3) # 0 on I, and that, for every point (x, z) € G, there is exactly one value
o € X such that z = ¢(x, 6). Denote this ¢ by s(x, z). Then we have
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(1) z = @(x,s(x,2z)) and o = s(x, ¢(x, g))

for (x, z) € G and (x, o) € I', respectively.
We interpret the mapping f as family of nonparametric surfaces

&(0) := {(x, 2): x € 2(0), z = ¢(x, 0)}

in R"*!, The hypersurfaces & (o) form the leaves of a foliation of G: through
every point (x, z) of G there passes exactly one leaf. As customary in the calculus
of variations, we call the family {¥(0)},. s a field of hypersurfaces covering G;
equivalently we denote the mapping f : I' - G a field on G. If the domains Q(o)
do not depend on o, ie., if 2(c) =R, then f:I'— G is called a field over 2
covering G.

The slope P(x, z) = (P,(x, 2), ..., P,(x, z)) of the field f: I — G is defined
by

()] Z(x, 2) i= @y, 5(x, 2)),
whence we infer that

(Px‘(xs 0) = Z,(x, ¢o(x, 0)),
(Pﬂx’(x’ 6) = ?a,x’(x’ (p(x’ O')) + ?a,z(x’ (p(x, a))gﬂ(xs (p(x’ U))

Clearly, 2 is of class C™ ! if f is of class C™.

Let &, be some nonparametric hypersurface in R"*! given by z = uy(x),
x € Q,. We say that &, is embedded into some field {¥(0)},. s if there is some
a, € int X such that %, is part of the leaf ¥ (a,), i.e. if 2, = 2(0,) and uy(x) =
@(x, 6,) for all x € Q.

Assume now that F(x, z, p) is some Lagrangian of class C3(IR?"*!). A field
f: ' - Gissaid to be an extremal field with respect to F if every leaf z = ¢(x, o),
x € Q(o0), is an F-extremal.

In the following discussion we assume that f: I — G is a field of class C?
with a slope function 2 = (#,, ..., %,) of class C!. As in 1.1 we introduce the
following notation:

€)

For any function A = A(x, z, p) on G x R”" we define the function A = A(x, z) on
G by
A(x, 2) 1= A(x, z, P(x, 2)).

Then we obtain the following result:

Proposition 1. The field f is an extremal field if and only if the equation

0 -
b—?Fpa

0 _— -
@ ~[F-2F,]=

holds true in G.
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Proof. Suppose that f(x, o) = (x, ¢(x, 6)) is an extremal field, i.e.,
F,(x, ¢, D) — D,F, (x, ¢, Dp) = 0.

This means that
F, = Fpus = Fp20se = Fp p, e = 0,

where (x, ¢(x, 6), Do(x, 6)) are the arguments of F,, F, ., F,;, and F, . On
account of (3) we can write this equation in the form

Fz - {FP.X" + Fp.p,g,a.x‘} - [Fpaz + Fp.p,gaﬂ,z]ga =0.
Adding the relation

we arrive at

(Fz + Fp,gu,z) - {Fp.ga,z + [Fp,z + Fp‘p,gﬂ,z]ga} = Fp.x‘ + F ya,xh

PaPp
which is equivalent to (4).
Since we can reverse this computation, also the converse is true. 0O

Proposition 2. A C3-field f over Q with the slope 2 is an extremal field if and
only if there is a function S(x, z) = (S*(x, 2), ..., S"(x, 2)) of class C'(G, R") such
that the equations

(5) S&.=F—-&F,, S¢=F,

are satisfied for1 < a <n.

Proof. Set
© A=F-#F,, B“=F,,
M(x, z, p) := A(x, 2) + B*(x, z)p, -

Then (4) is equivalent to the equation A, = B%. By virtue of Proposition 2 of
1,4.2, there exists some function S € C!(G, R") such that

™ M(x, z, p) = S%(x, z) + S;(x, 2)p,
holds for all p € R" and all (x, z) € G. From (6) and (7) we infer that
A=S%, B*=S§;

is satisfied, and thus (5) is verified.

Conversely, if for a given field f with slope & there is a function
S € CY(G, IR") satisfying (5). Thus we obtain S? € C*(G) whence S,s = S%,. Then
we have S, = S%., which implies (4). By virtue of Proposition 1 we now con-
clude that f is an extremal field. O
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Using the Addendum to Proposition 2 in 1,4.2, we obtain an analogous
result for extremal fields f of class C2.

Equations (5) are the n-dimensional analogue of the Carathéodory equa-
tions for the case n = 1 stated in 1.1. Hence we shall call (5) the Carathéodory
equations for N = 1, n > 1. A C?-field f on G with a slope 2 is called a “Mayer
field” if there is a function S = (S, ..., S") such that S and f are linked by the
Carathéodory equations (5).

Then we can rephrase Proposition 2 as follows: For N = 1,n > 1(orn > 1),
a field f is a Mayer field if and only if it is an extremal field.

Let f be an extremal field on G with the slope £, and let S be a solution of
the Carathéodory equations (5). By Propositions 1 and 2 of 1,4.2, the function
M in (7),

M(x’ z, p) = s:‘(x, Z) + S:(x, z)pa ’
is a null Lagrangian. Hence, for any function u € C*(2) with graph(u) < G, the
integral

8) M) = J M(x, u(x), Du(x)) dx
2

is an invariant integral (cf. Proposition 2 of 1,3.2), that is,
M(u) = MH(v)
for any two functions u, v € C!(2) with graph(u) < G, graph(v) = G and u|,o =

v]s0- In fact, if 0Q is piecewise smooth, we have

©® M (u) = [ V(%) S%(x, u(x)) d#™ (x),

o

where v = (v, ..., v,) is the exterior normal on dQ, or simply
9) M) = j v-S(x, u)ds#m 1.
el

In other words, .#(u) is the flow of the vector field S(x, u(x)) through the
boundary of Q. One denotes .# (u) as Hilbert’s invariant integral associated with
the extremal field f. By means of the Carathéodory equations (5) the integrand
M(x, z, p) of Hilbert’s integral can be written as

(10) M(x, z, p) = F(x, z, Z(x, z)) + [P, — Z.(x, 2)]* F, (x, z, (X, 2))
Using Weierstrass’s excess function &, we obtain

(11) F(x, z, p) — M(x, z, p) = &(x, z, P(x, 2), D).

Then, for any v € C*(2) with graph(v) c G, we obtain

(12 f F(x, v, Dv) dx = J. M(x, v, Dv) dx + J. 8Er(x, v, P(x, v), Dv) dx,
Q Q Q
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that is

(12" F, Q)= M, Q)+ j 8r(x, v, #(x, v), Dv) dx.
Q

This is the analogue of the Weierstrass representation formula of 1.3 for the
case n > 1.

Proposition 3. Suppose that the extremal u € Cz(_ﬁ) is embedded in an extremal
field f on G with the slope 2. Moreover let v € C1(G) be an arbitrary function with
graph(v) = G and v = u on 092. Then it follows that

(13) O F0,Q=Fu, Q)+ J 8&r(x, v, P(x, v), Dv) dx.
Q2

Proof. Since .# is an invariant integral, we infer from the assumptions on u and
v that # (v, Q) = M (u, Q) is satisfied. Furthermore, since u fits into the field f,
we have Du(x) = 2(x, u(x)), and it follows from (10) that M(x, u(x), Du(x)) =
F(x, u(x), Du(x)) for all x € Q. Thus we obtain .# (u, Q) = # (u, Q), and therefore
also A (v, Q) = # (u, Q). Then formula (13) follows at once from (12). O

Corollary 1. If also the strict Legendre condition
(14 F,,(x, u(x), Du(x)) &85 = A1¢12, 2>0,
is satisfied for all x € @ and all £ € R", then u is a weak minimizer of (-, ).

Corollary 2. If in addition to the assumptions of Proposition 3 the extremal field
S satisfies the “sufficient Weierstrass condition”

(15) 8&e(x, z, #(x, z), p) > 0 for (x,z) € G and p # Z(x, z),

then it follows that F (v, Q) > % (u, Q) for all v € C'(Q) with graph(v) = G,v = u
on 0%, and v(x) # u(x), i.e., u is the uniquely determined minimizer of ¥ (-, )
among all functions v € C*(Q) with graph(v) = G and v = u on 89Q.

Corollary 1 is an obvious consequence of (13). Thus we turn to the

Proof of Corollary 2. Again, the inequality % (v, 2) > Z (4, ) is an immediate
consequence of (13), and by assumption (15) we even have & (v, Q) > £ (u, Q), if
there is at least one point x €  such that Dv(x) # 2(x, v(x)) holds true. Hence
it suffices to show that the relation

(16) Du(x) = P(x,v(x)) forallxe Q

implies u(x) = v(x).
To this end we consider the function s(x, z) corresponding to f(x, 0) =
(x, o(x, 6)) via the relation

z = @(x, s(x, z)).
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Differentiating this equation with respect to x* and z respectively we infer that
0 = @(x, 5(x, 2)) + @5(x, 5(x, 2))s.s(x, 2),
and
1 = @,(x, s(x, 2))s,(x, 2),

and we note that ¢, # 0. Furthermore, consider the function w(x) := s(x, v(x)).
From

wx" = sx‘(x’ U) + sz(x’ v)vx“
and the previous formulas we infer that

1

- m[”f ~ @ulx, 5(x, v))].

Wi

Since
Pxal(x, 0) = Z,(x, ¢(x,0)) and v(x) = @(x, s(x, v(x))),
it follows that
Oxal(X, 8(x, 1)) = Z,(x, v).

Therefore relation (16) yields Dw = 0, i.e. @ = const on every connected compo-
nent of £2. On the other hand the relations ul;, = v|;0 and u(x) = @(x, g,) for
some g, and all x € Q imply

(x) = s(x, u(x)) = s(x, (x, 65)) = 6, for all x e 09,
whence w(x) = o, on Q, that is,
s(x, v(x)) = 6, forallxe Q.
This relation is equivalent to
v(x) = @(x, 0,) = u(x) forallxe Q. ]

It remains to investigate under which assumptions a given extremal can be
embedded into a field of extremals. A positive answer to this question leads to a
sufficient condition ensuring that in this case the given extremal actually furnishes
a strong minimum.

Now we are going to state Lichtenstein’s theorem which is the analogue of
Theorem 2 of 2.1, only that the “conjugate point condition” is now replaced by

an eigenvalue criterion.
For the following we require of F, 2 and u that they satisfy

Assumption (A). Let u € C**(Q) be an F-extremal defined on a bounded domain
Q of R" with Q2 € C**,0 < u < 1, satisfying the strict Legendre condition

an 3 Fpop, (% 4(x), Du(x)) n,m = clnl?
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Jor some ¢ >0 and for all ne R" and x € Q. Furthermore, the Lagrangian
F(x, z, p) be of class C* on & x R x IR".

Let # = #, be the Jacobian operator of F with respect to u, and let 4, be
the smallest eigenvalue of # on £, i.e. the smallest number 4 € R such that there
is a nontrivial solution v of

Fv=inQ, v=0 onoQR.
Recall also that ¢ is the Euler operator of the accessory integral
2Av):=16*F (u, v).
According to Theorem 1,(iv) of 5,1.3, we have
(18) Ay = 2inf{2(v): v e C4(2, R") andf vZdx = 1}.
Q
We are now going to prove

Proposition 4. Suppose that the extremal u € C*(Q) satisfies assumption (A) and
that, in addition, the smallest eigenvalue A, of the Jacobi operator ¢ = 4, is
positive. Then u can be embedded into a C2-extremal field over Q.

Combining Corollary 2 of Proposition 3 with Proposition 4, we arrive at

Lichtenstein’s theorem. Suppose that the F-extremal u € C*(Q) satisfies assump-
tion (A) and that the smallest eigenvalue i, of the Jacobi operator ¢, on Q2 is
positive. Assume finally that &g(x, z, p, q) > 0 holds true for all x, z, p, q with
xeQ, |z — u(x)| <&, p, g€ R", and p # q, where ¢, is a fixed positive number
independent of x € 2. Then u is a strict strong minimizer of the variational inte-
gral

F@)= I F(x, v, Dv) dx.
Q

Thus it remains to give a Proof of Proposition 4, which will be carried out in

two steps. _
First we construct a family ¢(x, 6), x € 2, |6| < g, of solutions of
(19) Le(p(,0))=0 inQ
and
(20) @(x,0) =u(x) + 0 ondQ,

which is a sufficiently smooth function of (x, 6) € 2 x [—a,, 7,] and satisfies in
particular

(21) u(x) = ¢(x,0) on Q.
Secondly we shall verify that ¢,(x, o) > 0 holds on @ x [—a,, 0,1, after
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replacing o, by an appropriately small number &, € (0, o,] which will again be
denoted by g,.
Step 1. We try to construct ¢(x, ¢) in the form

(22) @(x, 0) = u(x) + a{(x, 0),
where {(x, o) is to satisfy
(23) {(x,0)=1 ondR.

Equations (22) and (23) clearly imply relations (20) and (21).
We now introduce the function

Y(x, 1) = u(x) + tol(x,0), xeQ, te[0,1],
for some fixed o € RR. It follows that

l//(x’ 0) = u(x), 'ﬁ(x, )= (P(xs 0), lpt(xa t) = ol(x, 0).

Since both u and ¢(-, o) are to be extremals, we obtain
Lr((-, 1)) — Le(¥ (-, 0)) = 0.
This can be written as

ld
L ELF@//(-, ) dt =0.

On account of formula (5) of 5,1.2 we obtain

d
zt'LF(ll/(s t)) = afw(t)C(" O'),

where #,, denotes the Jacobi operator cooresponding to ¥ (z). Set
L@®) = Fyy, A=LO)=4, {(=((,0),
keeping o fixed. Then we arrive at

oAl =0 f1 {L(0) — L(2)}{ dt.
)

This equation suggests that we should determine { = {(-, o) as a solution of the
boundary value problem

AL = ([1 {L(©0) — L()} dt)C inQ,
JO

{=1 ondQ.

The operator-valued function L(0) — L(t) can be written in the form

LO) - L) = —J: {;—SL(S)} ds.

Taking formula (6) of 5,1.2 into account, it follows that

24
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fl {L©) - L)}l dt = —fl J‘t {iL(s)}C ds dt
0 o Jo (ds

= a'g(x’ C’ DC, ch’ a)’
where g depends smoothly on ¢. Thus we can write (24) as
AL = ag(x,{, D{, D*,0) inQ,
25
{=1 ondQ.

The assumption A, > 0 implies that the accessory integral 2(v) to u and F
satisfies

(26) 20) = plvlfnse forall ve Hy2(2)

and some constant u > 0, cf. 5,1.3, Theorem 1, (v).
Here [|v[| g1.2q) denotes the Sobolev space norm defined by

ol Es2g) = I {lv|*> + |Dv|?} dx,
2

and H}'?(R2) is the subspace of H'2(2) consisting of functions with generalized
boundary values zero. Note that Hj'2() is the completion of C®(R) with re-
spect to the norm of H'-%(Q).

Inequality (26) and Schauder theory imply that there is exactly one solution
¢, € C**Q) of the boundary value problem

AL =0 inQ,
27
{,=1 onoQ.
Set
w:={-{
and

h(x, o, Dw, D*w, 6) := g(x, {; + @, D{; + Dw, D*{, + D*w, o).
By virtue of (27) we can write (25) in the equivalent form
Aw = oh(x, v, Dw, D*w, ) in 2,
o=0 ondR2.

The theory of elliptic boundary value problems in conjunction with (26) yields
that

(28)

A: CHH(Q) - C**Q)

is a bounded linear bijective mapping of C3'*(2) onto C%*(R). The inverse G of
this mapping is called Green’s operator. Then G furnishes a bounded linear
mapping of C%*(2) onto C3-*(8); cf. for instance Gilbarg-Trudinger [1], Chap-
ter 6. The construction of G enables us to transform (28) into an equivalent
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integral equation
(29) o = oGh(:, v, Dw, D?*w, o),

which, for small absolute values of a, can be solved by Picard iterations, i.e., by
means of Banach’s fixed point theorem.

By a standard procedure we may now conclude that {(x, 6)={,(x)+ w(x, )
and therefore also ¢(x, 0) = u(x) + 6{(x,0) is of class C*(I') on I:=
{(x, 0): |6| < 64, x € 2} for some g, > 0.

Step 2. In order to show that f : I' - R"*!, defined by f(x, ¢) := (x, ¢(x, 0)),
is a field, it remains to show that ¢,(x, ) > 0 holds on I'. Clearly it suffices to
prove that ¢,(x, 0) = {(x, 0) > 0 on £ because we are allowed to replace a, by
some smaller positive number. Set

£(x) := L(x, 0) = @,(x, 0).

We know that { is a Jacobi field for the given extremal w, that is,

(30) A{=0 inQ,
and in addition the boundary condition
(31) {=1 ondQ

is satisfied.

Because of (26), { is minimizing the accessory integral 2 among all functions
in H'-2(2) having the boundary values 1 on 42 (in the weak sense).

Write

(=C" = ¢ with (" (x):=max{{(x), 0}, { (x):= max{—{(x),0},
and set
Qt={xe2:{(x)>0}, Q°:={xe:{(x)=0},
Q= {xeR:{(x) <0}.

Since { € C°(R2) and {|,o = 1, we have 2~ U Q° c = Q. Moreover, 2° is com-
pact, and 2~, Q* are open. One can prove that {*, {” € H"%(Q), and that
{* =10ndR,{ e Hy*2"). We also obtain

D{(x)=DC*(x) onQ*, D{(x)= —D{ (x) on@Q,
D{(x) = D{*(x) = D{"(x) = 0 a.e. on Q°.
The minimum property of { in conjunction with { — {* € Hy'%(R2) implies that
20) < 2¢%),
whence
20-0)<24-((")=0.

On the other hand the minimum characterization of the smallest eigenvalue 1,
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of the Jacobi operator 4 = #, on Q yields
A J 112 dx <22(0).
Q
This inequality does not change if {~ is replaced by —{~, and thus we arrive at

Ay J {1 dx <22,4_(0) <0,
Q-

whence it follows that {(x)=0 on 7, ie., Q~ is void. Therefore we have
{(x)>00nQand 2 =Q%UQ°

Now we want to show that Q° is empty. Otherwise there exists some point
X, in 2°. Since Q° is closed and Q° = = 2, we have {(x,) = 0, and for every
R > 0 there is some x € Q N Bg(x,) such that {(x) > 0 holds. This leads to a
contradition, because we shall prove that for some sufficiently small R > 0 the
function {(x) has to vanish on the ball Bg(x,). ’

For this purpose we write the Jacobi operator A in the nondivergence form

—A = A*(x)D,D; + B*(x)D, + C(x), A% = AP,

where the coefficients A%, B% C are continuous on  and satisfy the ellipticity
condition

AR (x)n,np = Aln|?

for some 4 > 0 and all x e Q and n € R".
Choose some R, > 0 such that By (x,) < £, and some K > 0 such that

|B!| <K, IC|<K

holds on Bg (x,). Then we claim that, for a suitable choice of s >0 and
R € (0, Ry), the function

p(x) =1 — Ke*™'~%o*R
satisfies the inequalities
—Ap<0and p>1

on Bg(x,).
In fact, if we choose s > 0 in such a way that

sPA—(s+1DK>1,
then we obtain
—Ap(x) = —Ke**' "% R[s241(x) + sB'(x) + C(x)] + C(x)
< —K[s?A—-(s+1DK]+K<0

1
on Bg(x,), since x! — x} + R>0,and p(x) > 1 — Ke** > JifR < 3 log T
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For x € Bg(x,) we introduce the function w := {/p, and the differential oper-

1
ator L := —I—’A(p-). By inserting { = p-w into the equation A{ = 0, we infer

that
Lw =0 in Bg(x,)
and
L = A*(x)D,D, + {—2— A (x)p (x) + B"(x)} D, + C(x),
p(x)
C(x):= —;%Ap(x) <0 on Bg(xo)-

Moreover, we have w(x,) = 0 and w(x) > 0 for x € Bg(x,). That is, the function
w(x), x € Bg(x,), has a nonnegative interior minimum at x = x,. Then Hopf’s
maximum principle implies that w(x) = w(x,) = 0, and we have arrived at a
contradiction (see Gilbarg—Trudinger [1], Section 3.2).

That we finally conclude that 2° is empty, and therefore {(x) > 0 holds on
Q.

The experienced reader will have no difficulties to fill in the gaps left in the
proof of step 1, using Schauder estimates and the difference-quotient technique.
The statement about {* and {~ in step 2 can easily be derived from well-known
results about Sobolev functions.

We finally mention that similar results can be derived for geometric varia-
tional problems whose extremals are surfaces of codimension 1. The situation is
much more complicated if both n > 1 and N > 1, and it seems to be impossible
to proceed in the same way. Nevertheless there exist certain field theories for this
case leading to local sufficiency conditions. For this we refer to Chapter 7.

4. Scholia

1. As Carathéodory noted in his thesis [ 1], the first satisfactory and completely rigorous solution of
a variational problem was given in a paper* by Johann Bernoulli. There we find the first glimpse at
field theory. In the special case of geodesics Gauss had a clear picture of field theory. His Disquisi-
tiones [2] contain geodesic polar coordinates as well as parallel coordinates on a surface, and the
concepts of stigmatic geodesic fields and of transversal surfaces were completely clear to Gauss. A.
Kneser [3] extended these ideas to general one-dimensional variational problems, stimulated by
work of Darboux® that became exemplary for differential geometers.

“Johann Bernoulli, Remarques sur qu'on a donné jusqu'ici de solutions des problémes sur les
isoperimetres, Mémoires de I'’Acad. Roy. Sci. Paris 1718 (in Latin: Acta Eruditorum Lips. 1718). Cf.
Opera Omnia, Bousquet, Lausanne and Geneve 1742, Vol. 2, Nr. CIII, pp. 235-269 and Fig. 6 on
p. 270, in particular pp. 266—269. Cf. also: Die Streitschriften von Jacob und Johann Bernoulli [1].
*G. Darboux [1], Vol. 2, nr. 521.
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The integrability conditions
d

F—-2F
62( 2 F)

d =

_F =

ox ?
for the eikonal S were derived by Beltrami [1] who then concluded the existence of a function §
satisfying the Carathéodory equations

S,=F-2-F,, §,=F,.
Moreover he stated that S has to satisfy an equation of the form
D(x,z,5,,5,)=0,
and he expressed S in form of Hilbert’s independent integral. Also the 1-form
y =(F — p'F,) dx + F, dz'

can be found in Beltrami’s work.® The results of Beltrami were rediscovered by Hilbert in 1900.”
Nevertheless the name Carathéodory equations seems to be justified because Carathéodory, who
called them fundamental equations of the calculus of variations (“Fundamentalgleichungen der Vari-
ationsrechnung”; cf. [10], p. 201), realized that they can be used as a key to the calculus of variations,
in particular to sufficient conditions. Therefore Boerner [5], [6] has called Carathéodory’s approach
a royal road to the calculus of variations.

In Carathéodory’s treatise [10] this road is somewhat hidden because Carathéodory had
discovered it while reading the galley proofs of his book, and only in the last minute he managed to
include it into [10].

Undoubtedly Carathéodory’s royal road is nowadays the quickest and most elegant approach
to sufficient conditions. In addition, it can easily be carried over to multiple integrals. Thus it may be
suprising to learn that Carathéodory was led to his approach by Johann Bernoulli’s paper from
1718, the essence of which he had already described in the appendix to his thesis (1904); cf. Car-
athéodory [16], Vol. 1, pp. 69-78. As we noted before, Bernoulli’s paper was the first where an
extremal was shown to furnish a minimum. In Vol. 2 of [16], pp. 97-98, Carathéodory wrote:

“In the ancient oriental courts there was often besides the official history written by an appointed
historian, a secret history that was not less thrilling and interesting than the former. Something of this
kind can be traced also in the history of the Calculus of Variations.

It is a known fact that the whole of the work on Calculus of Variations during the eighteenth
century deals only with necessary conditions for the existence of a minimum and that most of the
methods employed during that time do not allow even to separate the cases in which the solution yields
a maximum from those in which a minimum is attained. According to general belief Gauss® in 1823 was
the first to give a method of calculation for the problem of geodesics which was equivalent to the
sufficient conditions emphasized fifty years later by Weierstrass for more general cases.

It is therefore important to know that the very first solution which John Bernoulli found for the
problem of the quickest descent contains a demonstration of the fact that the minimum is really
attained for the cycloid and it is more important still to learn from a letter which Bernoulli addressed
to Basnage, in 1697, that he himself was thoroughly aware of the advantages of his method® (...). But
Jjust as in the case of the problem of geodesics Bernoulli did not publish this most interesting result until
1718 and he did this on the very last pages of a rather tedious tract.'°

SFor a detailed survey of some historical roots of field theory we refer to Bolza [1], in particular
pp. 52-70.

7See Hilbert [1], Problem 23, and [5]. Cf. also Bolza [3], p. 107, and [1], p. 62.

8 Disquisitiones generales circa superficies curvas, Section 15; Werke [1], Vol. 4, pp. 239-241.

9 Joh. Bernoulli, Opera omnia, tom. I, no. XXXVIII, p. 194.

101 oc. cit., tom.. I, no. CIII, pp. 235-269; see particularly p. 267.
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Thus this method of Bernoulli, in which something of the field theory of Weierstrass appears for
the first time (...) did not attract the attention even of his contemporaries and remained completely
ignored for nearly two hundred years.

These two pages of Bernoulli, which I discovered by chance more than thirty years ago [Thesis,
1904], have had a very decisive influence on the work which I myself did in the Calculus of Variations.
I succeeded gradually in simplifying the exposition of this theory and came finally to a point where I
found to my astonishment that the method to which I had been directed through long and hard work
was contained, at least in principle, in the “Traité de la lumiére” of Christian Huygens.”

2. The importance of “Mayer bundles” and “Mayer fields” for the calculus of variations was
discovered by A. Mayer [10] in 1905. The name was essentially coined by Bolza who introduced
the notation Mayersche Extremalenschar; cf. Bolza [3], p. 643. In fact, Mayer invented this tool to
treat Lagrange problems for one-dimensional variational integrals using Hilbert’s invariant integral.
This integral was already known to Beltrami (see nr. 1). Hilbert rediscovered it about 1900 and
emphasized its importance for the calculus of variations by posing Problem 23 of his celebrated list
of problems (cf. Hilbert [1, 3]). This problem is less specific than the other 22 questions and, roughly
speaking, asks for the further development of the calculus of variations by his independency theorem
(“Unabhdngigkeitssatz”). Mayer immediately realized the importance of Hilbert’s discovery, and in
two profound papers he developed Hilbert’s program for Lagrange problems (see Mayer [9, 10]).
Shortly thereafter, D. Egorov [1] extended Hilbert’s independency theorem to Mayer problems.
Hilbert himself returned to the problem once again in his paper [5].

Carathéodory’s approach can be viewed as the final and highly elegant version of the theory of
sufficient conditions created by Weierstrass, A. Kneser, Hilbert and Mayer. It took Carathéodory
about thirty years until he had reached the form presented in the textbook [10] and in the survey
[11] on geometrical optics. Boerner popularized Carathéodory’s ideas in his two survey papers [5]
and [6].

Let us note that Marston Morse’s monograph [3] presents a masterly exposition of field
theory. .

A critical appreciation of Mayer’s contributions to the calculus of variations was given by
Klétzler [8]. A rich source of historical remarks on field theory is Bolza’s treatise [3].

The first presentation of Weierstrass’ field theory was given in A. Kneser’s textbook [3] which
appeared in 1900. According to Carathéodory'! this treatise has played a role which is as important
as rare: “One can say without exaggeration that almost all researchers who since 1900 have worked on
the calculus of variations were more or less influenced by Kneser since all textbooks which appeared in
the mean time were dependent on this first presentation of the modern calculus of variations.”

In the next decade Bolza and Hadamard published their extensive monographs. Hadamard
emphasized the functional analytic point of view in the calculus of variations, and he coined the
notion of a functional. When in 1927 Weierstrass’ Vorlesungen iiber Variationsrechnung were eventu-
ally published as Vol. 7 of his collected papers, they offered nothing new to the mathematical public,
contrary to previous rumours, and therefore Carathéodory ([16], Vol. 5, p. 343) wrote:

“By the present publication of Weierstrass's Calculus of Variations a fairy tale has ceased to
exist which almost nobody had anymore believed in the last years but which had been wide-spread in
former days, particularly abroad: According to that, mysterious discoveries of Weierstrass in the field
of the calculus of variations — I don’t know which — were hidden in his papers and withheld from the
mathematical public. So the publication of the seventh volume of Weierstrass's works comes too late to
still have a perciptible influence on the calculus of variations.”*?

11Gee Carathéodory [16], Vol. 5, p. 337.

12“Durch die jetzige Verdffentlichung der Weierstrafschen Variationsrechnung hat also ein Mdrchen
ausgelebt, an welches in den letzten Jahren fast niemand mehr geglaubt hat, das aber friiher, besonders
im Auslande, ziemlich verbreitet war: danach sollten — ich weif nicht welche — geheimnisvolle Entdek-
kungen von WeierstraB auf dem Gebiete der Variationsrechnung in seinen Papieren noch verborgen und
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In 1935 Carathéodory published his own treatise [ 10] which not only gave a masterly presen-
tation of the classical one-dimensional calculus of variations but also strongly influenced the future
development of optimization and control theory.

We finally mention that the state of the art about 1900 is briefly described in the two surveys
of A. Kneser and of E. Zermelo and H. Hahn, published in the Encyklopddie der mathematischen
Wissenschaften, Vol. 2.1 (IIA8 and I1A8a).

An account of the work of Weierstrass, Kneser and Hilbert can be found in Chapters 5 and 7
of Goldstine’s historical study [1].

A rich source of historical information are Vols. 1 and 2 of Carathéodory’s Schriften [16] and
in particular Vol. 5, containing his reviews of the books of Bolza, Hancock, Hadamard, A. Kneser,
Forsyth and Weierstrass on the calculus of variations.

3. The usefulness of differential forms for the calculus of variations became clear by the work
of E. Cartan and of the Belgian mathematicians De Donder and Lepage. Later on, Boerner [4]
showed how the one-dimensional variational calculus can be formulated in terms of differential
forms, and in [3] he developed the corresponding formulas for multiple integrals. The key to
Boerner’s approach is the one-form

yp=(F — p-F,)dx + F,-dz = F dx + F,6'

that we have denoted as Beltrami form. We shall see later that its Legendre transform is the Cartan
form
kg = —H dx + y, dz',

where y; = F,. are the canonical momenta and H is the Hamiltonian corresponding to F. The
Cartan form is a central object of the Hamilton—Jacobi theory to be discussed in Chapters 7 and 9.
A brief modern discussion of Carathéodory’s ideas for multiple integrals can be found in Chapter 36
of the second edition of Hermann [1]. A more recent exposition of the calculus of variations by
Griffith [1] is exclusively based on the use of differential form. This way a formally very elegant
treatment of Lagrangian subsidiary conditions is achieved.

4. In the special case of geodesics the transversality theorem was already discovered by
Gauss,'? and modern differential geometers call it Gauss’s lemma. This lemma states that geodesics
emanating from a fixed point P of a Riemannian manifold are perpendicularly intersecting any
geodesic sphere centered at P, i.e. to any hypersurface consisting of points at a fixed distance from P.

The contributions of Gauss to the calculus of variations are described in a survey by Bolza [1]
which is published in Vol. 10 of Gauss’s Werke, cf. in particular Part II, pp. 52-70. There Bolza
points out the contributions of Malus, Hamilton, Gauss, Minding, Beltrami, Darboux, Thomson
and Tait, Kneser and Hilbert to the theory of sufficient conditions and to the transversality theorem.

5. The so-called Jacobi envelope theorem was first formulated by Darboux for geodesics on a
surface (see [1], Vol. 2, p. 88) and in general by Zermelo in his thesis [1]. Generalizations of this
theorem were found by A. Kneser [3], p. 93; (second edition p. 116); [2], p. 27. We refer also to the
account given by Goldstine [1], Chapter 7.

6. The notion of an optimal field was apparently introduced by Hestenes.

7. The terminology of geometrical optics is well suited for the calculus of variations. Later we
shall justify the usage of the notions of ray, wave front, eikonal (or wave function). The notion of an

dem mathematischen Publikum vorenthalten sein. Die Publikation des siebenten Bandes der Werke von
Weierstra$ kommt also zu spdt, um einen erkennbaren EinfluB auf die Variationsrechnung noch zu
veranlassen.”

13 Disquisitiones generales circa superficies curvas, Werke [1], Vol. 4, Section 15, pp. 239-241.
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eikonal was introduced by the astronomer Bruns [2] in 1895 as a new tool in the ray optics. Felix
Klein immediately pointed out the close connection of this tool with the Hamilton—Jacobi theory,
in particular with Hamilton’s ray optics; cf. Klein [1], Vol. 2, pp. 601-602, 603—-606, 607-613.

Hamilton’s collected papers have appeared in 1931; cf. [1]. We also refer to Prange [1], and to
F. Klein [3], Vol. 1, pp. 194-202.

Actually, Bruns’s eikonal is somewhat different from our optical distance function S, see Car-
athéodory [11], Sections 43-55, and also Chapter 9 of our treatise. However, since a short name for
the function S is missing in the literature on the calculus of variations, the term “eikonal” might be
acceptable. A synonym would be distance function, wave function or wave front function. In mechan-
ics the function S has the meaning of an action. Therefore, in the context of mechanics where the
variable x is to be interpreted as a time parameter, the reader might prefer “action” instead of
“eikonal” as terminology. In optimization theory the eikonal is often called value function.

The close connection between mechanics, optics and the calculus of variations was discovered
very early in the history of mathematics. This can be seen in the work of Fermat, Johann Bernoulli,
Newton, Maupertuis, Euler, Lagrange and many others. Finally Hamilton discovered that point
mechanics, geometrical optics and the one-dimensional calculus of variations furnish three different
pictures of essentially the same mathematical topic. A very readable brief survey on the history of
geometrical optics can be found in the introduction to Carathéodory’s notes [11].

8. The generalization of Jacobi’s theory of conjugate points to the case N > 1 is due to
Clebsch, von Escherich and, in particular, to Mayer. We refer to Chapter 6 of Goldstine’s historical
study [1] for a detailed account.

9. Euler did not pay much attention to the question whether or not one can connect two given
points by one or more extremals. As Carathéodory pointed out there are several examples among
the problems treated by Euler where one cannot draw any extremal from one point to another if
these two points are clumsily chosen. Nevertheless Euler repeatedly claimed that there always exists
exactly one solution of a given n-th order differential equation fitting n arbitrarily prescribed points
(cf. Carathéodory [16], Vol. 5, p. 119).

The question of solving the boundary problem for nonlinear differential equations is by no
means trivial. For Euler equations the boundary problem is usually treated by the so-called direct
methods; other methods use topological concepts.

10. The results of Section 3 were proved by Lichtenstein [1] in 1917. He treated the case of a
real analytic, elliptic Lagrangian F for n = 2, generalizing Schwarz’s celebrated field construction
for minimial surfaces mentioned in 5,3, Nr. 1. By means of elliptic regularity theory Lichtenstein’s
result can be carried over to smooth elliptic Lagrangians and to n > 2; this has been sketched in
Morrey’s treatise [1], pp. 12—15. Section 3 is an elaborated version of Morrey’s presentation. More
generally Lichtenstein’s method can be extended to n-dimensional surfaces embedded into R"*!
which are not necessarily graphs; cf. N. Smale [1]. Further applications of Lichtenstein’s method
were given by J.C.C. Nitsche (cf. [1], pp. 99, 702) and X. Li-Jost [1], [2].



Supplement. Some Facts
from Differential Geometry and Analysis

This supplement to Vol. 1 is not meant to be a systematic introduction to
analysis, linear algebra, and differential geometry, but its only intention is to fix
some terminology and notation used in this book and to remind the reader of
some basic facts from analysis and geometry.

In Section 1 we recall the meaning of vectors and covectors and their nota-
tions by means of upper and lower indices. Also, we fix some terminology on
sets in Euclidean space.

In Section 2 we define the basic classes of differentiable mappings of sets in
R" as well as norms on these classes.

Section 3 is closely related to the first and recalls the notions of vector fields
and covector fields on domain G of R as well as of the tangent bundle TG and
the cotangent bundle T*G. Basically this section is meant to fix our terminology
and to link the notation of old-fashioned tensor analysis with the modern one.

In Section 4 we outline the calculus of differential forms on domains of R¥,
in particular the pull-back operation and the exterior differential, which are
indispensable if one wants to keep some computations of the calculus of varia-
tions within reasonable limits. We have avoided the exterior calculus in the first
five chapters to keep this introductory part as elementary as possible; however,
the section on null Lagrangians in Chapter 1 would certainly have profited if we
had already there used the exterior calculus. From Chapter 6 on we frequently
use the calculus of forms, since it not only simplifies computations, but also puts
many things in the right perspective.

In the last two sections we recollect some terminology, notations, and facts
on curves and surfaces in R¥; in particular those concerned with curvature
properties.

1. Euclidean Spaces

By R and C we denote the fields of real and complex numbers respectively.

Let E be an N-dimensional vector space over R and {e, ..., ey} a basis of
E. Then, for every x € E, there are uniquely determined numbers x!,....x¥ e R,
the coordinates (or components) of x with respect to {e, ..., ey}, such that
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(1) x=xlel+"'+xNeN.
Using Einstein’s summation convention® we can write (1) as
(1’) X = xiei .

If { f;, ..., fy} is another base of E we can analogously represent x as

1" x =y
In particular there are numbers af € R such that
@ fi=ate,.

Then we obtain from (1') and (1”) that

x*e, = aty'e,,
whence
() x*=akyl, 1<k<N.

Let us introduce the N x N-matrix A = (af) where i is the row index and k the
column index of A. Correspondingly we define the row matrices X and Y by

@) X :=(x1,...,x"), Y:=0"...,yY).
Then (3) can be written as
) X=YA
or, correspondingly, as
5 XT=ATYT,
where AT is the transpose of 4, and similarly
x1 y!
(©) XT= ||, ¥'=|;:
xN yN

are the transposed matrices of X and Y respectively. Applying (5) successively to
X = ey, e, ..., ey We obtain

E=CA

for a suitable N x N-matrix C and the unit matrix E = (6¥) where 6} = 0 or 1 if
i # k or i = k respectively; hence 1 = det C-det A, and therefore A is invertible.
Thus we can write (5') as

@) YT = AT71XT,
Let E* be the dual space of the N-dimensional linear space E. By defin-

! All indices i, k, ... that appear twice in an expression are to be summed from 1 to N.
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tion E* consists of all linear forms w: E — R"; the space E* is again an N-

dimensional linear space. If {e, ..., ey} is a base of E, then the set of linear
forms {e', ..., e"} defined by
®) e(ey) = &

is a base of E*, called the dual base of E* (i.c. {e,, ..., ey} isdual to {e, ..., e"}).
Any w € E* can uniquely be represented as

) @ = we’,

with @y, ..., oye R". Let {f,, ..., fy} be another base of E connected with
{e1,..., ey} by (2), and let {f',..., fN} be the dual base of E* with respect to

{fl, vy fn}, ie.
(10 ik = 8.
Then we obtain

e'(f) = e'(ae) = ae'(e) = 6 = ay,

that is,

(11) e'(fi) = a.
On the other hand we can express w as

(12) o = ¢,f",

with ¢,, ..., @y € R". Evaluating o at f, we obtain
o(fe) = o (f) = 0 (f).

By (10) and (11) it follows that

(13) o = G,

Forming the columns

Wy (21
(14) Q.= : R D= : |,
Wy (2
we can write
(15) D= AQ.

Let us compare the formulae (7) and (15) with (2) which formally could be
expressed as

(16) f = Ae,
where

€ i

ey fn
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We see that the columns © and @ are related in the same way as e and f,
whereas X7 and Y7 are related in an inverse manner. Accordingly one says that
the coordinate vectors €2 and @ of a linear form 2 with respect to the old base
{e!, ..., e"} and the new base {f,..., fN} transform covariantly (with respect
to the base vectors ¢; and f;), while the coordinate vectors XT and YT of a vector
x with respect to the old base {e', ..., e"} and the new {f*, ..., f¥} transform
contragrediently. Therefore one denotes the elements of E* as covectors.

The above considerations easily show that all linear spaces of the same
dimension N are linearly isomorphic, and therefore they can be identified with
the model space of R" consisting of the ordered N-tuples x = (x!, x2,..., x")
which can be written as x = x'e; with respect to the canonical base

(17) e, =(1,0,...,0), e;=(0,1,0,...,0), ..., ex=0(,...,0,1),

the dual base {e', ..., "} of which is given by the relations

(18) e'(x) =x', e*(x) = x2,...,eN(x) = x¥ for any x € R".
Any N-tuple (w;, ..., wy) of real numbers w; defines an N-form w by
19 o(x) = 0, x' + -+ + oyx¥ = o;x!

for any x = x'e; = (x', ..., x") € R¥. Given an arbitrary N-tuple of real num-
bers we may interpret it either as the set of components of a vector x € RY with
respect to the canonical base (17) or as the set of components of a covector
o € R with respect to the dual canonical base (18). In this sense we can iden-
tify vectors with covectors and RY with R¥" if the base of E and E* remain
fixed. However, if we change bases it is essential to know whether an N-tuple of
real numbers are the components of a vector or a covector as those transform
contragrediently to each other. The components x' of a vector x € RY transform
according to (3) or (7), while the components w; of a covector x € R¥* transform
by (13) or (15). In the old literature an N-tuple of numbers x‘ transforming by
the rule (7) is called a contravariant vector while the N-tuples of numbers w;
transforming by (15) are said to be covariant vectors; but we shall instead speak
of vectors and covectors. The components x’ of vectors x are characterized by
raised indices i, while the components ; of covectors w carry lowered indicies i.
It is quite useful for computational purposes to keep this convention in mind.
From the rigorous point of view it would be quite preferable to work in
“abstract” N-dimensional spaces E and their duals E* instead of R¥ and its dual
IRY" which is even identified with R¥. On the other hand the identifications
E = R¥ = R*" are quite convenient and not dangerous as long as one takes
suitable precautions. However we also use some sloppy notation which may
occasionally irritate the reader. For example we usually identify the elements x
with the rows X and the columns X7, while in matrix computations X and X7
are different objects. A quadratic form a; x'x* is written as xAx or Axx while the
matrix representation might look like xT - Ax if we interpret x as a column. Here
the reader usually has to guess what is meant, but mostly we write at least once
the formulas in coordinates as, for instance, a,x‘x* in the present case, from
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where one can derive the meaning of the other expressions appearing in the
same context. This notational ambivalence simplifies formulas and usually helps
to convey their meaning. However, sometimes more precision is needed; then we
either use coordinate notation or matrix calculus (as for instance in many parts
of Chapter 9).

Let us now endow RY with the Euclidean scalar product (inner product)
() :RY x R¥ > R, which for x = (x}, ..., xM), y = (), ..., y¥) e RV is de-
fined by

(20) (X, y) 1= Gyxtyd = xyt + - 4+ xNyN,
where §; is the usual Kronecker symbol,
b= {0 fori#j,
Yol fori=j.
Instead of (20) we mostly write x - y,
(20) Xy= 6ijxiyja

which in matrix notation would read xT-y if x and y are to be interpreted
as columns. We have x-x >0, x'x=0 if and only if x=0, x'y=y-x,
(Ax 4+ uy)-z=Axz+ py-z for x, y, z,e RY and A, ue R, and x-y satisfies
Schwarz’s inequality

% yI* < (xx)(y- ).
Then the expression

(21) [x| 1= /xx = /8 x'y

isanorm,ie.|x| = 0,|x| = 0 if and only if x = 0, |Ax| = |4||x| for any A € R and
x € RY, and we have the triangle inequality

|x + y| <|x| +|y| foranyx,yeR¥.

We call |-|: RY > R the Euclidean norm on R", and R" endowed with the
distance function d : RN x R¥ — R defined by

22 d(x, y):=x =yl ={Ix’ = y'1* + - + |xV — y"|2}12

is said to be the N-dimensional Euclidean space, and the elements of RY are
interpreted either as vectors of the linear space RY or as points of the matrix
space {R¥, d}, which is clearly complete.

Open sets in R” are usually denoted by the symbol 2. Arc-wise connected
open sets of RY are said to be domains in RY; they are usually denoted by G.
Open balls in RY of radius R > 0 centered at x, are denoted by Bg(x,) or
B(xg, R), i.e.

Bg(xo) = {x e RY: |x — x| < R},

and J; R(xo)o often denotes the closed ball Bg(x,) where M is the closure of a set
M in R¥, M = int M its interior, and OM its boundary. An open set 2 of R” is
said to be nonsingular if Q = int M.
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Let A, A’ < R”. Then A’ is said to be compactly contained in 4 if 4’ = 4
and A’ is compact. In particular Q' < < Q implies that dist(€2’, 6Q2) > 0.
We shall not recall the definition of p, ¢g-tensors

(23) t=(t%)
and the properties of the tensor algebra; for this we refer to any reasonable

treatise of linear algebra. We just remind the reader that the components of such
a tensor transform like

(24) sliofr =l art ... afshi ... b,
where A = (af), A™' = B = (b/), that is,
(25) a:‘b,: = 6"1 and bika,l‘ = 611 .

2. Some Function Classes

Let A be a nonempty subset of RN and u: 4 - R a mapping from 4 into R”.
Then

(1) u(A) == {u(x): x € A}

is called the range of u, and A is said to be the set of definition of u, or the domain
(of definition) of u, even if A is not a “domain”.

The set of mapping u: A — R" having certain properties 2 is denoted by
P(4, RY). If N = 1 we simply write P(A), i.e. P(4) = P(4, R).

A particularly important class is the class of continuous mapping u: 4 —
RY which is denoted by C°(4, R"), and C°(4) is the class of continuous func-
tionsu: 4 — R, ie. C°(4) = C°(4, R).

If k is an integer with k > 1 and Q a nonempty open set in R¥, then
C*(©, R") denotes the class of functions u: 2 — R" which are continuously
differentiable in £ up to the order k, and C*(©2, R") := (), ; C*(&2, RY) is the
class of mappings u: 2 — RY which are infinitely often continuous differenti-
able. Furthermore, suppose that 2 = 4 = Q. We say that u: A — R is of class
CkorueC"4,R"), 1 <k< oo,if v:=ulge C¥R, RY) and if v, Dv, D%, ...,
D, ...,0 < s < k, can be extended from €2 to continuous mappings of A. Here
Dfv = (D) is the s-th gradient of v consisting of all partial derivatives D* of
order s, i.e. of all derivatives

i
@) Do =DiD§...DF, D=z, B=1...m,

a=(;,%,...,%,), |a| :=a; +a,+ - +a,=s, D) =1. Another and often
more convenient definition is: The map u: A » R¥ is of class C* if there is an
open set £, containing A and a mapping w € C*(4, R”) such that u = w|,. In
many cases these two definitions coincide, for instance, if 4 = @ and 4Q is
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sufficiently smooth (i.e. a sufficiently smooth manifold of dimension n — 1). This
condition in particular implies that © is nonsingular, which is a reasonable
assumption if one wants to extend u : Q@ — R* to a smooth function w : 2, - R¥
on an open set £, containing Q.

The support of a continuous mapping u: R" - R, denoted by supp u, is
the closure of the set {x € R™ u(x) # 0}. Then C¥2, R¥) denotes the set of
functions u: 2 — R which can be extended to functions w € C*(R", R¥) such
that supp w = < Q. Equivalently we can say that u € C¥(Q2, R") if u € C¥(R2, R")
and supp u < < Q where the support of u is now defined as the closure in £ of
the set {x € Q: u(x) # 0)}. In particular C°(R) is the class of infinitely often
continuous differentiable functions u: 2 — IR with compact support in £2.

It is well known and easy to verify that all these classes are linear vector
spaces over R and even algebras if N = 1, where Leibniz’s rule holds true: If

u,ve C¥(Q)and a = (ay, ..., a,) is a multi-index with |a| < k, then
a!

3) D*(uv) = ——DPuD,

( ﬂ%:ia ﬁ!y!

where a! = a,! a,!...a,!, and B, y are multi-indices with a = 8 + 7, ie. 2, =

ﬁl + Y1 e Oy = ﬂn + Vn:
Let K be a compact subset of RN. Then

@ ||l coky = max |u(x)| for ue C°(K, RY)
K

defines a norm on C°(K, R"), and C°(K, R") equipped with this norm forms a
Banach space. For the sake of brevity we often write

@) llullo, x ;= max |u(x)| forue C°(K, RY).
K

Similarly the expression
) lullexa) = | Izk sup | D*u(x)|

defines a norm on C¥(@, R¥) if Q is a bounded open subset of R", and then
CX(€, R") equipped with this norm is a Banach space.
Occasionally we also use the class C} (€2, R") which is defined by

(6) C3(@, RY) = {u e C(@, R): ul;0 = 0}.

Clearly C}(22, R¥)is a proper subset of C{(2, R¥). Note that, differing from our
notation, some authors denote the space C*(Q2, R") by C3 (2, RV).

Let K be a compact subset of RY, and suppose u: K — R" is a mapping
with the following property: There is a number o with 0 < « < 1 and a constant
¢ > 0 such that

)] lu(x) —u(y)l <clx —y|* forallx,yeK.

Obviously such a function u is continuous on K, and any function u: K - R¥
of this kind is said to be Hélder continuous or Lipschitz continuous if 0 < a < 1
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or a = 1 respectively, and condition (7) is called a Hélder condition on K or a
Lipschitz condition if 0 < a < 1 or « = 1 respectively. By Lip(K, R¥) we denote
the class of Lipschitz (continuous) functions u : K - RY whose Lipschitz constant
is defined by

(8) Lipg(u) := sup {M x,yekK, x # y} .
lx—yl

Note that Lip(K, IR") is a Banach space with respect to the norm

9 4l Lipaey = Nl coey + Lipx(us).

Furthermore, C%*(K, R") denotes the class of Holder continuous functions
u: K — RY with the same Hélder exponent a € (0, 1) in (7). On this function class
we can define the Holder seminorm [u], x by

lu(x) — u(y)|

10 u], x == su X, eK,x#}
(10) [u]e.x p{lx_” y y

and the Holder norm

(11) lull co.eqey == lullcouy + [ula,k -

Again, C>*(K, R") equipped with the norm (11) is a Banach space. _
Furthermore let £2 be a bounded open set in R, and denote by C**(2, R"),

k=1,23,...,0 <a < 1 theclass of functions u € C*(2, R") whose derivatives

of order k are Holder continuous on Q with the exponent «. Then

(12) "“”c*-z(ﬁ) = | “”Ck(ﬁ) + {ﬁ;k [Dﬂu]a,?}

defines a norm on C**(2, R”), and this class equipped with the norm (12) is a
Banach space. Finally C**(©2, R") denotes the class of functions u:Q — RY
such that u|g € Co*(&, R") for any 2’ < < Q. However, we define Lip(2, RY)
as the class of functions u : 2 — R" such that there is a constant ¢ = c(u) such
that

lu(x) —u(y)l <c|x —y| forallx,yeQ.

It is easy to see that each u € Lip(2, R") can be extended in a uniquely deter-
mined way to some Lipschitz map 2 — R¥ without increasing its Lipschitz
constant, and thus we can identify Lip(€2, R¥) with Lip(22, R?) if Q is bounded.

Let I = [a, b] be a closed interval in R. A map u:I— R¥ is said to be
piecewise continuous or of class D° if there is a decompostion

(13) a=¢§o <& < <&y =b

of I such that the restriction ul,, _, ., can be extended to a continuous function
[£i-1, £ 1> R forevery j = 1,..., v + 1. By D°(I, R") we denote the class of
piecewise continuous functions u: I - R¥,

Moreover we say that u:1— R" is of class D! or ue D'(I, R"), if u is
continuous on I and if there exists a decomposition (13) of I such that the
restrictions u/j, .- .¢; are of class C 1
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Similarly one can define the classes D°(G, R") and D*(G, R") for a bounded
domain G in RY; but here it is not quite clear how a (finite) decomposition of
G is to be defined as there are many possibilities. We leave this question un-
decided at present since these classes are rarely used. We refrain from defining
the Lebesgue classes L?(2, RY) and the Sobolev classes H*?(2, R") of maps
u: 0 — RY as they are rarely used in our book; we here mostly want to stay
within the framework of differentiable maps.

3. Vector and Covector Fields. Transformation Rules

Let us recall some elementary facts on vector and covector fields defined on
domains G of R¥. Here we use the naive old-fashioned concept of vector fields
as in Carathéodory [10], Sections 68—81. For a modern presentation within the
framework of manifolds we refer e.g. to Abraham-Marsden [1]; a brief survey
can be found in Vol. 2 of our treatise (see 9,3.7).

Let G be a domain in R". Then we attach to each point x € G a copy of R¥
and call T,G := {x} x R" the tangent space of G at x. Its elements (x, v) are said
to be the tangent vectors of G at x. Each tangent vector (x, v) can be interpreted
as first order initial values of a curve ¢: [0, 1] = G in the sense that

(1) c0) = x, ¢(0) =v.
The set of all tangent spaces is the tangent bundle TG of G,
2 TG = {T,G},.¢ = G x RV

In other words, each tangent vector (x, v) consists of a footpoint x to which
some direction v is attached. Somewhat sloppily but conveniently one denotes
as well v as tangent vector at x, and identifies TG with R”.

Similarly the cotangent bundle T*G is defined by

3) T*G:=G x RN".

Its elements (x, 7) are said to be cotangent vectors (at x), and T*G := {x} x R""
is called the cotangent space of G at x. Again, one often identifies T*G with R¥"
and calls = a cotangent vector attached to x.

A (smooth) vector field f on G is a (smooth) mapping f : G — TG of the form
f(x) = (x, p(x)), x € G, where

pe) = (p'(®), ..., P"(x)) = p'(Xe;

and {e,, ..., ey} is the canonical base of R". Usually there is no harm in calling
p: G — RY a vector field on G, thereby identifying f and p, but sometimes it is
helpful to keep f and p apart. Then we shall denote p : G — RY as direction field
of the vector field f.

Similarly a (smooth) covector field ¢ on G is a (smooth) mapping 6:G —
T*G of the form a(x) = (x, w(x)), x € G, where
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o(x) = (@4(x), ..., 0y(x)) = 0)(x)e’

and {e',..., e"} is the canonical base of R"", i.e. e'(e,) = &{. The special co-
vector fields x +— (x, e') are denoted by dx'. Defining the addition and multipli-
cation of tangent and cotangent vectors fiberwise, i.e.

@ (x, v) + (x, W) := (x, v + W), A(x, v) = (x, Av),
(x, ™) + (x, W) == (x, T + W), Ax, ) := (x, Am),

we then can write

) a(x) = (x, 0(x)) = w;(x) dx*.

In this way of writing one denotes covector fields ¢ as 1-forms on G, and not
much harm is done if we “identify” ¢ with w and write

(6) o = w, dx’,
or even more sloppily
(6) o = w,(x) dx’,

just to indicate the independent variables x.
Consider now a diffeomorphism ¢ : G — G*, i.e. a mapping x — y given by

() y=o0(x), x€G,

which maps G smoothly and bijectively (ie. 1-1) onto G* = RM. If ¢(x) =
(@*(x), ..., oV (x)) we write (7) as

7 v = o*(x!, x%,...,xY), 1<k<N.

A smooth curve ¢ : [0, 1] — G in G is mapped into a smooth curve y: [0, 1] - G*
in G which is given by

® y=¢oc, iey®)=o@), 0<t<1.

Then the chain rule yields

©) 7 =(Dg)oc)é, ie. j(t) = Do(c(t)) (1),

which in coordinates means

©) 74(t) = @) (e).

Hence the diffeomorphism ¢ : G — G* maps the 1-initial values x, v of a curve
¢: [0, 1] - G onto the 1-initial values y, w of the image curve y = ¢ o ¢ by means
of the transformation rules

(10) y=0((x), w=Do(x)pv.

In coordinates this reads as

(10 V=00, w=pix)o*.

Introducing B = (bj) by
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(11) b = @ix(x),
we can write the second formula of (10') as
(12) w' = bjv*.

This leads us to the following result:

Any C-diffeomorphism ¢ : G — G* can be extended to a C*~'-diffeomorphism
@ : TG - TG* of the corresponding tangent bundles by setting

(13 D(x,0) =(y,w), y=0(x), w=Do(x)v
Jorany (x,v) e TG.

If we want that tangent vectors and vector fields are notions which remain
invariant under arbitrary coordinate transformations ¢:x > y defined by

diffefomorphisms ¢ we simply require that they have to transform according to
rule (13). Corresponding, any vector field which in x-coordinates has the form

Jx)=(x,p(x)), xegG,

takes in y-coordinates the form

(14a) g(») = (»,49(»)), yeG*,
where
(14b) y=0(), q(y) = Dex)p(x), G* = ¢(G).

Now we consider the inverse ¥ : G* —» G of a diffeomorphism ¢ : G — G*
of G onto G*, which is a diffeomorphism of the same class as ¢. If x and y
are related by y = ¢(x), then x = y(y), and vice versa. Let S:G—> IR be a
smooth function on G. Then its push-forward to G* under the diffeomorphism
¢ : G - G* is defined as the pull-back

(15) =80y

of S under the inverse map ¥ = ¢~ 1:G* - G, i.e.

(15 Z(y)=SW01), yeG.

We shall often denote S o y as Y*S, that is,

(157) W*S)(») =G o Y)(») =SW (), yeq.
By the chain rule we have

(16) Zy(y) = Salx)yyi(y) where x = y(y).

Now S,., ..., S.» are the components of the covector field dS : G — T*G defined
by

a7 dS(x) := (x, S,x(x)e*).
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This is the total differential of S at x, and we can also write
17) dS = S, dx*
on account of our definition of the 1-forms dx*. Similarly we have
dz(y) = (y, Z,(NSfY)
or
dr = X, dy'.

(Here {f,, ..., fy} and {f*, ..., f"} are the canonical bases in the y-coordinates.)
On account of (16) we obtain that the difffomorphism ¢ : G — G* leads to a
mapping of the covector (x, w) with @ = S,(x) to the covector (y, m) with

(18) y=0x), n=y,(o;
in coordinates:

(18) ;= YY)y -
Introducing 4 = (af) by

(19) a; := Yy (y),

we can write this formula as

(20) T, = afw,.

Now each @ € RY" can be written as S,(x) at some fixed x € G for a suitable
function S. Thus it is convincing to use (18) as definition of the transformation
rule for covector (x, w): A covector (x, w) € T*G is transformed by a coordinate
transformation ¢ : x — y to the covector (y, n) € T*G* by

(1) y=0x), n=y()o, G*=0¢(G).
Furthermore we infer from y(¢(x)) = x that

22) Yp()oulx) =8 ify = o(x),

that is,

(23) aibf = df

orB=A471

Comparing formulae (12), (20), (23) with relations (3), (13), and (25) of Sec-
tion 1 we see that tangent vectors (x, v) € TG transform like contravariant vec-
tors, whereas cotangent vectors (x, ) € T*G transform like covariant vectors. In
other words, tangent vectors and cotangent vectors transform contragrediently to
each other, and the same holds for vector fields and covector fields.

Finally we write grad S for dS, that is, we introduce the gradient (field) of S
by

(24) grad S(x) = (x, w(x)) with o(x) = (S;:1(x), ..., Sen(x))
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or, more sloppily,
(24) grad S(x) = (S,1(x), ..., Suv(x)).

Thus grad S is a covector field on G. (Note, however, that in geometry the
gradient is usually thought to be a vector field VS whose i-th component is given
by

(VS) = g™S,

where (g*) is the inverse of (g;), the components of the fundamental tensor
defining the Riemannian line element ds = {g,(x) dx’ dx*}'” on G.)

4. Differential Forms

This section provides a brief collection of some definitions and facts on differ-
ential forms, essentially without any proofs. This survey is just meant as a
reminder and has the additional purpose of fixing notation. For a coherent
treatment and for proofs we refer the reader to the literature, e.g. Abraham—
Marsden [1], Boothby [1], Choquet—Bruhat [1], Dubrovin—-Fomenko—Novikov
[1], Vol. 1, Flanders [1], Guillemin—Pollack [1], Hermann [1], Spivak [1], or
Choquet-Bruhat/DeWitt—Morette/Dillard—Bleick [1].

Let V =R"and V* = R"" = dual space of V. Let {e,, ..., e,} be the canon-
ical base of V and {n!,..., n"} the corresponding dual base of V* defined by
n'(ex) = &. (In Sections 1 and 3 we have used e’ instead of #'.) If v = v'e; € V and
o = w;n‘ € V* we have

o(v) = on'.

Instead of w(v) we also write - v or v J®.

An exterior form of degree p (or, simply, a p-form) is a multilinear form
o: V? - R on the p-fold Cartesian product V? .=V x ¥V x --- x V of ¥V which
is alternating, that is,

(@) w(Aa + ub, v, ..., v,) = Aw(a, v, ..., v,) + pa(b, vy, ..., v,)
foranya,b,v,,...,v,eVand 4, peR;
(ii) o(vy, 3, ..., V) = (sign W (v, vy ..., ;)

if t = (iy, i3, ..., i,) is a permutation of the numbers 1, 2, ..., p; in particular, we
have

w(vl, Uz,...)= —w(vz, Ul,...), etc.

The set of all p-forms, p > 2, is denoted by A4,V. In addition we introduce
AoV :=Rand 4,V := V* Eachset 4,V is in a natural way a real vector space.

For any v e V and any w € 4,V, p > 1, we define the inner product i,w as a
(p — 1)-form given by
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i, 0y, ..., 0p) = 0V, V3, ..., Vp)

for any v,, ..., v, € V. The inner product i,w is also denoted as the contraction
vJw of w by v, ie.

W 10) (s, ..., 0,) = OV, Uy, ..., Vp).

For a € A,V and B e A,V, p, 9 = 0, one defines the exterior product (or wedge
product) o A Bof « and f as a (p + g)-form given by

(@ A BYW1, . -y Vpy Vs - ovs Upag) = )., (sign ma(vy,, ..., 0 ) B0y, 15 -5 0j,.)
n

for any v,, ..., v,,,€ V where the summation is to be extended over all
permutations

n= (jlﬁjZ""’jp+q)
of the numbers 1,2, ..., p + g such that
J1<J2<<j, and jpu1 <jp+2 < " <Jp4q-

If p = 0 or g = 0, then the wedge product a A f just reduces to the scalar multi-
plication af.
If, for instance, p = ¢ = 1, then

1) (@ A B)(vy, v3) = a(vy)B(v2) — a(v;)B(vy),
and for p = 2, q = 1 we have
(@ A B)(vy, v, v3) = a(vy, 13)B(v3) + @(v3, v3)B(vy) + (v, v1)B(V2).

The wedge product a A B is bilinear, associative, and skew symmetric in the
sense that

aAB=(—10B A a.

Thus a multiple wedge product a® A a® A -+ A a” can be written without pa-
rentheses, and for w!, w?, ..., 0" € 4,V, V = R" we obtain

) (@' A @2 A A @)y, 0y, ...,0,) = det(@'(vy)).
We note that the p-forms 't A n'2 A -+ A n'» withi; < i, <--- < i,form a base
of 4,V. Hence
. ny . .
dlmA,,V:(p) if0<p<n, A,V ={0} ifp>n.

With respect to this base, every p-form w, p > 1, possesses the unique
representation

3 o= 3 wil...i,ﬂi‘ A AT,
(i0emrip)

with

(4) wil...ip = w(eil, AR ] ei,,)’
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where the summation is to be extended over all ordered p-tupels (i,, ..., i,) of
numbers i, € {1, 2, ..., n}, i.e, over all p-tupels satisfying i; <i, <+ < i,. This
follows from

) M An2 A An'P)e, e, .., e,) = sk . 61':

J1 72
forij < <iyandj; < <j,.

Now we consider differential forms of degree p on some domain G of R".
Such a differential from w is defined as a mapping @:G - G x 4,R":= 4,TG
which maps any point x € G to (x, w(x)) € 4,TG where w(x) is a p-form on R"
(with a slight abuse of notation we identify (x, w(x)) with @(x)). Such a differen-
tial form is also denoted as a p-form on G. Similarly the 1-forms 5* are identified
with dx* = (x, n). On account of (3) we can write every p-form w on G as
© 0= T o ;,0de A A dxi,

(igremnsip)
This sum over p-tuples i, ..., i, ordered by i; < --* < i, will be writen in the
abbreviated form

6) D =0y, ...ip) dx®t A -+ A dxte.
We can write o in the form

6") = Iﬁwi""i’ dxit A o+ A dxie
if we assume that w;, _; is skew symmetric in i, ... i,. We call a p-form o of
class C* if its coefficients w;, . ; (x) are functions of class C". In the sequel we
assume all p-forms to be of class C* with s sufficiently large.

For any differentiable function f: G — IR the differential df can be viewed
as a 1-form on G, which for any vector field v(x) = v'(x)e; is defined by

(7 df(x)(v) = fu(x)v(x).
If in particular f(x) = x’, then
df(x)(v) = v(x) = n'(v) = dx(v),
i.e. dx! = df, which motivates the notation dx‘. To any p-form @ on G we define
a (p + 1)-form on G denoted by dw which is called the exterior derivative of .

If w is a 0-form, i.e. function f on G, then df is defined as the classical differential
df given by (7). If w is a p-form, p > 1, given by (6), then dw is defined by

8) do:= 3 (do;, ;) Adx' A Adx's.
ip)

The exterior differential d is to be viewed as a map d: 4,TG - 4,,, TG. On
account of the computational rules

dx® A dx* = —dx* A dx,
9) dx' A dx' =0,
f(dx') = (dx*)f foranyf:G-R,
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we obtain the following fundamental properties of d:
(i) For any smooth f: G — R, df is the ordinary differential of f.
(ii) Linearity: d(x + B) = da + dp.
(iii) Multiplication rule:

(10) d(@ A B) = (do) A B+ (—1)%a A dB

if a is a p-form.

(iv) Cocycle condition: d(dw) = 0.

It can be shown that the operator d defined by (8) is the only operator
satifying (i)—(iv). Thus we could use (i)—(iv) to give a coordinate-free definition of
the exterior derivative dw.

If = w; dx' is a 1-form, then dw is given by

ow, Owy) , ; .
(11) do =Y, <6x" —ax,‘>dx A dxk,

(@i,k)

where the summation is to be extended over all pairs (i, k) satisfying i < k
(= ordered pairs). If on the other hand w is an (n — 1)-form on G = R”, then we
can write w in the form

(12) = i w;(dx); .
i=1

Here dx denotes the n-form

13) dx:=dx' Adx® A - Adx"
spanning 4, TG, and

(14) (dx); .= €; udx, (dx)y := e, 1(e; 2dx), etc.
Then we have for instance

(15) @)= (=1 dx! A Adxt A A dx®,

where the symbol ~ above dx’ means that the factor dx’ is to be deleted. It
follows that

o o Jo,
16 (9% 9% . 9%
(16) do (axl o g+ ax") dx

A differential p-form w on G is said to be closed if dw = 0, and it is called
exact if there is a (p — 1)-form a on G such that o = do.

Because of d(da) = 0 every exact form is closed while the converse is in
general not true. For instance the 1-form w = (x/r?)dy — (y/r®)dx,r = \/x% + y?,
on G = {(x, y) € R?: r # 0} is closed but not exact as [,w = 2= for each path
winding once around the origin 0 (in the positive sense). However, for special
domains it can be proved that a closed form is necessarily exact. The simplest
result of this kind is the
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Lemma of Poincaré. If o is a closed differential form of degree p>1 on a
star-shaped domain U of R", then w is exact.

Proof (Sketch). Let x, be the star-point of U. Then we define a (p — 1)-form a
on U by

1

a(X) (V15 ...5 Vpy) i= J tPlw(xg + t(x — Xo))(X — Xo, Uy, ..., Up—y) dt
]

for any (p — 1)-tuple of vectors vy, ..., v,_;. One computes that do = . O

In order to generalize this result, we define the pull-back u*w of a p-form w
with respect to a differentiable mapping u. Let 2 be a domain of R™ and G a
domain of R", and consider some differentiable map u: 2 - R" with u(Q2) = G.
Then, for any y € 2, the differential du(y) of u at y defines a linear mapping
R™ —» R* which maps any vector v = (v*, v, ..., v™) of R™ onto some vector
du(y)(v) = (up(y)v*, uZ(y), ..., ul(y)v*) of R*. For any p-form w on G we
define the pull-back u*w of w as a p-form on £ by setting

i) v*o:=wouifp=0;

(i) @*0)())(vy5 .-, v,) = @u(y)(@u(y)(v,), ..., du(y)(v,)) for any yeQ
and vy,...,v, € R™

Note that we allow m and n to be different. Thus the pull-back u*w of a
differential w is defined with respect to any differentiable mapping u. We also
remark that, for any p-form w on R},

0=, dy' Ao A dy's
and for any mapping u : R} — R}, the pull-back u*w of w is the p-form
17 uro =y, (X)) du't A A dy'r.

The pull-back mapping for differential forms is compatible both with respect to
exterior multiplication and exterior differentiation, that is, we have the formulas

(18) u*(@ A B) = (u*a) A (u*B),
(19) u*(dw) = du*w).

Moreover, for any two p-forms a and f on G we have
(20) u*(@ + f) = (u*a) + (u*p).

IfoisapformonG c R", Q, «c R™, 2, c R, andifu,: Q;, > R" u,:2, - R"
are differentiable mappings such that u,(22,) = G, u,(2,) < £,, then we have

@n (u; © uz)*0 = uj (Ul w).

Now we define the inner product i, of some vector field a: G - R" and
some p-form @ : G —» 4,IR" (or: the contraction a 1w of the form w by the vector
field a). We set

(22) i,w=0 ifp=0
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and
(23) (@) (v, ..., Vpy) = @@, Vg, ..., 0,4) ifp>1.

Thus i,w is a (p — 1)-form on G, and obviously i,(i,w) = 0. Besides obvious
linearity properties of the operator i, we have the following computational rules:

(24) il A B)=(,2) A B+ (—1)Pa A (i,B) ifaisap-form,
(25) i df =df(a)=:L,f and i, w=fi,w foranyfunctionf:G—R.

Next we define the Lie derivative L, of some p-form w; it will again be a
p-form on G. To this end we consider the local phase flow ¢ generated by the
vector field a: G - R". We define

d
(26) Lo:= 2 @™ ).

If o = w; dx'is a 1-form (= cotangent vector field) on G, then its Lie derivative
L, with respect to a = (a’, ..., a") is given by

ow; da* .
_ k7t i i
27 L,= <a po + 6x‘w"> dx'.
This formula can equivalently be expressed by
(28) (Lw)(b) = L,[w(b)] — o(L,b),

where a, b are arbitrary vector fields on G; note that L,b=[a,b] =
(a*bix — b*alv)e;. If w is a p-form, p > 1, we have
(29) (L,@)(by, by, ..., by)

= L,[w(by, b,, ..., b,)] — w(L,by, by, ..., b,) — -+ — by, ..., b,_y, L;b,).

Besides obvious linearity properties of the operator L, we have the following
properties:

(30) Lia A )= (L) A B+ a A (L),
(31) L,df)=d(L,f) forf:G-R,

(32 L(5,0) — ip(La@) = ifg, 5@,

(33) L;0 = fL,o + (df) A (i,w) forf:G-R,
34 Lo =i,(dw) + d(i,w).

The last formula is of particular importance as it relates the exterior differential
d and the Lie derivative L,.

Applying the pull-back operation we immediately obtain the following con-
sequence of Poincaré’s lemma:

If the domain G in R" is diffeomorphic to an open ball B then each closed
p-form on G, p > 1, is necessarily exact.
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In fact, let u: B — G be a diffeomorphism of B onto G. Then the pull-back u*w
of @ under u is a closed form on B since dw = 0 implies

du*w) = u*(dw) = 0.

As B is star-shaped, there is a (p — 1)-form B on B such that u*w = df. Let
v:=u"! and a := v*B. Then we obtain

o = (uo v)*0 = v*u*w) = v*dpf = d(v*p) = da,

and we see that o is exact.

Somewhat more subtle results are obtained by de Rham cohomology. Let
us for simplicity confine our discussion to p-forms of class C* on a domain G in
R™ In the real vector space C*(G, 4,TG) both the closed and the exact p-forms
define linear subspaces, and their quotient space

H(G) = {closed p-forms on G}
" {exact p-forms on G}

defines the p-th cohomology group of the domain G. The dimension b,(G) of the
space H?(G) is called the p-th Betti number of the domain G. Hence b,(G) =0
means that every closed p-form on G is exact.

Let us call two closed p-forms w and ' on G cohomologous (symbol:
o ~ o) if their difference is exact, i.e, ® — @' = da; the relation ~ is a equiva-
lence relation, and HP(G) is the vector space of all cohomology classes of closed
p-forms on G.

If2<cRM G< R and u: Q2 — G is a C°-map of 2 into G, then the pull-
back u*w of any closed (exact) p-form w on G is a closed (exact) p-form on R,
and w ~ @’ on G implies u*w ~ u*@’' on . Thus u* pulls cohomology classes
on G back to cohomology classes on £, i.e., u* defines a mapping u* : H?(G) —»
HP(2) which turns out to be linear. If u,: Q, - Q, and u, : 2, — G are differ-
entiable mappings, then

(you)* =ufouf.

Hence, if G and 2 are diffeomorphic, then the vector spaces H?(G) and H?(Q)
are linearly isomorphic; in particular, b,(G) = b,(€2). This result implies b,(G) = 0
for p > 1if G is diffeomorphic to a ball, and we obtain the earlier proved result
that every closed p-form on G is exact if p > 1 and G is diffeomorphic to some
ball. Working with cohomology groups we can generalize this result in serveral
directions, either by applying homotopies to G, or by replacing domains in IR”
by n-dimensional manifolds. Let us only pursue the first idea. Consider C® maps
u,:2 - G and u,:Q — G which are C*-homotopic. Then one can prove a
generalization of the Poincaré lemma which implies that u* = u}. Moreover,
one easily sees that H?(G) = 0 if p > n = dim G. This motivates the definition
H?({x0}) =0 if p> 0 for the cohomology groups of a single point, and the
homotopy reasoning implies the following result:
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If G is contractible (i.e., if the identity map of G is homotopic to some constant
map G — {xo} where x, is a point of G), then all Betti numbers b,(G) vanish for
p > 0. Hence every closed p-form, p > 1, on a contractible domain G of R" is
exact.

Once one has defined H?(M) for arbitrary manifolds M, the same result can
be established for arbitrary contractible manifolds.

Let (-, ->: TG x TG — R be a symmetric, bilinear, positive definite form
on TG which associates with any pair (x, v), (x, w) of tangent vectors in T,G a
real number (v, w), such that (v, w), is linear both in v and w, (v, w), =
<w, 0>, v, v), >0, (v,v), =0if and only if v = 0. Let
(35) gul(x) := {e;; ey

Then (g,(x)) is a symmetric, positive definite matrix function whose entries
g (x) can be interpreted as components of a 0, 2-tensor field on G. We say that
(-, ) defines a Riemannian metric on G with the line element ds on T,.G defined
by

(36) ds? = g, (x) dx* dx*,

since we can associate with any C!-curve c: [a, b] = G an arc length #(c) by

(37 Z)= j b ¢, ep1” dt = r Gulc (D) (D)c (e) de.

With respect to a fixed Riemann metric we define foreachp=0,1,...,na
map *: 4,TG - A,_,TG which associates with any p-form

(38) ©=—aw; ; dx'" A Adx'r,
p! e

with skew-symmetric coefficients w;, _; an (n — p)-form

(39) F,.. k,_, AXF1 A A dxFnor,

CET)]

with skew-symmetric indices f,. , __ which will be defined below. Using sum-
mation over ordered p-tuples (i, .. ,) and ordered (n — p)-tuples (k, ... k,_,)
respectively we can write (38) and (39) as

(38) O = 0g,..i,) dxt A -+ A dxle,
(39’) . *Q) = a)(*kl'-"‘u—p) d.xkl A A dxk""’.

We call *w the dual form to w.
Let (g;) be the fundamental tensor described by (35) and set

(40) g:=det(gy), (4™):=(ga)7",
(41) G(il...iy)(kl...k,) = det(gi""),‘ﬁl ,,,, -
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Then we first define v -» by

(42) w(il...i,) = Ci)gl,,,k,gi‘k‘yi’k'
and
43) s'il...i,jl...j,,_; =signn

form=(i,...ipj; ... ju-p) Heresign mis 1 or —1if n is an even or odd permuta-
tion of the numbers 1, 2, ..., n which sign # = 0 if = is not a permutation of
1,..., n. Now we define

44) o} ., = \/—és(il...i,,)jl...j,‘_,w(ilmip)'
The operator * has the following properties
(i) *(w + 0) = *w + *0, *(fw) = f(*w) if w, ¢ are p-forms and f is function
on G;

(i) *(*w) = (—1)""*Pw for any p-form w;

(ili) w A *6 = ¢ A *o for any two p-forms w, o.
Note that @ A *0 is an n-form, hence a multiple of the basic n-form
(45) dx =dx' A Adx" = xl,
where *1 is the dual form of the 0-form f(x) = 1. In fact, if

O =g, iy dx" A Adxr, G =0, ) dxt A A dX'e,

then
(46) W A %G = w(ilm,-p,a(""""r)* 1;

is particular we have w A *w = 0 if and only if @ = 0. It follows that

47) (o, 6) := j W A %0
G
is a scalar product on the class of p-forms w with _[M o A *0 < 00, the comple-
tion of which with respect to the norm
(48) loll = (@, w)'?

yields the Hilbert space L*(G, 4, TG) of square integrable p-forms on G.
We then define the codifferential 6 by

49) 6= (—1P*"* 1 xdx
and the Laplace operator 4 on p-form by
(50) 4:=db+ éd.
We have

(i) 6(w + 0) = dw + d0;

(ii) 06w = 0;

(iii) *6w = (—1)Pd* w, *dw = (— 15+ w.
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Suppose now that w is a p-form, and that ¢ is a (p + 1)-form with com-
pact support in G. Then w A *¢ is an (n — 1)-form. Hence d(w A *¢) is of the
form f(»1) where f is the divergence of a vector field with compact support in G
(cf. (16)), and then integration by parts yields

0=J d(coAup):J da)/\*(p+(—1)"[ ondxe
G G G

on account of (10). This can be written as

(51) (dw, @) = (0, 6¢) ifsuppp c <= G.

Similarly if w and ¢ are of degree p and p — 1 respectively then

(52) (w, do) = (0w, @) ifsupp o c < G.

Let us introduce the Dirichlet integral 2(w) of a p-form w on G by

(53) 2(v) := (dw, dw) + (dv, dw),

and suppose that 2(w) < co. Let ¢ be a p-form on G with supp ¢ = = G. Then

d
0D (w, @) = ag(a) + £9) = 2(dw, dp) + 2(éw, d¢)
=0

= 2(4dw, ¢).

Hence we have 62(w, ¢) = 0 for all ¢ with supp ¢ = = G if and only if 4w = 0,
i.e. the Euler equation of (53) is

(54) do =0,
This equation is satisfied if
(55) do=0 and dw=0,

but the converse is in general not true. Solutions w of (54) or (55) are said to be
harmonic in the sense of Kodaira or of Hodge respectively.

5. Curves in R¥

A smooth mapping c: I - RY given by
M ct)=(c'(®),....,c"(®), tel=[ab]

is said to be a smooth curve in R¥, more precisely, a parametric representation of
a curve ¢ in R, If we interpret ¢ as a time parameter, (1) describes the motion
of some point P € R, and c(t) is the position of P at the time ¢. Furthermore é(t)
is the velocity (or tangent) vector and é(t) the acceleration vector of this motion
at the time t. From the geometric point of view two motions ¢:I - R" and
&:T— RV are said to be equivalent if there is a diffeomorphism 7 : I — I from T



422 Supplement. Some Facts from Differential Geometry and Analysis

into I with ¢ > 0 such that & = ¢ o 7; we write ¢ ~ ¢. Clearly, ~ is an equivalence
relation (the differentiability class of 7 is assumed to be the same as that of ¢ and
&), and the actual geometric object € described by a motion c is the equivalence
class [c] to which ¢ belongs.

Let ¢ : I - IR¥ be a smooth curve; then points ¢ € I where ¢é(t) = 0 are called
singular points of ¢, while ¢t is said to be regular if ¢(f) # 0. At a singular point
(time) t € I the motion c(¢) is in rest. The curve representation is said to be
regular if all its points are regular. Regular curves are called immersions. We
say that ¢ : I - R" is an embedding if t # t’ implies c(t) # c(t’) for any ¢, t' € I.
Suppose that c: I - R", I = [a, b] is an immersion of class C*. Then we can
introduce the arc-length function o : I - R by ¢ = |¢|, a(a) = 0, i.e.

@ o(t) = J |¢(@)] de.

The transformations s = a(t) yields a diffeomorphism of I onto [0, /] where
I = [5]¢| dt is the total length of ¢, and o is of class C*. Let T = 6" be the inverse
of ¢, and set r := ¢ o 7. Then the two curve representations are equivalent, r ~ c,
in particular r € C*([0, [], R"), and r has the special property that |F(z)] = 1. In
other words, an immersion c : I - R¥ represents a curve ¢ which can be repre-
sentated by a distinguished motion r(s) of speed 1. The curvature x(s) of r(s) at
s € [0, I] is defined by

A3) Kk(s) := |F(s)|.
Differentiating the relation |f(s)|* = 1 we obtain
@ #(s)-#(s) = 0,

i.e. 7(s) is perpendicular to F(s). Suppose that x(s) # 0, and let »(s) be the unit
vector in direction of 7(s). We call #(s) := 7(s) the tangent vector and #(s) :=
7(s)/|¥(s)| the principal normal vector of r(s). Differentiating |=(s)|* = 1 we obtain

) n(s)-(s) = 0.

Let us consider two important special cases.
(i) Plane curves: N = 2. We have

(6) |¢|=1, |ﬁ|=1, J'ﬂ:O, Z=K”,

i.e. we view {£(s), ~(s)} as a moving orthonormal frame whose origin is thought
to be attached to the curve point r(s). From (5) and (6) we infer that

n=0of

for some smooth function a(s) whence
d . .
O=—(¢n)=¢n+é-n=xk+a,
ds

whence 11 = — k4. Thus we obtain the two-dimensional Frenet formulae
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(7 f=Kkn, = —xt,

provided that x(s) # 0.

By definition the curvature is nonnegative. For plane curves we can define
a new curvature k(s) which carries a sign. To this end we define a new moving
frame {£(s), ~(s)} where #(s) is as before defined by ¢ = ¢ while »(s) is a unit
vector pependicular to #(s) such that the base {(s), »(s)} is in the same way
oriented as the canonical base {e,, ,} of R% Then the curvature with sign, x, is
defined by the condition

® {=kn.

Let us now return to the original representation ¢ which is connected with
the distinguished representation r by

9 c=rogo, g =|¢|.

Let k := « o o be the pull-back of the curvature function « to ¢, and {t, n} be the
pull-back of the moving frame {4, »} to ¢, i.e.

(10) t=<¢oao, n=gxog.

Then we have ¢ = (F o 6)¢ = (¢ o g)|¢|, and therefore the velocity vector v = ¢ is
given by

(1) v=|ot,

and the acceleration vector a = ¥ = ¢ can be expressed as

d _ d
a= d_:“vlt) = |v|'t + Ivla(l °0)

= Ell'i—lﬁt + k|v|*n,
whence
12) a=(a t)t + klv)*n.
Thus
(13) k=—1—|a—(a't)t|,

lvf?

that is,

1 -
(14) k=gale- %e

If c(t) is given by c(t) = (x(2), y(t)), we have

2 = 95

) ki
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and for a “nonparametric” curve c(t) = (t, u(t)) we obtain

k=—18 |4
T AW

whereas the signed curvature becomes

(16)

b

d u
17 k= —(—-) .
de\ /1 + u?
(i) Space curves: N =3. Here we use the moving orthonormal frame

{¢(s), »(s), 4(s)} attached to r(s) as origin, where 4(s) is the binormal vector
defined as

(18) 6(5) := £(5) A #(s).
We know already that
(19) ¢ =kn.
From (5) it follows that
n=of+ 16.
As in (i) it follows that a = —k, and thus we have
(20) n= —Ké+16.
The function
(21) 7(s) := n(s)- 4(s)
is called the torsion of r (note that some authors use t(s) := —4(s)- 4(s)). Fur-

thermore £ - » = 0 yields
bon=—bn=—1,
and |£)? = 1 gives
6-4=0,
whereas 4 ¢ = 0 leads to
bt=—¢6=0

on account of (19). Therefore we have obtained the three-dimensional Frenet
formulae

(22) ¢ =kKn, n=—kKé{ + 16, b= —1n, (x> 0).
One easily computes that
(23) 1= —nd=[}FFIIF2,

where [e, f, g] :=e-(f A g) = det(e, f, g) for e, f, g€ R3. If we introduce the
pull-backs k := k 0 6, 7 := 7 0 g, it follows that
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” o I =@ ep _Je x &

lef® LR

and

_ [eel  _[6&¢]
lePlef —@-e* lexel?’

(25)

For planar curves we have 1(s) = 0. By integrating (22) we see that the functions
k(s) and (s) determine c(s) uniquely up to a motion (i.e. an isometry) of R>. One
calls k = k(s), T = 1(s) the natural equations of a space curve.

6. Mean Curvature and Gauss Curvature

Let N = n + v. A set M in RY is said to be an n-dimensional submanifold of RY
of class C°, s 2 1, if for every point x, in M there is an open neighbourhood 2
of x, in RY and a function f € C*(, R”) with rank Df = v such that M n Q =
{x e Q: f(x) =0}.

By means of the implicit function theorem one can prove that M < R” is
an n-dimensional submanifold of R¥ of class C*, s = 1, if and only if the follow-
ing holds true: For each x, € M there is an open neighbourhood 2 of x, in
RY and a regular embedding X € C5(B, R") of a domain G = R" into R" such
that M n Q = X(B). Here X is said to be regular if it is an immersion, i.e.
mapping X : B - RY is said to be a parameter representation of M N Q.

A pair (x,v)e M x R¥ is called a tangent vector of M at x if there is
a C'-curve c:[0, 1] R" with ¢([0, 1]) = M such that c¢(0) = x and ¢(0) = v.
Mostly we omit x and call v a tangent vector at x.

The set T, M consisting of all tangent vectors of M at x is the tangent space
of M at x; for an n-dimensional submanifold M of RY it is an n-dimensional
subspace of IRM. Its orthogonal complement T} M is called the normal space
to M at x; it is a v-dimensional subspace of R". Suppose that M is locally
described by the equations

) f1x)=0,f2(x)=0,...,'x)=0, xeQcR"Y,
or by the representation
2 x=Xu), ueBc RV,

where rank f, = v and rank X, = n. Then T}'M is spanned by f}(x), ..., f,
whereas T_M is spanned by X,:(u), ..., X,«(u) if x = X(u) and u = (u?, ..., u").
The tangent bundle TM of M is defined by

™ = ) T,M,

xeM
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and similarly one defines the cotangent bundle T*M and the normal bundle T*M
by
T*M = |) (T, M)*, T'M:= ) T}M.
xeM xeM

In the sequel we consider parameter representations (2) of class C* which are
still immersions, i.e. rank X, =n but not necessarily embeddings; then S : B—»RY
is said to be an immersed surface or a regular surface in R" of dimension n and
codimension v, N = n + v. Let

3) G=XIX,, g:=detgG,

and suppose that X € C'(B, R"), B = R", and rank X, = n. Then G(u) is posi-
tive definite and g(u) > 0 on B. Suppose first that X is an embedding and set
S := X(B). Then we define for f e C°(S, R*):

@) deA::J foX . /gdu, g=det(XT-X,).
N B

The integral fs fdA is independent of the representation X of S since we obtain
the same value if we replace X by an “equivalent” representation X=Xo1, by
virtue of the transformation theorem (here 7 is a change of the parameters by
means of a diffefomorphism). Sometimes we write the area element d4 = \/g; du
as d#" where #" means the n-dimensional Hausdorff measure in R¥. In
particular

) A(S) = L Jgdu

denotes the area of S. If X is merely an immersion or, even less, if only
X e C*(B, RY), we still can define an area of X by

(6) A(X) = f Jadu, g:=det(XT-X,).
B

In particular if n=2 and N =3 we write u' =u, u?> =0, ie. (2) becomes
x = X(u, v), and then (6) can be written as

) AX) = j | X, A X,| du dv.
B
If X is regular, we can introduce the surface normal 4" by
X, A X,
No= Y
©® X, A X,

Let us return to the general case n < N = n + v and suppose that X € C*(B, R¥)
is a regular surface representation. Then the vectors X,:(u), ..., X,.(u) are lin-
early independent, and so

) T.X := span{X, (u), ..., X,»(u)}
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is an n-dimensional subspace of RY, called the tangent space of X at u € B. If
X is even an embedding we can identify T,X with the tangent space T.S of
S:= X(B)at x = X (u).

Suppose now that ¢:I - R", I = [a, b], is a “curve on X” of the form
¢ = X oy where y:I - R"is a C'-curve in the parameter domain B. Then we
have

(10) é(0) = X, (0(®) 7(0) = X,.(0(2)) 7°(2)
(summation with respect to repeated Greek indices from 1 to n) whence
(11) 67 = <X, X009 = {<GH), ¥,

G(u) = X, ()" X, (u) = (9ap(1)),
gaﬂ(u) = Xu’(u) : Xuﬁ(u)'
Thus the length Z(c) = _[Z |¢| dt of a curve ¢ = X oy on X is given by

(12)

b
13) Z(c) = f 9up(1)7y" dt.

If we introduce the bilinear form I(V, W) for tangent vectors V = v*X,.(u),
W = w*X,.(u) € T,X by

(14) IV, W)=V W = g u)v*w*,
with the associated quadratic form

(14) 1(V):= I(V, V) = g g(u)vv?,
we have

ZLlc) = Jw V¢ dt,

since ¢ = 7°X,.(y). We call I(V) the first fundamental form of X.

Next we want to define the second fundamental form of X on T, X; we
restrict ourselves to the case N = n + 1, i.e. to immersed hypersurfaces X in
IR"*!, Generalizing (8) we define the surface normal 4" (u) as that uniquely de-
fined unit vector in RY which is perpendicular to T, X, i.e.

(15) N (W) Xpw) =0, |H @) =1,

such that det(X,.,..., X, #)>0. From |A(W)>=1 we infer that
N '(u): No(u) = 0; therefore A.(u)e T,X. Hence we can define a mapping
S(u): T,X - T,X as follows. For any tangent vector V = v*X,.(u) we define
Su)V by

(16) SV = —v*N,.(u).

The mapping S(u) is obviously linear, and we shall see that it is selfadjoint with
respect to the scalar product I(V, W)= V-W on T,X. In fact, from (15,) we
infer
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0 N Xp =N Koo = —Nop* X,

whence for V = v*X,., W = w*X,. € TX:
SV, W) = — Npa X pv*'W8 = — X o» Npv°WP = (V, SW.

Set

(18) 1V, W) := SV, W), H(V) =1V, V).

One calls II(V) the second fundamental form of X. By introducing
(19) bug() == N () Xy = — N Xos(u),

we can write II(V) for V = v*X,.(u) as

(20) H(V) = bg(u)v*?,

where the matrix (b,) is symmetric. Consider the eigenvalue problem
(21) S@V =«xV

for the mapping S(u): T,X — T, X. Since S(u) is symmetric there are n real
eigenvalues k,, ..., k, with x; <k, <--+ < k, and corresponding eigenvectors
Vi, ..., V,€ T,X such that V-V, = I(V,, V) = d;. These eigenvectors are the
stationary points of the Rayleigh quotient II(V)/I(V), and k; are the corre-
sponding stationary values II(V;)/I(¥;). One calls x; = x;(u) the principal curva-
tures of the surface X at u, and the corresponding eigenvectors V(u) are the
directions of principal curvature.

To understand the geometric meaning of the second fundamental form and
the curvatures k,, ..., k, we consider a smooth curve y: [0, 1] — B such that
y(0) = u. Then c(t) := X(y(t)), t € I, defines a smooth curve on X satisfying
¢(0) = X(u) =: x, ¢(0) = X,(w)y*(0) := V € T, X. Let us presently suppose that ¢
is the parameter of the arc length s of c. Then ¢#(s) = é(s) is the unit tangent
vector of the curves c(s), k(s) = |#(s)| is its curvature, and for k(s) # O the princi-
pal normal «(s) of ¢(s) is uniquely defined by the relation

£(s) = Kk(s)n(s).

Differentiating
4(s) = &(s) = X,a(¥(s)) 7%(),
we obtain
4(3) = &(8) = Xuaw(0(8)) 7(5)7°(9) + Xoul0(5)) 75),
whence

N (W) 4(0) = N () X eus(1) 7%(0)7#(0)
= bys(u) 7%(0)7#(0) = ¢(0)- S(w)¢(0)
and therefore .
(22) N () £(0) = I1(¢(0))
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and

23) K(0) N (u) #(0) = I1(£(0)).
Since ¢ # = 0 we can write ¢ as

(24) £(s) = Ky()a(s) + KA(S)N(S),

where R := A" oy is the surface normal pulled back to y and 4(s) € T,(,\ X is a
unit vector perpendicular to #(s) and R(s). One calls ,(s) the geodesic curvature
and «,(s) the normal curvature of c(s) at s.

For N = 3 the vector field 4(s) along c(s) is uniquely defined by the require-
ment that the orthonormal moving frame {#(s), s(s), N(s)} satisfies det(¢, 4, N) =
1; one sometimes calls 4(s) the side normal of c(s).

From (23) and (24) we obtain

(25) k,(0) = I1(¢(0)) where |¢(0)] = 1.

If we drop the condition [é(s)| = 1 and return to an arbitrary parametrization
¢c(t), we have to replace ¢(0) in (25) by ¢(0)/</1(¢(0)), and we obtain in general
that

(V)

(25) = T

for the normal curvature of a curve c: [0, 1] - R¥ at ¢c(0) = x = X (u)if ¢(0) = V.
If, in particular, c¢ is a normal section, i.e. the curve obtained by intersecting X
with a 2-dimensional plane span {¥, #"(w)}, V € T, X, then .#"(u) and the princi-
pal normal of ¢ at x = X (u) are collinear, i.e. the curvature k of ¢ at x is given by
+ k,; therefore
1)

(26) K= im .
Thus we see that the Rayleigh quotient II/I measures the curvatures x of all
possible normal sections of the surface X at the parameter point u.

Of particular importance are the elementary symmetric functions of the
principal curvatures x,, ..., k,, in particular x, + - + k, and k, ... x,. One
calls the function H(u) defined by

1
(27) H:= ;(Kl + -+ Kn),

the mean curvature of the hypersurface X : B—» R""!, Bc R" If X: B - R3,
B <= R?, is a surface in R?, then the mean curvature H of X is given by

@7) H = j(x, + x3),

while the Gauss curvature K is defined by

(28) K =K k,.
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Note that the principal curvatures k4, ..., k, are the roots of the polynomial

p(4) := det(igys — byp);
therefore
P(A) = det(gyp)(k — k1) (kK — K3) ... (K — K,)

= det(g,p) det(xkd; — by),

where we have set bj := g*°b,;, (9*) = (g,5)”". Comparing coefficients we
obtain

KK ... K, = det(bg), Ky + Ky + - + Kk, = trace(bg),
whence
(29) KK, ...k, = det(b,)/det(g,p), Ky + Ky + 0 + K, = bpg®.

Hence the mean curvature function is given by

(30) H = %ba,,g“".
In particular, if n = 2, N = 3, we have

det(b,,)
31 H = 1b,g*, =%
Y ud det(g.y)

In this case one often uses the Gauss notation

32) E=g,,, F=g,,=92, G=¢,,, W=\/5=\/EF—GZ,
L=b,,, M=b12=b21, N =b,,,

which of course cannot be applied here as some of these letters have a different
meaning in our context. Then

LG + NE — 2MF K_LN—M2
2(EG—-F? ° - EG—F*"

If in particular X (u, v) for n = 2 is given in the nonparametric form u = x,v = y,
X(u, v) = (x, y, z(x, y)), then

VI v)=/1+22 + 22,

1

\/—I—IZ—-—‘__,Z‘F—ZE(_Z” -z, 1),

and a straight-forward computation yields

(33) H=

(34)
N (u, v) =

(1 + 22)z,, — 22,2,z + (1 + 22)z,,
201 + 22 + 22)*? ’

2

— zxxzyy — Zxy
(36) Kk (1+z2+ 22

35) H=
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For an n-dimensional nonparametric surface x — (x, z(x)), x€ B< R", we
obtain

(37 J9=+/1+1Dz?,

38 N =——e—e—o"(—Dz, ).
Dz D,z

(39) nH = div =D, , .
1+ |Dz]? J1 +|Dz?



A List of Examples

Under this headline we have collected a list of facts, ideas and principles illus-
trating the general theory in specific relevant situations. So our “examples” are
not always examples in the narrow sense of the word; rather they often are the
starting point of further and more penetrating investigations.

The reader might find this collection useful for a quick orientation, as our
examples are spread out over the entire text and need some effort to be located.

Length and Geodesics
The arc-length integral: 1,2.2[5]; 4,2.6 [1]; 8,1.1

Arcs of constant curvature: 1,2.2

Minimal surfaces of revolution: 1,2.2[7]; 5,2.4[5]; 6,2.3[2]; 8,4.3

Catenaries or chain lines: 1,2.2({7]; 2,1 [5]; 2,3[2]; 6,2.3

Shortest connections: 2,2 [2]; 2,4

Obstacle problem: 1,3.2

Geodesics: 2,2 [4] and 2,5 nrs. 14, 15; 3,1 [2]; 5,2.4[3]; 8,4.4;9,1.7

Weighted-length functional: 1,2.2 (6][7]; 2,1 [5]; 2,4[1]; 3,1 [2]; 4,2.2[2]; 4,2.3
[4]; 4,2.6[2]; 5,2.4[4][5]; 6,1.3[5]; 6,2.3; 6,2.4; 8,1.1 (6]
[7); 8,2.3 [1}; 9,3.3[2]; 10,3.2[4]

Brachystochrone and cycloids: 6,2.3 [4]; 9,3.3

Isoperimetric problem: 2,1 [1}; 4,2.3

Parameter invariant integrals: 3,1

Conjugate points: 5,2.4 1]

Goldschmidt curve: 8,4.3

Poincaré’s model of the hyperbolic plane: 6,2.3

Area, Minimial Surfaces, H-Surfaces

Area functional: 1,2.2(5]; 1,2.4[2]; 1,6 nr. 5[1}; 3,1 [3][4]; 4,2.2
Minimal surfaces of revolution: 1,2.2[7]; 5,2.4[5}; 6,2.3[2]; 8,4.3
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Minimal surfaces: 3,1 [3]; 3,2[4]; 7,1.1
Geodesics: 2,2 (4];3,1(2];5,24([3];8,4.4;9,1.7
Isoperimetric problem: 2,1 [1]; 4,2.3

Parameter invariant integrals: 1,6 nr. 3 of Sec. S5; 3,1 [3](4]; 8,1.1[7]; 8,1.3[1];
8,43

Mean curvature integral: 1,2.2 [5]; 2,1 [4]; 3,2[4]; 4,2.2[3]; 4,2.5

Nonparametric surfaces of prescribed mean curvature: 1,2.2[5]; 1,3.2[5]; 2,1 [4];
425

Parametric surfaces of prescribed mean curvature: 1,3.2[6]; 3,2

Capillary surfaces: 1,3.2

Dirichlet Integral and Harmonic Maps

Dirichlet’s integral: 1,2.2[1] [2]; 1,24[1]; 2,4[2]; 3,2[3]; 4,2.2[1]; 4,2.4[1];
4,26[3); 6,13

Generalized Dirichlet integral: 2,4 [3]; 3,2 [3]; 3,5 [1][4]; 5,2.4

Laplace operator and harmoni functions: 1,2.2

Laplace—Beltrami operator: 3,5

Geodesics: 2,2 (4];3,1[2];5,2.4(3];844;9,1.7

Harmonic maps: 2,2 (3];2,4[3]; 3,5(4); 4,2.6[4]; 5,24

Transformation rules for the Laplacian: 3,5

Eigenvalue problems: 2,1 2](3]; 4,24 [1]; 5,2.4[1][2];6,1.3

Conformality relations and area: 3,2

Curvature Functionals

The total curvature: 1,5 [4]; 1,6 Section 5 nr. 5[3]; 2,5, nrs. 16, 17
Curvature integrals: 1,5 [5]; 1,6 Section 5

Euler’s area problem: 1,5

Delaunay’s problem: 2,5 nr. 17

Radon’s problem: 1,6 Section 5 nr. 4

Irrgang’s problem: 1,6 Section 5 nr. 1

| f(K, H) dA — stationary: 1,6 Section 5 nr. 5

Willmore surfaces: 1,6 Section 5 nr. 5

Einstein field equations: 1,6 Section 5 nr. 6
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Null Lagrangians

The divergence: 1,4

The Jacobian determinant: 1,4

The Hessian determinant: 1,5
Cauchy’s integral theorem: 1,4.1
Rotation number of a closed curve: 1,5 [6]
Gauss-Bonnet theorem: 1,5 [4]

Calibrators: 4,2.6

Counterexamples

Nonsmooth extremals: 1,3.1
Euler’s paradox: 1,3.1

Weierstrass’s example: 1,3.2
Non-existence of minimizers: 1,3.2 (4]
Extremals and inner extremals: 3,1
Scheeffer’s examples: 4,1.1 [1]; 5,1.1 1]

The Lagrangian \/m 14,23 m
Carathéodory’s example: 4,2.3

Mechanics

Newton’s variational problem: 1,6 Section 2 nr. 13; 8,1.1
Hamilton’s principle of least action: 2,2 [5]; 2,3 [3]; 2,5 [8]; 3,1 [2]
Lagrange’s version of the least action principle: 2,3
Maupertuis’s principle of least action: 2,3

Elastic line: Chapter 2 Scholia nr. 16

Jacobi’s geometric version of the least action principle: 3,1 [2]; 8,1.1 [8]; 8,2.2;
9,3.5

Hamilton’s principle: 3,4 [4]

Conservation of energy and conservation laws: 1,2.2[7]; 2,2[7]; 3,1 [1]; 3,2[1};
34(1]

The n-body problem: 2,2[5]; 2,2[3]; 3,4
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Pendulum equation: 2,2 [6]

Harmonic oscillator: 9,3.1 [1]; 9,3.3
Equilibrium of a heavy thread: 2,3

Galileo’s law: 5,2.4 [4]; 6,2.3

The brachystochrone: 6,2.3[4]; 9,3.3

Vibrating string: 2,1 [2]; 5,2.4

Vibrating membrane: 2,1

Thin plates: 1,5

Fluid flows: 3,3

Solenoidal vector fields: 2,3 [4]

Elasticity: 3,4

Motion in a central field: 9,1.6

Kepler’s problem: 9,1.6

The two-body problem: 9,1.6

Toda lattices: 9,1.7

The motion in a field of two fixed centers: 9,3.5
The regularization of the 3-body problem: 9,3.5

Optics

Fermat’s principle: 6,1.3[6]; 7,2.2[1]; 8,1.3
Law of refraction: 8,1.3
Huygens’s principle: 8,3.4; 10,2.6

Canonical and Contact Transformations

Elementary canonical transformations: 9,3.2 (4]
Poincaré transformation: 9,3.2

Levi-Civita transformation: 9,3.2[6]
Homogeneous transformations: 9,3.2
Legendre’s transformation: 10,2.1

Euler’s contact transformation: 10,2.1

435



436 A List of Examples

Ampére’s contact transformation: 10,2.1 [4]
The 1-parameter group of dilatations: 10,2.1
Prolonged point transformation: 10,2.1 [6]

The pedal transformation: 10,2.4 4]

Apsidal transformation: 10,2.4

Lie’s G-K transformation: 10,2.4
Bonnet’s transformation: 10,2.4
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